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ABSTRACT

General Relativity (GR) is a very successful theory and is the best formalism we have to
describe the geometrical properties of the spacetime. It has passed all the experimental
and observational scrutinies so far, ranging from local tests like perihelion precession
and bending of light to precision tests using pulsars.

In spite of these outstanding successes there still remains some unresolved issues, sug-
gesting that general relativity is not complete. The most important reason is the pres-
ence of singularities in many physical situations leading to a loss of predictability. An-
other reason has to do with the fact that the horizons in general relativity possess
thermodynamic properties like temperature and entropy. Within the framework of gen-
eral relativity, there is no natural explanation for this “thermodynamic” interpretation
and it provides motivation to take a fresh look at the theory. A third reason arises
from the fact that all the other known interactions (electromagnetic, weak and strong)
are described by quantum theories, while gravity alone is still described by a classical
theory. This laid the foundation of the belief that “quantum theory of gravity” awaits
discovery. The attempts to obtain a perturbative quantum general relativity, taking a
cue from the quantization of the other forces, has not succeeded. This has the unavoid-
able conclusion: we need to modify our understanding of quantum field theory or the
understanding of general relativity or both.

In this thesis, we try to understand the thermodynamic nature of general relativity
better by taking a closer look at the structure of general relativity and its higher curva-
ture cousins, collectively called Lanczos-Lovelock gravity. If one can derive a result in
the context of Lanczos-Lovelock gravity, the result for general relativity is encompassed
by it as well. We shall analyze the geometrical structure of Lanczos-Lovelock gravity
(which has general relativity as a special case) leading to the inescapable connection
between gravity and thermodynamics. We will also have occasion to talk about Vira-
soro algebra associated with an arbitrary null surface and associated entropy in this
context.

As a complementary approach towards a quantum theory of gravity, we study some
aspects of quantum field theory in curved spacetime. The specific issues addressed
in this context include: (a) What can we say about classical singularities from the
viewpoint of quantum theory? This specifically requires one to probe quantum fields
inside the black hole horizon. (b) Is the retrieval of information from an evaporating
black hole possible? (We will show that distortions to the thermal spectra of a particular
kind, referred to as non-vacuum distortions can be used to fully reconstruct a subspace
of initial data.) (c) Can Rindler effect be present for geodesic observers? We illustrate
for a specific (1+1) black hole spacetime, there are geodesic observers who are confined
to a flat region of the spacetime and hence will experience Rindler effect.

Finally, in order to capture some quantum gravity effects, we have introduced a zero
point length to the spacetime and have discussed its geometrical consequences. In
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particular, we have shown that at the Planck scale the spacetime becomes essentially
two-dimensional.

Apart from the introduction and the conclusion, the thesis is divided into four parts
discussing each of these ideas separately.

In the first part of the thesis, we start by reviewing the structure of Einstein-Hilbert
Lagrangian density √−gLEH and show that (following [203]) √−gLEH can also be pre-
sented as a momentum space Lagrangian in terms of a particular dynamical variable
fab =

√
−ggab and its corresponding canonical momentaNa

bc = −Γabc+
1
2

(
Γdbdδ

a
c + Γdcdδ

a
b

)
.

It also turns out that many standard formula in general relativity take on a simpler form
if we express them in terms of the (fab,Na

bc) variables [203]. After providing the intro-
duction to general relativity using these variables, we will generalize the action principle
from general relativity to Lanczos-Lovelock models of gravity. We will argue how the
requirement that the field equations should at most contain second order derivatives
of the dynamical variable, lead uniquely to Lanczos-Lovelock gravity theories. In both
these cases, i.e., general relativity and Lanczos-Lovelock gravity, we discuss the struc-
ture of Noether current and its thermodynamic interpretation. Then we go on to show
that the conjugate variables fab and Na

bc are not suitable for Lanczos-Lovelock gravity,
even though they were very suitable for describing general relativity. We identify an-
other new set of variables, using which both general relativity and Lanczos-Lovelock
gravity can be described, and they are also conjugate to one another. This concludes the
first part viz., the discussion on geometrical properties of gravitational action.

The second part is devoted in exploring the connection between gravity and thermo-
dynamics. The geometrical variables fab and N c

ab can also have thermodynamic inter-
pretation. It turns out that, fabδN c

ab and N c
abδf

ab, when integrated over an arbitrary
null surface, will lead to sδT and Tδs respectively (Here T stands for the null sur-
face temperature and s stands for the entropy density.). In the past virtually every
result involving the thermodynamical interpretation of gravity, which was valid for
general relativity, could be generalized to Lanczos-Lovelock models. After obtaining
canonically conjugate variables in general relativity such that their variations have di-
rect thermodynamic interpretation there was a hope that the same could be done for
Lanczos-Lovelock gravity as well. We show that this is indeed the case in this situation
as well. We could introduce two suitable variables in the case of Lanczos-Lovelock mod-
els with the following properties: (a) These variables reduce to the ones used in general
relativity in D = 4 when the Lanczos-Lovelock model reduces to general relativity. (b)
The variation of these quantities correspond to sδT and Tδs where s is now the correct
Wald entropy density of the Lanczos-Lovelock model. This result holds rather trivially
on any static (but not necessarily spherically symmetric or matter-free) horizon and —
more importantly — on any arbitrary null surface acting as local Rindler horizon. Since
local Rindler structure can be imposed at any event, this shows that, around any event,
certain geometric variables can be attributed a thermodynamical significance. The anal-
ysis once again confirms that the thermodynamic interpretation goes far deeper than
general relativity and is definitely telling us something nontrivial about the structure
of the spacetime.

Next, we consider the Noether current and its thermodynamic interpretation. In the
case of general relativity, one can interpret the Noether charge in any bulk region as
the heat content TS of its boundary surface. Further, the time evolution of space-
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time metric in Einstein’s theory arises due to the difference (Nsur −Nbulk) of suitably
defined surface and bulk degrees of freedom. We show that this thermodynamic inter-
pretation generalizes in a natural fashion to all Lanczos-Lovelock models of gravity.
Another realization was to clarify the relationship between the Noether current and
gravitational dynamics in a useful manner. Noether currents can be thought of as orig-
inating from mathematical identities in differential geometry, with no connection to
the diffeomorphism invariance of gravitational action. We have shown that this result
(proved earlier in general relativity [190]) holds in Lanczos-Lovelock gravity as well.
The Noether charge and current associated with the time development vector (which
is parallel to velocity vector ua for fundamental observers) have elegant and physically
interesting thermodynamic interpretation. We show that, total Noether charge for this
vector field in Lanczos-Lovelock gravity for arbitrary spacetime dimension, in any bulk
volume V, bounded by constant lapse surface, equals the heat content of the bound-
ary surface. Also the equipartition energy of the surface is twice the Noether charge
(While defining the heat content, we have used local Unruh-Davies temperature and
Wald entropy.). This result holds for Lanczos-Lovelock gravity of all orders and does
not rely on static spacetime or existence of Killing vector like criteria. Using the Wald
entropy to define the surface degrees of freedom Nsur and Komar energy density to
define the bulk degrees of freedom Nbulk, we can also show that the time evolution of
the geometry is sourced by (Nsur−Nbulk). When it is possible to choose the foliation of
spacetime such that metric is independent of time, the above dynamical equation yields
the holographic equipartition for Lanczos-Lovelock gravity with Nsur = Nbulk.

Padmanabhan has previously obtained several additional results strengthening the
above connection within the framework of general relativity [190]. Here we provide
a generalization of the above setup to Lanczos-Lovelock gravity as well. As expected,
most of the results obtained in the context of general relativity generalize to Lanczos-
Lovelock gravity in a straightforward but non-trivial manner. First, we introduce a
naturally defined four-momentum current associated with gravity and matter energy
momentum tensor for Lanczos-Lovelock Lagrangian. Then, we consider the concepts of
Noether charge for null boundaries in Lanczos-Lovelock gravity by providing a direct
generalization of previous results derived in the context of general relativity.

Another interesting feature for gravity is that gravitational field equations for arbitrary
static and spherically symmetric spacetimes with horizon can be written as a thermo-
dynamic identity in the near horizon limit. This result holds in both general relativity
and in Lanczos-Lovelock gravity as well. Previously it was known that, for an arbitrary
spacetime, the Einstein’s equations near any null surface generically leads to a ther-
modynamic identity [59]. Here we generalize this result to Lanczos-Lovelock gravity by
showing that gravitational field equations for Lanczos-Lovelock gravity near an arbi-
trary null surface can be written as a thermodynamic identity. Our general expressions
under appropriate limits reproduce previously derived results for both the static and
spherically symmetric spacetimes in Lanczos-Lovelock gravity. Also by taking appro-
priate limit to general relativity we can reproduce the results derived earlier.

We have also emphasized how, the emergent gravity paradigm interprets gravitational
field equations as describing the thermodynamic limit of the underlying statistical me-
chanics of microscopic degrees of freedom of the spacetime. The connection is estab-
lished by attributing a heat density Ts to the null surfaces where T is the appropriate
Davies-Unruh temperature and s is the entropy density. The field equations can be
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obtained from a thermodynamic variational principle which extremises the total heat
density of all null surfaces. The explicit form of s determines the nature of the theory.
We explore the consequences of this paradigm for an arbitrary null surface and high-
light the thermodynamic significance of various geometrical quantities. In particular, we
show that: (a) A conserved current, associated with the time development vector in a
natural fashion, has direct thermodynamic interpretation in all Lanczos-Lovelock mod-
els of gravity. (b) One can generalize the notion of gravitational momentum, introduced
by Padmanabhan (for general relativity, see [190, 191]), to all Lanczos-Lovelock models
of gravity such that the conservation of the total momentum leads to the relevant field
equations. (c) Three different projections of gravitational momentum related to an ar-
bitrary null surface in the spacetime lead to three different equations, all of which have
thermodynamic interpretation. The first one reduces to a Navier-Stokes equation for
the transverse drift velocity. The second can be written as a thermodynamic identity
TdS = dE + PdV . The third describes the time evolution of the null surface in terms
of suitably defined surface and bulk degrees of freedom.

When a null surface is perceived to be a one-way membrane by a particular congruence
of observers, they will associate an entropy with it. We derive the form of this entropy
associated with a null surface in a remarkably local manner. It seem reasonable that all
physics, including thermodynamics of horizons, must have a proper local description,
since, operationally, all the relevant measurements will be local. The locality in our
derivation is based on three important facts: (i) We have considered diffeomorphisms
near the null surface and have used only the structural features of the metric near and on
the surface. (ii) We have invoked the behaviour of the boundary term in the action under
diffeomorphism in the limit of null surface without any bulk construction and finally
(iii) we show that a local version of the Cardy formula does give the correct answer. This
directly links inaccessibility of information with entropy, which is gratifying. Further,
the result is valid for a very wide class of null surfaces and also for arbitrary spacetime
dimensions. All the previous results known in the literature (in the context of black
holes, cosmology, non-inertial frames and so on) became just special cases of this very
general result which will be useful in further investigations. This ends our discussion
on the gravity-thermodynamics connection.

In the third part of the thesis we consider quantum field theory in curved spacetimes. We
start with quantum field theory in the background geometry of a collapsing spherical
dust ball, to determine whether energy density in the quantum field could be large
enough to avoid the singularity. Following this line of thought we solve the Klein-Gordon
equation for a scalar field, in the background geometry of a dust cloud collapsing to
form a black hole, everywhere in the (1+1) spacetime: that is, both inside and outside
the event horizon and arbitrarily close to the curvature singularity. This allows us to
determine the regularized stress tensor expectation value, everywhere in the appropriate
quantum state (viz., the Unruh vacuum) of the field. We use this to study the behaviour
of energy density and the flux measured in local inertial frames for the radially freely
falling observer at any given event. Outside the black hole, energy density and flux
lead to the standard results expected from the Hawking radiation emanating from
the black hole, as the collapse proceeds. Inside the collapsing dust ball, the energy
densities of both matter and scalar field diverge near the singularity in both (1+1) and
(3+1) spacetime dimensions; but the energy density of the field dominates over that
of classical matter. In the (3+1) dimensions, the total energy (of both scalar field and
classical matter) inside a small spatial volume around the singularity is finite (and goes
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to zero as the size of the region goes to zero) but the total energy of the quantum field
still dominates over that of the classical matter. Inside the event horizon, but outside
the collapsing matter, freely falling observers find that the energy density and the flux
diverge close to the singularity. In this region, even the integrated energy inside a small
spatial volume enclosing the singularity diverges. This result holds in both (1+1) and
(3+1) spacetime dimensions with a milder divergence for the total energy inside a
small region in (3+1) dimensions. These results suggest that the back-reaction effects
are significant even in the region outside the matter but inside the event horizon, close
to the singularity.

Another key issue in the black hole context is the black hole information loss paradox,
which is a long-standing tussle between laws of black hole thermodynamics and unitary
quantum evolution. The crux of the paradox lies in the fact that the complete informa-
tion about the initial state which collapses to form a black hole becomes unavailable
to future asymptotic observers, contrary to the expectation from a unitary quantum
theory of evolution. Classically nothing else, apart from mass, charge and angular mo-
mentum is expected to be revealed to such asymptotic observers after the formation
of a black hole. However, semi-classically, black holes evaporate after their formation
through the Hawking radiation. The dominant part of the radiation is expected to be
thermal, therefore even when the black hole evaporates completely, one is not supposed
to know much about the initial data from the resultant radiation. However, there can be
sources of distortions which make the radiation non-thermal. Although the distortions
are not strong enough to make the evolution unitary, these distortions are expected to
carry some part of information regarding the in-state. Here, we do an analysis regarding
the characterization of the state of the field which undergoes a collapse from the point
of view of information they encode in the resultant evaporation spectrum. We show that
distortions of a particular kind (which we call non-vacuum distortions) can be used to
fully reconstruct a subspace of initial data. Although, the complete information about
the in-state is not encoded and hence is generally non-retrievable completely from the
distorted spectra, we identify a class of in-states capable of doing so for spherically
symmetric collapse model. We also show that amount of information that is encoded is
related to the symmetries of the initial data. Using a (1 + 1) Callan-Giddings-Harvey-
Strominger (in short, CGHS) model [44] to accommodate back-reaction self-consistently,
we show, using different sets of observers, that one can infer more information about
the initial data. Implications of such information extraction are also discussed in this
thesis.

We also present a dynamic version of the Unruh effect in a two dimensional collapse
model forming a black hole. In this two-dimensional collapse model a scalar field cou-
pled to the dilaton gravity (i.e., the CGHS model), moving leftwards, collapses to form
a black hole. There are two sets of asymptotic (t→∞) observers, around x→∞ and
x → −∞. The observers at the right null infinity witness a thermal flux of radiation
associated with time dependent geometry leading to a black hole formation and its
subsequent Hawking evaporation, in an expected manner. We show that even the ob-
servers at left null infinity witness a thermal radiation, without experiencing any change
of spacetime geometry all along their trajectories. They remain geodesic observers in
a flat region of spacetime. Thus these observers measure a late time thermal radiation,
with exactly the same temperature as measured by the observers at right null infin-
ity, despite moving geodesically in flat spacetime throughout their trajectories. However
such radiation, as usual in the case of Unruh effect, has zero flux, unlike the Hawk-
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ing radiation seen by the observers at right null infinity. We highlight the conceptual
similarity of this phenomenon with the standard Unruh effect in flat spacetime.

In the last part of the thesis we discuss the consequences of introducing a zero-point
length and its possible implications for quantum gravity. We start by motivating the
general belief, that any quantum theory of gravity should have a generic feature — a
quantum of length. We provide, following earlier works of Padmanabhan [135, 136], a
physical ansatz to obtain an effective non-local metric tensor starting from the standard
metric tensor such that the spacetime acquires a zero-point-length `0 of the order of
the Planck length LP . This prescription leads to several remarkable consequences. In
particular, the Euclidean volume VD(`, `0) in a D-dimensional spacetime of a region of
size ` scales as VD(`, `0) ∝ `D−2

0 `2 when ` ∼ `0, while it reduces to the standard result
VD(`, `0) ∝ `D at large scales (` � `0). The appropriately defined effective dimension,
Deff , decreases continuously from Deff = D (at ` � `0) to Deff = 2 (at ` ∼ `0). This
suggests that the physical spacetime becomes essentially 2-dimensional near Planck
scale.

We shall now provide a chapter-wise summary of the thesis. The thesis is divided into
six parts comprising a total of thirteen chapters.

1. The introductory part of the thesis contains a single chapter, Chapter 1, where
we have reviewed some necessary background material.

2. The second part comprises of two chapters, Chapter 2 - 3.

• In Chapter 2 we have reviewed a set of canonically conjugate variables fol-
lowing earlier works of Padmanabhan [203] which allows to describe the
Einstein-Hilbert Lagrangian as a momentum space Lagrangian, as well as
various aspects of Lanczos-Lovelock Lagrangian required for our later anal-
ysis.

• In Chapter 3, we have introduced a new set of canonically conjugate vari-
ables, capable of describing both Einstein-Hilbert and Lanczos-Lovelock
gravity.

3. The third part of this thesis contains five chapters — Chapter 4 - 8.

• In Chapter 4, we show that variations of the canonically conjugate variables
introduced earlier are related to Tδs and sδT as evaluated on a generic null
surface.

• In Chapter 5, we show that the Noether charge, related to time evolution
vector field, in a bulk region of space is equal to the heat content TS of the
boundary surface and also the time evolution of the geometry is sourced by
difference between suitably defined surface and bulk degrees of freedom.

• Chapter 6 demonstrates that gravitational field equations for any null sur-
face takes the form of thermodynamic identity in Lanczos-Lovelock gravity.
Various other thermodynamic features of Lanczos-Lovelock gravity are also
presented.

• In Chapter 7, we show that three different projections of gravitational mo-
mentum introduced in the previous chapter as evaluated on an arbitrary null

xvi



surface lead to three different equations, all of which have thermodynamic
interpretation.

• Chapter 8 deals with a general class of null surfaces and demonstrates that
they possess a Virasoro algebra and a central charge, leading to an entropy
density (i.e., per unit area) which is just (1/4) (in unit, G = 1).

4. The fourth part deals with quantum fields in curved spacetime. It contains three
chapters Chapter 9 - 11.

• Chapter 9 shows that, due to diverging energy densities of quantum field
near the black hole singularity, the back-reaction effects are significant close
to the singularity.

• In Chapter 10, we have focused on the reconstruction of initial data which
formed the black hole from observing a particular kind of distortion to the
Hawking radiation.

• Chapter 11, illustrates that even geodesic observers can observe Unruh effect.
We have illustrated this in (1+1) CGHS black hole spacetime for geodesic
observers.

5. Fifth part contains a single chapter, Chapter 12 where one of the consequences
for introduction of an effective, non-local metric being the result that physical
spacetime becomes essentially 2-dimensional near the Planck scale.

6. The concluding part is made up of Chapter 13 giving the summary of the thesis
and presenting the future outlook.

The results presented in the thesis are derived from the work done in the following
papers:

1. S. Chakraborty and T. Padmanabhan, “Geometrical Variables with Direct
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tober, 2014) 084021, arXiv:1408.4791.

2. S. Chakraborty and T. Padmanabhan, “Evolution of Spacetime Arises due to
the Departure from Holographic Equipartition in all Lanczos-Lovelock Theories
of Gravity,” Phys. Rev. D 90 (December, 2014) 124017, arXiv:1408.4679.
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tive,” JHEP 08 (August, 2015) 029, arXiv:1505.07272.

5. S. Chakraborty and T. Padmanabhan, “Thermodynamical Interpretation of
Geometrical Variables Associated with Null Surfaces,” Phys. Rev. D 92 (Novem-
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when we switch to G = 1 units, it will be mentioned specifically.).
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(or D− 1 values). Upper case Latin symbols, A,B, . . ., are used for indices corre-
sponding to two-dimensional hypersurfaces (or, D − 2 surface), leading to sums
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Part I

INTRODUCTION AND MOTIVATION





1
IT I S ALL ABOUT GRAVITY

Even after hundred years, general relativity is still referred to as one of the very suc-
cessful and beautiful theory human race has ever witnessed [141, 61]. The hundred
years of appreciation for general relativity is not only due to its theoretical beauty, but
also because it has passed all the experimental tests so far. The aesthetic appeal of
general relativity is due to its bold predictions — existence of black holes, prediction
of gravitational waves, bending of light, modification of the precession angle of orbits,
expansion of the universe, which are the most appealing among many others. These
predictions scan a vast spectrum of length scales, from a few hundreds of megapersecs
(cosmological scale) to a few minutes of light travel time (solar system scale). The ex-
citement about general relativity has reached new heights after the first direct detection
of gravitational waves.

Despite these outstanding successes of general relativity there are still unresolved is-
sues. The correctness of any theory crucially depends on its predictive power and a
singularity free description. There exists at least two situations where general relativity
is known to break down and loses its predictive power. These two situations where the
theory breaks down, correspond to black hole singularity and the big bang singularity,
respectively.

The break down of general relativity at the singularity suggests that at such small
length scales and hence high energy one needs to replace the theory with a better
one. Further, general relativity is a classical theory, which needs to be merged with
quantum mechanics in order to yield a consistent theory at such small scales and high
energy. Hence the general hope is that if one succeeds in bringing general relativity
and quantum mechanics together, the singularity problem would be resolved, which
has not come true yet. Quantum theory, on the other hand in the past hundred years
has grown and flourished, bringing all the other forces, namely, strong, weak and elec-
tromagnetic, under one roof. But it has not succeeded in bringing the other “pillar of
modern physics”, general relativity on its canvas. As the standard treatment fails, there
have been numerous other approaches to “quantize gravity”, but still we are missing
the quantum origin of gravity.

The reason for a “quantum theory of gravity” to remain elusive till date could be
twofold. First, classical general relativity might have its own issues. Or, alternatively, it
is also possible that quantum theory itself needs modification before it can be merged
with gravity. In this thesis we will be mainly concerned about the first approach and
will have a few occasions to comment on the second in passing.

In this introductory chapter, we shall discuss various existing schemes of “quantizing”
gravity, which will motivate us to look for some new avenues and interpreting gravity
from a new perspective. We have divided this chapter into three major sections and each
into several subsections. In the first section we will present some basic aspects of both
classical general relativity and quantum field theory. In Section 1.1.1 we will present a

3



4 it is all about gravity

broad overview of general relativity along with its possible shortcomings. Then we turn
to quantum field theory by providing a brief introduction and its problems in Section
1.1.2. Armed with these limitations we will highlight some features that sets gravity
apart from the other three interactions in Section 1.1.3 and possible difficulties one
might face while gluing quantum theory and gravity together, in Section 1.1.4.

In the second part of the introduction we will present an intermediate situation, in
which one considers quantum matter in a classical gravitational background. Since one
does not have a full quantum theory of gravity, it is legitimate to ask, whether we
can say anything about the quantum theory even before obtaining it? That is, can
we detect features in the interaction of classical gravity with quantum matter, which,
to the leading order, can provide some hints about the complete theory of quantum
gravity? We will discuss this situation and shall provide a broad overview in Section
1.2.1. Semi-classical gravity also encounters a strange tussle — possible violation of
unitarity and hence information loss. We will comment on these issues, specifically on
information recovery, in Section 1.2.2.

In the third part of this chapter we will start with the question “why gravity should
be quantized?” in Section 1.3.1. Then we will go on and discuss several candidates for
a quantum theory of gravity in Section 1.3.2. After getting the broad picture we will
discusses the view that gravity may be an emergent phenomenon and not a fundamental
interaction. This view has been termed as the emergent gravity paradigm. Pressing
further we delineate one possible effect of quantum gravity — introduction of a zero
point length to the spacetime and its possible consequences in Section 1.3.4. This will
conclude the discussion on quantum theories of gravity.

1.1 approach to classical gravity and quantum field theory

1.1.1 Classical Gravity and its Limitations

General relativity in its standard form has the metric, gab, as the dynamical variable.
The most natural scalar that one can build out of the metric corresponds to the Ricci
scalar R and thus one goes forward to build the Einstein-Hilbert action (including 16πG
for the moment):

AEH =
1

16πG

∫
d4x
√
−gR (1)

The above action has been written with c = 1, as per our conventions. The field
equations for gravity, which in this case corresponds to equations for the metric gab, is
obtained by varying the total action, the Einstein-Hilbert action plus the matter action,
with respect to the metric. The equations so obtained are

Gab = 8πGTab (2)

which are the celebrated Einstein’s equations. The Einstein’s equations (in particular,
the solutions derived from it) have withstood all experimental and observational scru-
tinies over the past century [248]. Thus, the theory of general relativity is considered
to be well-established.
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In spite of its success with both observations and experiments, general relativity, as al-
ready emphasized, cannot be regarded as a complete theory of nature, since it predicts
existence of singularities (for a review, see [209]). Broadly speaking, a singularity is a
spacetime event where the curvature invariants diverge [243]. (Note that pathological
behavior of metric could originate due to the use of pathological coordinates and does
not guarantee existence of singularity. Hence one should always consider invariants to
decide whether a spacetime event is singular or not.) Singularity also corresponds to
an event at which the predictability of the theory breaks down. That is, Einstein’s
equations can no longer be used in order to predict what is going to happen in the
vicinity of that event. There are also spacetimes in which the curvature invariants do
not diverge, but still can have observers whose future is uncertain, even after techniques
like changing the coordinates or extending the spacetime have been carried out. For a
spacetime with singularities or without predictive future evolution, one can ask reason-
able questions for which the theory can not provide adequate answers. For example, if
one ask [175]: “As a massive star at the end of its life collapses and forms a black hole,
how will the physical phenomena appear with respect to a hypothetical observer on
the surface of the star at arbitrarily late times as measured by the observer’s clock?”
There is no satisfactory answer to this question in the premises of general relativity,
since the observer reaches the singularity in a finite proper time and after that there is
no way classical general relativity can predict what happens to the observer. Thus, gen-
eral relativity reaches its limit at the singularities. One expects that this breakdown of
predictability is not a feature of nature but occurs just because we have an incomplete
theory (see, for example Chapter 44 in [162]). Therefore, the presence of singularities
provides a strong hint that classical general relativity is not a complete theory but
should give way to a more complete theory.

1.1.2 Quantum Field Theory and Its Issues

The standard formulation of classical general relativity has been discussed in the above
section, signaling its breakdown at high enough energies, requiring modifications. On
the other hand, the last decades have also witnessed remarkable progress in the search
of a unified theory for the forces of nature. The electrodynamics and weak interaction
were merged together into “electro-weak” theory, which lends its way to a “marriage”
with strong force, leading to grand unified theories. All these progress result from
quantum field theory, which broadly speaking describes particles as excitations of an
underlying field.

The grand unified theories are build up on the premise of quantum field theory, which
is by no means complete. The admirers of general relativity mainly emphasize its aes-
thetic and conceptual beauty, while the appreciation for quantum field theory originates
mainly from the accuracy with which it has matched experimental data. Even though
many physicists, appreciate the accuracy and concepts involved with quantum field the-
ory, but there are also examples of physicists being uncomfortable with quantum field
theory as well. Einstein, for example was dissatisfied with the conceptual structure of
quantum mechanics, while Dirac was a critic of the renormalization programme in quan-
tum field theory. It is often mentioned that the theoretical beauty offered by general
relativity is missing in quantum field theory which is mainly due to some procedures
used routinely in it, e.g., the renormalization procedure. Following these limitations/-
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conceptual problems, one might argue that not only general relativity, but quantum
field theory as well needs modifications (see e.g., [175], Chapter 4 in [108]).

1.1.3 Gravity is Peculiar

Gravity always has the feature of standing alone, compared to its three cousins, weak,
strong and electromagnetic forces. This has to do with certain peculiar features of
gravity, that are not shared by the other three interactions. Some of these peculiarities
are listed below (see also [175]):

• Gravity is universal — all kinds of energies produce a gravitational field. A simple
corollary being that all matter particles produce gravitational fields, since all
known matter particles possess energies. Further, every material object must be
affected by the gravitational fields, which follows directly from the equivalence
principle, a cornerstone for any theories of gravity.

• Gravity affects the spacetime structure — In the context of other interactions, the
spacetime is just an arena where these forces play out their roles. But inclusion
of gravity makes this arena to join the troop of actors, i.e., makes it dynamical.
Concepts of distance between objects or time between events are affected by
gravity which can warp spacetime structure to generate regions of spacetime,
whose boundaries can act as a one-way membrane for some class of observers,
such that no information from that region can reach a particular observer. For
example, no information from the region inside a black hole horizon can reach an
observer staying outside the black hole. Surprisingly, this can happen even in flat
spacetime. If an observer accelerates with a constant acceleration and moves with
the same acceleration indefinitely, there will be a region of the spacetime causally
inaccessible to him/her. (The observer is known as Rindler observer and the
surface which acts as a one-way membrane is known as Rindler horizon.) However
note that this result is observer-dependent. In the case of black hole spacetime,
we do have radially in-falling observers who has access to the full spacetime.
Also in the case of accelerated observers in Minkowski spacetime, the Minkowski
geodesic observers will have access to the full spacetime. Thus existence of one-
way membrane is very much observer-dependent, a crucial fact we will use later.

• At large scales gravity dominates — Both the weak and strong forces are of very
short range and their effects are only felt at the microscopic scales having no
effect on macroscopic physics. On the other hand, electromagnetic force has a
long range. But due to charge neutrality, large bodies essentially contain almost
equal amounts of positive and negative charges. Only gravity has a single kind of
charge; hence it always attracts and cannot be shielded. This is why, even though
it is weak compared to all other forces, at large scales it is the dominating one
and hence dynamics at large scales in the universe is determined by gravity.

1.1.4 Gravity and Quantum Theory: Chaos out of Order

It turns out that there are features present in both the classical general relativity and
quantum field theory that could help each other, when one tries to combine the prin-



1.2 quantum matter in classical gravity 7

ciples of gravity with quantum theory. As we have already emphasized, even though
singularities are of concern in general relativity, there is a general consensus that when
quantum theory and gravity are combined the singularities would be removed, per-
haps through introduction of a fundamental minimal length scale (may be the Planck
length). Indications along similar directions has already been obtained in the case of
loop quantum gravity [16, 213, 92]. Introduction of such a fundamental minimal length
would help quantum field theory as well, by introducing a natural ultraviolet cutoff to
the theory. This will regularize the divergent integrals appearing routinely in quantum
field theory calculations.

Even with these encouraging hopes, one should realize that general relativity and quan-
tum field theory are different at a fundamental level and as a consequence combining
them will not be an easy task to perform [175]. As a first step towards combining quan-
tum field theory with general relativity, one must upgrade Lorentz covariance symmetry
in quantum field theory to general covariance. In absence of Lorentz covariance there
will be no preferred slicing of spacetime and hence the concept of vacuum states, parti-
cles etc. will become ambiguous. This suggests that such quantum field theory concepts
have to be modified or replaced with new generally covariant concepts. At the same
time quantum field theory should also be modified to take into account the fact that, for
black hole spacetimes in general relativity, there exists a class of observers who do not
have access to the information beyond a horizon. Another important thing to address
corresponds to the issue of the zero point energy of the fields. In general relativity, all
energy gravitates, hence the subtraction of the zero point energy is not at all justified
in the presence of gravity. We will discuss this more in Section 1.2.1. On the gravity
side, one expects to lose the notion of a smooth spacetime, since quantum field theory
brings with it the inherent vacuum fluctuations. For quantum gravity, these vacuum
fluctuations would lead to a spacetime which itself should be fluctuating. Thus, the
classical picture of a continuous spacetime geometry has to break down, to be replaced
by a new picture of fluctuating quantum spacetime.

1.2 quantum matter in classical gravity

1.2.1 Quantum Fields in Curved spacetime — What can we learn about
Quantum gravity?

The success of general relativity provides convincing evidence that gravitational phe-
nomena can be understood by considering spacetime to be curved. The matter fields
present in the spacetime tells spacetime how to curve and spacetime dictates those mat-
ter fields how to move. Since at present we are not even close to a complete quantum
theory of gravity, it is important to study quantum fields in curved spacetime in search
for new effects of gravitation, which can shed some light on various quantum gravity
features. At this level, one treats gravity classically while the methods/techniques of
flat spacetime quantum field theory are carried over to curved spacetime as much as
possible. Interestingly, this simple extension turns out to yield rich consequences.

Among various results, the above extension of quantum field theory to curved space-
time leads to the physically important process of particle creation in cosmological and
black hole spacetimes. The process of particle creation can happen in early phase of
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nearly exponential expansion of the universe and hence the vacuum fluctuations of the
quantum field can generate primordial fluctuations acting as seeds to generate large
scale structures in the universe. Further, in black hole spacetimes, creation of particles
leads to gradual evaporation of the black holes. This is an important observation in the
search for microscopic origin of black hole entropy, which has the potential of leading
to new physics connecting both gravitation and quantum theory.

The next layer of thought has to do with the fact that the right hand side of Einstein’s
field equations contain energy-momentum tensor for the matter fields (see Eq. (2)),
which have to be replaced by operators. However we have not quantized gravity, so
there is no way one can replace the left hand side of Einstein’s equations by operators.
The standard way out of this problem is to consider expectation value of the energy
momentum tensor at the right hand side of the gravitational field equations,

Gab = 8πG〈Tab〉 (3)

where the expectation value is taken with respect to some state |Ψ〉 of the quantum
field. But Tab being a quadratic operator in the field, its expectation value even in
Minkowski vacuum state is divergent. In Minkowski spacetime one ignores this infinite
expression by arguing that only energy differences are observable, so that one can
subtract them out (a sophisticated way of subtracting corresponds to normal ordering).
However when gravity is present this approach is not satisfactory, since all energies
gravitate. One cannot throw away the zero point energy — rescaling of energy is now
not allowed. Further, in curved spacetime ignoring the zero point energy is not the only
source of divergence, there exist additional divergent terms, which needs to be carefully
subtracted. Thus Eq. (3) should be rewritten as,

Gab = 8π〈Tab〉ren (4)

where 〈Tab〉ren stands for the expectation value of Tab in a state |Ψ〉 with all the infinities
subtracted out. It would be interesting to construct scalar quantities out of 〈Tab〉ren and
study how they behave compared to their classical counterparts. If it turns out that in
situations where general relativity predicts singularity the quantum effects dominate
over the classical background, then it can be taken as a good hint that when quantum
effects are properly incorporated the issue of singularity would be resolved. Hence
without quantizing gravity itself, one can extract fair amount of information about the
nature of quantum gravity. Later, in Chapter 9, we would again have opportunities to
discuss these effects.

1.2.2 Tussle of Titans: Black Hole Evaporation versus Loss of Informa-
tion

Evaporation of black holes, for many decades, has caused conceptual discomfort for the
otherwise very successful quantum theory. The most basic and fundamental feature
of the standard quantum theory, namely unitary evolution, is seemingly threatened if
one tries extrapolating the results obtained at the semi-classical level [106]. Insights of
Bekenstein [26, 234], suggested that the black holes must have an entropy proportional
to the area of their event horizons, for the second law of thermodynamics to work.
Hawking [106] proved that quantum effects could lead to the evaporation of a black
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hole which involves a radiation of positive energy, flux of particles with (nearly) thermal
spectrum which an asymptotic observer can detect and a flux of negative energy flowing
into the black hole decreasing its mass. So the mass lost by the black hole appears
in the form of energy of the thermal radiation. Although this effect completes the
thermodynamic description of black holes, yet such a process, together with other
properties of black holes, appears to violate the standard unitary quantum mechanics
[158].

The particles in the outgoing flux, received by the asymptotic observer, remain entan-
gled with the particles in the in-going flux. The resulting Hawking radiation is thermal
precisely because we trace over the modes which entered the horizon. By such a process
the black hole shrinks, losing the mass in the form of Hawking radiation. However, once
the black hole completely evaporates by this process, there is an apparent paradox. At
the end, there is nothing left for the outgoing particles to remain entangled with; yet
they are in a mixed state since at no stage of the evaporation their entanglement with
the interior modes was explicitly broken. This process, wherein a pure state evolves
into a mixed state, is contrary to the standard unitary quantum evolution.

There is also a related issue of the information content of the matter which had under-
gone the collapse to form the black hole or even matter which falls into the black hole
after it is formed. No-hair conjectures [162] suggest that no other information apart
from the mass, charge and angular momentum of the matter that enters the event
horizon can be available to the outside observers at any stage. Therefore, all other in-
formation about matter crossing the horizon would end up in the singularity and get
destroyed. Thus, all the information about the initial state of matter which is falling
into the horizon (other than those captured by mass, charge or angular momentum)
is not coded in the Hawking radiation and is not available to the asymptotic future
observers. This part of information, which ended up in singularity, is lost forever. Such
a situation seems to require non-unitary evolution [157].

An initial resolution of the paradox stemmed from the idea that we might be making
an error in trusting the semi-classical Hawking process all the way to the complete
evaporation of the black hole. In principle semi-classical description should work fine
when the black hole is large enough. But as the black hole becomes smaller and smaller,
the curvature at horizon begins to rise and at very high curvatures the quantum nature
of gravity must become important, and the semi-classical approximation must break
down. Therefore, quantum gravity — rather than the semi-classical physics — should
govern the final moments of the black hole evaporation. One then expects an overrid-
ing correction to the semi-classical description O(l2P) which makes it non-thermal, and
only becomes dominant when the black hole becomes of the Planck size. It must be
noted that there exist many other sources of distortions to the thermal Hawking radi-
ation [241], apart form the quantum gravity induced corrections. These non-thermal
corrections can, in principle, store some information. However, it can be shown [158]
that, since all such correction terms are sub-dominant in nature, none of these can help
in making the theory unitary. Only corrections of O(1) can provide a possibility for
unitary description, and we could identify no distortions of that kind. Thus, in its new
avatar the paradox seems more robust as far as restoring unitarity to the quantum
evolution is concerned.

In the literature, there are many different proposals to handle this issue. There are
suggestions advocating radical modification to the unitary quantum theory itself, to
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accommodate non-unitary processes [163]. Such modifications to the unitary quantum
theory have also been argued for, using some other conceptual considerations [3, 24].
However, these non-unitary quantum evolution models can also be applied to many
other physical scenarios [25] where the predictions will be at variance from the standard
unitary theory, constraining the models. There are also suggestions that the black hole
evaporation must halt at the Planck level and leave behind a Planck size remnant at the
end of the process. However, irrespective of the size, mass and other classical features of
the black hole formed initially, the end product always has to be a Planck size remnant.
This remnant should house all the information, which the out-going modes lack, in
order to completely specify the state. Thus the complete description of a remnant and
the Hawking radiation should be a pure state. This looks like a viable option. Still, it is
not clear how a Planck size remnant could accommodate the vast landscape of varying
initial configurations which could have formed the initial black hole. Other interesting
suggestions include pinching of the spacetime [159] which could, in principle, restore
faith in the essential tenets of both classical gravity and the quantum theory. However,
the implication of such pinching effects for other types of horizons (e.g. Rindler, de
Sitter) remains to be understood satisfactorily.

So we can summarize the crux of the information paradox as follows. When the black
hole evaporates completely without leaving any remnant behind, one is justified in as-
suming that the entire information content of the collapsing body gets either destroyed
or must be encoded in the resulting radiation. However, remnant radiation in this pro-
cess is (dominantly) thermal, which is thermodynamically prohibited to contain much
of the information and also incapable of making the theory unitary. Therefore, most of
the information content of the matter which made the black hole in the first place is
not available to the future asymptotic observers.

In this thesis, we argue that this version of the paradox — concerning the information
content of the initial data — stems from a hybrid quantum/classical analysis of a
process which is fully quantum mechanical in nature. That is, it arises from an artificial
division between a quantum test field and the classical matter which collapses to form a
black hole. When an event horizon is formed, the quantum field residing in its vacuum
state at the beginning of collapse, gradually gets populated, erasing the black hole
through a negative energy flux into the horizon with a corresponding positive energy
flux appearing at infinity as thermal radiation [60, 221]. However, the matter which
forms a black hole in the first place, is also fundamentally quantum mechanical in
nature and should follow a quantum evolution. This, we believe, holds the key to
the resolution of the paradox and has been elaborated in Chapter 10. We expect the
classical description to be true, at lowest order, leading to formation of an event horizon.
However, the fact that the collapsing material was inherently quantum mechanical in
nature (e.g. a coherent state of the field which is collapsing) should not be completely
ignored in studying this process. The matter which forms the black hole, if treated
quantum mechanically, will populate its modes at future asymptotia non-thermally, in
a manner which depends on its initial state. In this thesis, we demonstrate the presence
of this effect at the semi-classical level. The result indicates that the no-hair theorems
will be superseded at the full quantum gravity level.
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1.3 the final frontier: a quantum theory of gravity

Quantum gravity, or to be precise, the quantum theory of gravity, involves a series of
problems that have remained unsolved for many years. Most of these problems boil
down to the fact that, unlike any other interaction, gravity affects the global arena,
viz., spacetime in which everything takes place. Quantization of other fields except
gravity leaves this global arena unchanged. But as gravity is brought onto the scene,
the arena itself becomes dynamical. Besides suffering from the quantum fluctuations of
the other interactions, it further introduces fluctuations of its own. Even though general
relativity changed our perception about spacetime, the events were still sharply defined.
Bringing quantum fluctuations into picture changed this as well. In such a situation
exact location of events lose their meaning and become fuzzy; exact locations are being
substituted by probabilities of finding an object in a given region of space at some given
instant of time.

1.3.1 The Need to Quantize Gravity

All these difficulties in the way to quantize gravity raised the question — is it neces-
sary that gravity be quantized? Before answering this question, let us recall that the
other three interactions, strong, weak and electromagnetic, are described by quantum
theories. On the other hand, we have also discussed that general relativity is riddled
with singularities, signaling the incompleteness of the theory and general hope is that
quantization may remedy this inadequacy. But, there is no way to tell whether this
is the only way to remedy the shortcomings of general relativity. Since it is a difficult
problem, and people have tried to cure these issue without quantizing gravity as well.
Thus one cannot ignore the possibility that gravity alone among all the interactions
need not be quantized and that the singularities may be removed by some non-quantum
modification/generalization of general relativity.

People have also come up with various arguments as to why one needs to quantize
gravity. One such argument in favour of quantization of gravitational field involves
coupling of gravitation to quantum systems and the fact that since the quantum system
intrinsically is in a superposed state, that would require that the gravitational field also
to be in a superposed state. Hence it follows that gravitation should be quantized [75].
There exist various other arguments as well in favour of quantization of gravity, based
on various thought experiments. However [6] and [48] conclude that none of these
arguments can prove the logical necessity for quantization of gravity and hence the
question can only be settled by experiment.

1.3.2 Approaches to Quantize Gravity

Despite of the difficulties, there have been numerous attempts to achieve a quantum
theory of gravity. In this section, we shall list some of the major attempts towards a
theory of quantum gravity that are still surviving.

The most natural choice while constructing a quantum theory of gravity is to apply
the perturbative quantum field theory methods that have been hugely successful with



12 it is all about gravity

the other three interactions. Unfortunately, this program has failed — gravity is non-
renormalizable. The above consequence originates through the following two results —
(a) general relativity when coupled to matter fields is a non-renormalizable theory [113,
115, 73, 72] and (b) even pure general relativity as a perturbative quantum field theory
is non-renormalizable [99]. Hence people have more or less abandoned the program to
develop standard general relativity as a perturbative quantum field theory.

Among the many candidate theories of quantum gravity, string theory is perhaps the
best contender for the title of “quantum gravity” and hence is the most famous and
popular one. By and large the origin of string theory goes back to quantum field theory,
while later it was found to include gravity as well and hence providing a theory of
quantum gravity. The basic assumption in string theory is that all the fundamental
particles are actually various vibrating modes of one-dimensional strings. Using these
strings as a building block string theory has claimed to be the sought-after “Theory Of
Everything” unifying all the forces. With its power comes the weakness of the theory
as well — requiring features like supersymmetry and additional dimensions which have
not been observationally verified till now. In fact, it seems that supersymmetry is not
realized in the nature (at least not at low energy scales as predicted by string theory)
from recent LHC experiments. (For a review, see [104].)

Loop quantum gravity is the other major candidate theory of quantum gravity. It is
mainly interested in canonically quantizing gravity albeit in a non-perturbative manner.
Last two decades have witnessed the formulation and major breakthroughs of this
theory. Some of the major results under its territory are — the discovery that area and
volume of a region of spacetime has to be quantized [212] and that quantum effects may
lead to resolution of singularities in some cases (in particular the big bang singularity)
[16, 213, 92].

Besides these two major approaches to quantum gravity, there are also many other
candidates. Some such candidate theories are: Supergravity [91], Euclidean quantum
gravity [84], Causal sets [224], Causal dynamic triangulations [9] etc., which we will not
pause to comment on.

1.3.3 Gravity May Not be a Fundamental Interaction

1.3.3.1 Black Hole Thermodynamics — The Inescapable Connection

In the early seventies, a curious connection was discovered between the dynamics of
gravity and thermodynamics. This connection between gravity and thermodynamics
first came to light with the work of Bekenstein and draw serious attention of the
community subsequently [26, 27, 28]. In these works Bekenstein ascribed to a black hole
an entropy which is proportional to the surface area of its horizon. This connection was
soon exploited in order to formulate the four laws of black hole mechanics [23]. At that
time, it was not at all clear whether the black hole area should really be considered
as an entropy. This is the prime reason for people to consider area to be analogous to
entropy but not actually the entropy. (This is why these were called four laws of black
hole mechanics instead of the four laws of black hole thermodynamics.) The fact that
classically black holes are not supposed to have temperature since they do not radiate
anything also bolstered this claim. But soon it was discovered, by Hawking, that black
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hole horizons do possess temperature and radiate when quantum effects (not quantum
gravity effects) are taken into consideration [106, 107]. This provides ample evidence
that thermodynamics is really at work here and that the black hole area should really
be interpreted as its entropy.

In the past four decades since then, this intriguing connection between gravity and
thermodynamics has steadily become stronger and stronger (see e.g., [245, 177]). These
thermodynamic features associated with horizons do not have a natural explanation in
the standard framework of general relativity. There have been numerous approaches
to explain this intriguing connection, by deriving the entropy-area relation from first
principles. In the framework of string theory, this has been achieved along with the
correct proportionality factor in the case of certain extremal black holes [245, 118]. On
the other hand loop quantum gravity has also managed to produce the area-entropy
relation but without determining the proportionality factor [245, 211]. In recent times,
deriving the entropy-area law is taken to be a definitive test for any quantum gravity
model.

1.3.3.2 What Emerges Is Emergent — The Emergent Gravity Paradigm

There is another interpretation for the curious connection between gravitational dynam-
ics and horizon thermodynamics. According to this interpretation the thermodynamics
of gravitational theories is arising due to the fact that gravity itself is not a fundamen-
tal interaction but is emergent, just like elasticity is a phenomenon emergent from the
interactions between molecules in a solid. This particular interpretation of gravitational
dynamics originates back to Sakharov ([215], reproduced in [214]) and was resurrected
in 1995 by Ted Jacobson, who used the concept of local Rindler observers and the
physical process version of the first law of black hole thermodynamics to derive the
field equations of general relativity. At the very end of his paper he compared gravi-
tational field equations with the equations that govern sound waves in a gas and thus
speculating that gravitational field equations may not be fundamental but emergent
from some underlying fundamental dynamics. This suggests a dramatic revolution in
perceiving general relativity, that it may not be correct to canonically quantize the
Einstein’s equations as is done in almost all the quantization schemes. The situation
is analogous to quantizing sound waves in a material medium, which of course is not
correct, even if they describe a phenomenon that is ultimately quantum mechanical in
nature. Subsequently, Padmanabhan and his collaborators worked on these ideas (see
[185] for a review) and shaped it in more elegant way. This particular framework where
gravity is not considered as a fundamental interaction has been labeled “the emergent
paradigm” and till date a large amount of work has been done in this area. Below we
summarize some of the claims of this research endeavour:

1. The gravitational field equations reduce to thermodynamic identities on horizons
for a wide class of gravity theories that are more general than Einstein gravity
[176, 40, 201, 4, 179, 134];

2. Gravitational field equations can also be obtained from thermodynamical ex-
tremum principles [195, 180];

3. It is possible to obtain the density of microscopic degrees of freedom through
equipartition arguments [182, 184];
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4. The action functional itself for gravitation in a class of theories can acquire ther-
modynamic interpretation [176, 178, 168, 130];

5. Einstein’s equations when projected on a null surface reduce to Navier-Stokes
equations of fluid dynamics in any spacetime by generalizing previous results for
black hole spacetime [69, 230, 186, 131];

6. The euclidean path integral associated with the gravitational action in the Lanczos-
Lovelock models when interpreted as a partition function has provided expressions
for free energy, energy and entropy [129, 176, 96];

7. In [203], a pair of conjugate variables fab = √−ggab andN c
ab = −Γcab+(1/2)(Γdbdδca+

Γdcdδ
a
b ) have been introduced in terms of which the gravitational action can be in-

terpreted as a momentum space action. Also variation of these variables has very
natural thermodynamic interpretation. δfab is related to variation of entropy and
δN c

ab is related to variation of temperature when evaluated on an arbitrary null
surface.

8. This paradigm also offers a possible solution to the cosmological constant prob-
lem. In this paradigm, (a) the field equations are invariant under addition of a
constant to the matter Lagrangian, (b) the cosmological constant appears as an
integration constant and finally (c) its value can be determined by postulating a
dimensionless number (known as CosMIn) to have a value 4π [193, 194]. This di-
mensionless number counts the number of modes that cross the Hubble volume at
the end of inflation and re-enters the Hubble volume at the beginning of late-time
acceleration phase [194].

9. More recently, it has been shown [190] that the total Noether charge in a 3-
volume R related to the time evolution vector field can be interpreted as the
heat content of the boundary ∂R of the volume and the time evolution of the
spacetime itself can be described in an elegant manner as being driven by the
departure from holographic equipartition measured by (Nbulk −Nsur). Here, the
number of bulk degrees of freedom Nbulk is related to the Komar energy density
while the number of surface degrees of freedom Nsur is related to the geometrical
area of the boundary surface.

All the recent derivations have been performed in the context of general relativity only.
However, at high energies it is believed that the gravitational action should have higher
curvature terms. If we further impose the condition that field equations should be sec-
ond order in the dynamical variable then it uniquely picks out the Lanczos-Lovelock
Lagrangian (see Chapter 2 for details). Thus it is important to ask whether all these re-
sults holding for general relativity also holds for Lanczos-Lovelock gravity as well, which
will enhance the domain of applicability to a very large class of gravitational theories.
We shall examine the properties of certain variables we introduce in the framework of
Lanczos-Lovelock gravity (see Chapter 3) in the context of the emergent paradigm in
Chapter 4. We shall also look at the generalizations of various aspects of the emergent
gravity paradigm, derived for general relativity to Lanczos-Lovelock theories of grav-
ity — Holographic equipartition and spacetime evolution in Chapter 5; and Noether
current, gravitational momentum and its thermodynamic interpretation in Chapter 6.
Finally, we present in Chapter 7 a possible unification of various thermodynamic re-
sults through gravitational momentum and null surfaces, with Chapter 8 exploring the
connection between area and entropy.
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1.3.4 Trademark of Quantum Gravity — Existence of Zero Point Length

The marriage of quantum mechanics and special relativity — uncertainty principle and
the finite speed of light, when put together, lead to a minimum length for relativis-
tic quantum mechanics: it is not possible to localize a particle with a better accuracy
than its Compton wavelength. This can be understood easily from the following con-
sideration, for relativistic particles the position-momentum uncertainty relation can be
written in terms of its energy E, as ∆x∆E & 1. Thus, for a position uncertainty of the
particle which is smaller compared to its Compton wavelength (i.e., ∆x . E−1), we get
E−1∆E & 1, which is larger than the rest mass of the particle, leading to pair creation
and annihilation requiring multi-particle description [93].

The next step is to introduce gravity which results in a dynamical spacetime. It is
affected by, and also affects, the objects and particles that co-exist within it. Due
to mutual interactions between matter and gravity, any quantum uncertainty in the
position of a particle implies an uncertainty in its momentum and hence, leads to an
uncertainty in the geometry as well. This in turn introduces an additional uncertainty in
the position of the particle. From this simple reasoning, it follows that the expression for
the uncertainty in position of a particle will harbor two pieces — (a) one coming from
the standard Heisenberg uncertainty principle and (b) the second one can be attributed
to the response of spacetime due to the presence of this quantum uncertainty.

The first question that one might ask is about the scale of these fluctuations. These
can be obtained by a simple thought experiment, illustrating basic features involved.
Let us say we want to resolve a spherical region of extent l and for that purpose it
is necessary to have a photon having wavelength smaller than l. Hence its energy will
be greater than 1/l with associated energy density ρ being greater than 1/l4. From
Einstein’s equations, on the other hand, the gravitational potential generated by the
energy density of this photon corresponds to g & `2p/l2, where `p stands for the Planck
length. Thus the length that is being measured will have an uncertainty due to gravity
as,

√
gl2 & `p [93]. Hence, independent of any particular way of measuring the position,

the distance between two events will always have a minimum uncertainty O(`2p). The
same conclusion, can also be obtained from various other thought experiments and
theoretical analyses of quantum gravity models.

The existence of a fundamental length O(`p) beyond which the very concepts of space
and time lose their meaning has a conceptual similarity with the speed barrier expe-
rienced by an observer in special relativity. In the case of special relativity one can
accelerate forever but will never be able to reach the speed of light. In the same spirit,
given a coordinate frame, one can reduce the coordinate distance between two events
as much as one wants but still the proper distance between them will not decrease
beyond Planck length `p. This means that any notion based on a metric structure,
e.g. distance, causality, etc., lose their meaning at the Planck’s scale. The remarkable
fact about the above result is that many different analyses based on different ways of
looking at the problem of quantum gravity yield the same prediction regarding the
nature of spacetime at the small length scale (or at high energy). This result seems
to be a model-independent feature of quantum gravity, being a direct consequence of
the physical laws that affect the spacetime structure. To introduce zero point length
we will invoke an effective metric which naturally leads to a spacetime interval with a
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cutoff length scale O(`p). In this thesis we will explore possible consequences of this
effective metric in Chapter 12.



Part II

GEOMETRICAL ASPECTS OF GRAVITAT IONAL
ACTION





2
SETT ING THE STAGE : REV IEW OF PREVIOUS RESULTS

2.1 introduction

It is well-known that general relativity has some peculiar features, introducing difficul-
ties (these are not encountered in other field theories, e.g., non-Abelian gauge theories)
when we try to derive the Einstein’s equations from the Einstein-Hilbert action prin-
ciple (see, e.g. chapter 6 of [232]). Based on the usual theoretical prejudice [171], it
is often conjectured that the field equations which are second order in derivatives of
the coordinates, are obtained from an action which is quadratic in the first derivatives
of the dynamical variables. However, the situation is entirely different in the case of
gravity. Due to equivalence principle, the generally covariant Lagrangian for gravity
is forced to have at least second order derivatives of the metric. The usual and the
simplest choice, R, has a special structure (viz. linearity in second derivatives), which
allows one to obtain the field equations which still involves only second derivatives of
the metric, if (and only if) we fix metric and its derivatives on the boundary. This arises
since one can separate out the second derivatives in the Lagrangian leading to a total
divergence, which becomes a surface term in the action. Variation of the surface term
does not contribute to the field equations however affects the boundary value problem
and hence we need to set both the variations of the metric and its derivatives to be
zero on the boundary.

The main conceptual difficulty with this program — which makes the gravitational
action different from those in other field theories — is that we need to fix both the
dynamical variable and its derivative at the boundary in order to arrive at the field
equations. This procedure encounters a few difficulties at the conceptual level. Let
the spacetime region we are considering is between two spacelike surfaces and also
assume that all quantities of interest fall off at spatial infinites. If we now fix both the
metric and its derivative on the earlier spacelike hypersurface, the Einstein’s equations
should tell us the corresponding values on the latter hypersurface. Thus it is clear
that we do not really have the freedom to fix arbitrary values for the metric and its
derivatives on both the boundaries. Another option is to add a boundary term to the
gravitational action, such that the variation of this term exactly cancels the terms with
variation of the normal derivative. An well-known example of such a boundary term
is the Gibbons-Hawking-York counter-term [250, 96], even though it is not a unique
choice [62]. We should emphasize that addition of a boundary term, though leads to a
generally covariant gravitational action but it turns out to be foliation dependent.

So far we have been concerned about general relativity alone. However it is well known
that unlike the kinematics (which can be described in an elegant manner using the
principles of equivalence and principle of general covariance), there is no natural prin-
ciple to determine the field equations for gravity. Hence it seems reasonable to study
all possible field equations, which are second order in the independent variable, the

19
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metric. The criteria — field equations should be second order differential equations
in the dynamical variable — automatically fixes the gravitational Lagrangian to be
Lanczos-Lovelock Lagrangian (this was first pointed out by Lanczos and Lovelock
[65, 139, 66, 140, 150]). The field equations for Lanczos-Lovelock gravity also follow
from an action in higher dimensions, which is polynomial in the curvature tensor,
reducing to Einstein-Hilbert Lagrangian — uniquely — when D = 4. In higher di-
mensions the Lanczos-Lovelock Lagrangian has additional higher curvature terms and
hence differ from Einstein-Hilbert Lagrangian. Due to existence of higher curvature
terms, the Lanczos-Lovelock Lagrangian also exhibits a rich structure in comparison
to the Einstein-Hilbert Lagrangian.

In this chapter, we will mainly review earlier results and shall collect all the essential
relations that will be used extensively in the subsequent chapters in relation to both
Einstein-Hilbert and Lanczos-Lovelock gravity.

2.2 a fresh look at the einstein-hilbert action

Use of gab and its conjugate momentum as the dynamical variables, leads to the con-
clusion — the surface variation involves only the variation of the canonical momenta.
This is a non-trivial result and arises only because the surface and bulk terms of the
Einstein-Hilbert Lagrangian are intertwined with each other. This, in turn, implies that
one might be able to treat the Einstein-Hilbert action as a momentum space action.
This suggests that it may be better to deal with gravitational physics in the space of the
canonical momenta corresponding to the metric rather than in the space of the metric
itself. It was first demonstrated in [203], that this program will also work with a new
dynamical variable, a tensor density, fab = √−ggab. The variable fab = √−ggab has
already been used in earlier literatures [80, 218, 81, 82], but have not attracted much
attention in recent years. In this section we will content ourselves with introduction of
these new canonically conjugate variables in general relativity and their various geomet-
ric properties following [203]. In particular we will present Einstein-Hilbert action as a
momentum space action in terms of these variables. We will also discuss Noether cur-
rent and gravitational momentum for the Einstein-Hilbert action [191] and its relation
to this set of canonically conjugate variables.

2.2.1 On the Structure of the Einstein-Hilbert Action

In this section, we shall rapidly review various existing ideas and relations present in the
literature associated with the action principle for general relativity, which corresponds
to the Einstein-Hilbert action and is given by

AEH ≡
∫
V
d4x
√
−gR. (5)

where R corresponds to the Ricci scalar and V stands for the four-dimensional spacetime
volume of interest. It is useful to define a quantity Qcdab such that,

Qabcd =
1
2δ

ab
cd ; δabcd = δac δ

b
d − δadδbc (6)
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where δabcd stands for the completely antisymmetric determinant tensor. Using this tensor
Qabcd, it is possible to write the Einstein-Hilbert action (see, Eq. (5)) in an equivalent
form as:

AEH ≡
∫
V
d4x
√
−g Q bcd

a Rabcd (7)

=
∫
V
d4x
√
−g (Lquad + Lsur) (8)

where we have defined the bulk Lagrangian (since this is quadratic in the connection, it
is also referred to as the quadratic Lagrangian) and the surface Lagrangian respectively
as

Lquad ≡ 2Q bcd
a ΓadkΓkbc; Lsur ≡

2√
−g

∂c
[√
−gQ bcd

a Γabd
]

. (9)

The advantage of writing the Einstein-Hilbert action in this particular form is that
it can be readily generalized to gravitational theories in more than 4 dimensions (for
more details see Section 2.3). One of the striking feature of the above action stems from
the fact that the variation of the bulk term alone can furnish the field equations (as
explicitly demonstrated in chapter 6 of [232]). Once the field equations and hence its
solutions are obtained, which includes black hole solutions as well, one can evaluate the
surface term on the horizon, which surprisingly reproduces the entropy of the horizon
in the Euclidean sector. (In general it gives τTS where τ is the range of integration;
we get S when τ = β, the inverse temperature.) The fact that the surface term, which
is not supposed to carry any information about the field equations, yields the entropy
when integrated over a horizon is a direct hint that gravitational action principle con-
tains information about horizon thermodynamics. An algebraic origin to this peculiar
behavior lies in the fact that the bulk term Lquad and the surface term Lsur are not
independent, but related to each other by the relation

√
−gLsur = −

[
∂c

(
gab

∂ (
√
−gLquad)

∂(∂cgab)

)]
. (10)

Since it relates a quantity on the surface with a quantity in the bulk, this relation has
been termed “holographic” [178, 168, 130].

2.2.2 In Search of Alternative Variables in general relativity

A natural question is whether gab is unique in providing us with a neat and clean
variational principle for general relativity or are there other variables that does the
same. It turns out that the Einstein-Hilbert action can be written in terms of a new
variable fab = √−ggab and we obtain the following structure [203]

√
−gR =

√
−gLquad − ∂c

[
fab

∂(
√
−gLquad)

∂(∂cfab)

]
=
√
−gLquad − ∂c

[
fabN c

ab

]
(11)
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where we have introduced the object Na
bc to be the momentum conjugate to fab,

since

Na
bc ≡

∂(
√
−gLquad)

∂(∂af bc)
(12)

= −Γabc +
1
2 (Γ

d
bdδ

a
c + Γdcdδ

a
b ) =

[
Qadbe Γecd +Qadce Γebd

]
(13)

Note that it is symmetric in the lower two indices.

Next, the expressions for variation of the Einstein-Hilbert action in terms of the conju-
gate variables fab and N c

ab becomes,

δ(
√
−gR) = Rabδf

ab + fabδRab = Rabδf
ab − ∂c[f ikδN c

ik], (14)

In addition to simplifying the variation of the action, there are two main advantages
of this conjugate pairs (fab,N c

ab). The first one is that many known expressions and
formula simplify considerably as expressed in terms of these conjugate variables. Sec-
ondly and more importantly, the variations of these variables on a horizon leads to a
direct thermodynamical interpretation (see [203] for details).

2.2.3 Einstein-Hilbert Action in Terms of the New Variables

Using these new pair of canonically conjugate variables (fab,N c
ab) we will try rewrite

the bulk part of the Lagrangian. Substituting the connections in Eq. (9) by N c
ab from

Eq. (13) we obtain the bulk part of the Lagrangian to be:

√
−gLquad = gbdN i

djN
k
bl

[
δliδ

j
k −

1
3δ

j
i δ
l
k

]
=

1
2N

c
ab∂cf

ab (15)

with striking simplicity. Note that this exhibits the familiar ‘pq̇/2’ structure, which is
a consequence of the fact that the Einstein-Hilbert Lagrangian is quadratic in q̇. While
for the surface term of the Einstein-Hilbert action we arrive at,

√
−gLsur = ∂c(

√
−gV c) = −∂c

[
fabN c

ab

]
. (16)

The above relation defines the object V c, such that,
√
−gV c = −fabN c

ab (17)

Various other geometrical relations connecting curvature tensor components to the new
set of conjugate variables (fab,N c

ab) have been derived and explored in [203].

2.2.3.1 Hamilton’s Equations for general relativity

In Lagrangian formulation of classical mechanics, variation of the action is carried out
treating the dynamical variable q as independent, for the class of actions which do
not depend on the higher time-derivatives of q. The momentum p on the other hand,
is then defined as the partial derivative of the Lagrangian with respect to q̇. In the
Hamiltonian formulation one defines the Hamiltonian H(q, p) through the following
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relation L = pq̇ −H(q, p). In this case, fixing the variations of q at the boundary,
yields the well-known Hamilton’s equations, which is referred to as modified Hamilton’s
principle [162, 98].

Analogously there are two well-known variational principles in general relativity — one
in which the variation of the gravitational action is carried out in terms of the variation
of the metric. On the other hand, one can also consider the metric and the affine connec-
tion to be independent and hence varied separately, known as the Palatini variational
principle [198]. We shall now outline a version of the Palatini variational principle in
terms of the conjugate variables (fab,N c

ab) for Einstein-Hilbert action following [203].
Using the variables (fab,N c

ab), the gravitational Lagrangian density can be expressed
as

√
−gR = fabRab = fab(−∂cN c

ab −N c
adN

d
bc +

1
3N

c
acN

d
bd) . (18)

The variation of √−gR with respect to N c
ab with fixed fab is given by

δ

(√
−gR

)
|fab =

[
∂cf

ab − 2fadN b
cd +

2
3f

amNd
dmδ

b
c

]
δN c

ab − ∂c(fabδN c
ab) (19)

Fixing Na
bc at the boundary leads to the corresponding field equations, which can be

obtained by equating the symmetrized coefficient of δN c
ab to zero. These equations

are

∂cf
ab = fadN b

cd + f bdNa
cd −

1
3f

amNd
dmδ

b
c −

1
3f

bmNd
dmδ

a
c (20)

yielding the desired relation between N c
ab with fab and its derivative. The connection of

the above relation with the standard result∇cgab = 0 obtained from Palatini variational
principle has been explored in [203].

At this stage it is possible to obtain an analogue of the Hamilton’s equation q̇ = ∂H/∂p.
The analogy can be made more accurate by introducing a “Hamiltonian” as,

Hg = fab(N c
adN

d
bc −

1
3N

c
acN

d
bd) (21)

Comparing Eq. (21) with Eq. (15), we see that Hg =
√
−gLquad. Then, with the

notional correspondence fab → q and N c
ab → p, one can immediately establish the

following result:
√
−gR→ −q∂p−Hg = {p∂q−Hg} − ∂(qp) =

√
−g (Lquad + Lsur) (22)

Thus, the quadratic Lagrangian density used to derive the field equations can be rein-
terpreted as a Hamiltonian density. Eq. (20) can then be rewritten as a Hamilton’s field
equation,

∂cf
ab =

∂Hg
∂N c

ab

(23)

Proceeding by analogy with classical mechanics, one can also obtain the other Hamil-
ton’s equation of motion, viz., ṗ = −∂H/∂q. This can be achieved by considering the
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variation of the Einstein-Hilbert Lagrangian density with respect to fab, and can be
expressed as,

δ

(√
−gR

)
|Nc
ab

= Rabδf
ab (24)

Hence the field equations associated with variation of fab is equivalent to Rab = 0,
the vacuum field equations of Einstein. Referring back to Eq. (21), we see that this
equation can also be re-expressed as

∂cN
c
ab = −

∂Hg
∂fab

(25)

yielding the second of the Hamilton’s equations. However unlike the case in classical
mechanics, where the momentum would be conserved in the absence of external forces,
we observe thatN c

ab has the capability of driving its own change, thanks to the nonlinear
nature of gravity.

2.2.3.2 Inclusion of Matter

The next natural step would be to consider the inclusion of the matter Lagrangian den-
sity √−gLm, which can be accomplished by introducing a total Hamiltonian as

Htot = Hg −
√
−gLm (26)

If the first term Hg (incidentally this is equal to √−gLquad) be considered to be kinetic,
then it is natural to think of √−gLm as a potential term. We shall further assume that
the matter Lagrangian density √−gLm under consideration depends only on fab and
not on N c

ab. In such a case, Eq. (20) retains its original form. Expressing everything in
terms of the metric and its derivative it becomes clear that our assumption is equivalent
to the fact that √−gLm does not depend on the derivatives of the metric. (This is
similar in spirit to the case in classical mechanics when we consider velocity-independent
potentials.)

Let us now provide the usual definition of the matter energy-momentum tensor as

Tab = −
2√
−g

∂(
√
−gLm)

∂gab
, (27)

from which one can obtain the following equality:

∂
√
−gLm
∂fab

= −1
2

[
Tab −

1
2Tgab

]
≡ −1

2T ab , (28)

where a new object T ab has been defined, which bears to Tab the same relation as Gab
bears to Rab.

When matter is included the second equation of Hamiltonian, i.e., Eq. (25) gets modified
to read

∂cN
c
ab = −

∂Hg
∂fab

+
∂(
√
−gLm)

∂fab
= −N c

adN
d
bc +

1
3N

c
acN

d
bd −

1
2T ab (29)
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which is equivalent to the usual Einstein’s field equations, 2Rab = T̄ab [203]. Finally,
we should mention that the surface variation contains only variations of the conjugate
momentum N c

ab and not of fab. Thus, we need to fix only the “momenta” N c
ab at the

boundary in order to obtain the correct field equations.

2.2.4 Noether Current

In this section, we shall relate the Noether current — arising from a differential ge-
ometric identity — with the variations of Na

bc and fab. The conservation of Ja using
differential geometric identity is straightforward and was first presented in [190], here
we will briefly outline it.

Let us start with an arbitrary vector field va and decompose ∇avb into symmetric and
antisymmetric part as follows,

Sab ≡ ∇avb +∇bva; Jab ≡ ∇avb −∇bva (30)

It is obvious from the antisymmetry of Jab, that one can construct a conserved current
Ja out of it by defining Ja = ∇bJab. The only remaining task is to express the conserved
current in terms of the newly defined N c

ab variable. This can be achieved by considering
Lie derivative of the connection, which has the following expression [232],

£vΓabc = ∇b∇cva +Racmbv
m (31)

From Eq. (13) one can relate Lie variation of connection to Lie variation of N c
ab. This

immediately leads to the following expression,

£vN
a
bc =

[
Qadbe£vΓecd +Qadce£vΓebd

]
(32)

where Qabcd is defined in Eq. (6). Now one can consider contraction of the above object
with inverse metric gbc leading to the following expression,

gbc£vN
a
bc = 2Qadc e (£vΓecd) =

(
gacδde − gdcδae

)
(∇c∇dve +Redmcv

m)

= ∇bJab − 2Ramvm (33)

which immediately leads to the expression for Noether current

Ja(v) = 2Rabvb + gcd£vN
a
cd (34)

Thus, given a vector field va one can construct the Noether current by almost triv-
ial differential geometric manipulations — which happens to be the Noether current
arising from diffeomorphism invariance of Einstein-Hilbert Lagrangian. We will try to
emphasize the physical significance of this result in later chapters.



26 setting the stage: review of previous results

2.2.5 Gravitational momentum

Another structure we want to associate with an arbitrary vector field va is the gravita-
tional four-momentum density P a(v), defined — in the context of general relativity —
as

P a(v) = −Rva − gij£vN
a
ij (35)

From Eq. (34) we can substitute for the Lie variation term in Eq. (35), which relates
the gravitational momentum and the Noether current as

Ja(v) = −P a(v) + 2Gabvb (36)

The physical meaning of the gravitational momentum can be understood from the
following result. (This was motivated and discussed in detail in [190, 191]. We will not
repeat the motivation and logic behind this definition here). Consider the special case
in which va is the velocity of an arbitrary observer, who will attribute to the matter,
with energy momentum tensor Tab, the momentum density Ma = −T ab vb. We would
expect the total momentum associated with matter plus gravitation to be conserved
[191] in nature, for all observers. This condition requires:

0 = ∇a (P a +Ma) = ∇a
(
−Ja + 2Gabvb − T ab vb

)
= ∇a

(
2Gabvb − T ab vb

)
= (2Gab − T ab )∇avb ≡ Sab∇avb (37)

where Sab ≡ (2Gab − T ab) is a symmetric tensor and in the last line we have used
Bianchi identity and the fact that Ja and T ab are conserved. The above relation should
hold for any normalised time-like vector field va, which requires Sab = 0, i.e., Gab =
8πTab, which are the field equation for gravity. (This result should be obvious from the
fact that ∇avb can be chosen to be arbitrary at any event even for normalised timelike
vector fields. A more formal proof, suggested by S. Date, goes as follows: Choose first
va to be a normalized geodesic velocity field with vava = −1 and va∇avb = 0. Then the
most general Sab which satisfies Sab∇avb = 0 has the form Sab = α(Xavb +Xbva) +
βvavb with two arbitrary functions α and β and an arbitrary vector Xa which can be
chosen without loss of generality to be purely spatial,

i.e., vaXa = 0. Choose next the velocity field to be ua = −N∇at. Using the form
of Sab∇aub = 0 leads to α = β = 0. This immediately gives Sab = 0.) The gravita-
tional momentum introduced above will find quiet a few interesting applications latter
on.

2.3 lanczos-lovelock gravity: a brief introduction

One key aspect for general relativity is that, it follows directly from the geometric
properties of the Riemann curvature tensor — in particular the Bianchi identity plays
a crucial role. Generalizing the curvature tensor by including higher curvature terms, if
one imposes the criteria that the trace of its Bianchi derivative vanishes, leads to a diver-
gence free second rank tensor. This tensor also uniquely leads to the Lanczos-Lovelock
Lagrangian and agrees with the one obtained by variation of the Lanczos-Lovelock ac-
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tion [68]. In this section we will describe several algebraic and thermodynamic results
related to Lanczos-Lovelock Lagrangian, which will be of extensive use in later chapters.
The importance of Lanczos-Lovelock gravity is two-fold. It generalizes Einstein-Hilbert
action by introducing higher curvature terms, which can arise naturally in strong grav-
ity regime (incidentally, the first correction to Einstein-Hilbert action, known as Gauss-
Bonnet action was obtained earlier from a string theoretic point of view [38]). Secondly,
several thermodynamic features related to horizons in Einstein-Hilbert action carry
over to Lanczos-Lovelock theories of gravity. In emergent gravity paradigm thermody-
namics of horizons appear as a key input and hence there is a natural extension of this
paradigm to Lanczos-Lovelock gravity. We will be mainly concerned about the thermo-
dynamic aspects of Lanczos-Lovelock gravity in later chapters of this thesis.

2.3.1 How Does Lanczos-Lovelock Gravity Comes About?

In the first part of this chapter, we have been working with Einstein-Hilbert action in
four-dimensional spacetime. A natural question to ask in that context is, why spacetime
has four dimensions? Even though there is no satisfactory answer to that question,
most of the high-energy physics community believes in existence of extra dimension,
exploiting which one can answer some subtle questions, which cannot be answered
in the standard four-dimensional models. One such problem has to do with the large
difference between scale of weak interaction to that of strong interaction, known in the
literature as the hierarchy problem. It turns out that extra dimensional models can
provide a natural solution to this fine-tuning problem [207, 117, 14].

Another natural query being — what about gravity in these higher-dimensional sce-
narios? One can assume that gravitational action is still given by the Einstein-Hilbert
Lagrangian, however there is one caveat. The effect of these extra dimensions can only
be felt at very high energies and one can ask at such high energies how legitimate it is
to use the Einstein-Hilbert Lagrangian. There is a general consensus in the community
that at such high energies the Einstein-Hilbert Lagrangian would be supplemented by
higher curvature terms. In principle there can be a huge number of such higher curva-
ture corrections gravitational action can have, e.g., f(R), g(RabRab) and so on. Thus
we need some physical guiding principles to find out the most natural candidate.

2.3.1.1 A General Lagrangian

Before going into the guiding principles, let us start with an action, which is an arbitrary
function of the curvature tensor Rabcd and the metric gab in a D-dimensional spacetime.
We will work with a single timelike coordinate, i.e., the total spacetime dimensions can
be written as 1+ (D− 1). With imposition of all these conditions, the action functional
for gravity turns out to be,

A =
∫
V
dDx
√
−gL

(
gab,Rabcd

)
(38)

As we have already mentioned, the Lagrangian depends both on the curvature and
the metric but not on the derivatives of the curvature. Given this Lagrangian, one
can construct another fourth rank tensor P abcd, obtained by taking derivative of L
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with respect to curvature tensor Rabcd. This tensor, which will turn out to be quiet
significant for our later purpose, can be written as

P abcd =

(
∂L

∂Rabcd

)
gij

(39)

having all the algebraic symmetry properties of the curvature tensor. Note that for
Einstein-Hilbert action the tensor P abcd exactly coincides with the tensor Qabcd defined
in Eq. (6). An analogue of the Ricci tensor in general relativity can also be constructed
by the definition

Rab ≡ P aijkRbijk. (40)

It is a straightforward exercise to show that for Einstein-Hilbert actionRab is indeed the
Ricci tensor. The field equations for this gravity theory can be obtained by varying the
action in Eq. (38) with respect to the metric gab, leading to the following result:

δA = δ

∫
V
dDx
√
−gL

=
∫
V
dDx
√
−gEabδgab +

∫
V
dDx
√
−g∇jδvj (41)

Alike the case for Einstein-Hilbert action one obtains a bulk variation term, leading to
field equations and a surface variation term. The term Eab in the bulk variation is the
field equation term and δva corresponds to the boundary term. They are given by the
following expressions [232]

Eab ≡
1√
−g

(
∂
√
−gL

∂gab

)
Rabcd

− 2∇m∇n
(

∂L

Ramnb

)
= Rab −

1
2gabL− 2∇m∇nPamnb (42)

δvj = 2P ibjd∇bδgdi − 2δgdi∇cP ijcd (43)

Note that for a general Lagrangian, P abcd, being derivative of the Lagrangian with re-
spect to Rabcd involves second order derivative of the metric through curvature tensor.
Hence the term ∇m∇nPamnb in the field equations contains fourth order derivatives of
the metric. It is well known that field equations having more than second order deriva-
tives of the metric (to be precise, time derivative) in general is plagued with various
instabilities, e.g., Ostrogadski instability, existence of tachyonic modes etc.

2.3.1.2 The Lanczos-Lovelock Lagrangian

So far we have been discussing the most general Lagrangian constructed out of metric
and curvature. However as we have just witnessed such Lagrangians in general have field
equations, which involve fourth order derivatives of the metric leading to instabilities.
To avoid all these instabilities and to obtain a physically well motivated theory we will
work with only those gravitational theories, for which field equations contain at most
second derivatives of the metric.
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Therefore, we need to impose certain restrictions on the form of the Lagrangian, pre-
sented in Eq. (38) in order to yield second order field equations. From the general field
equations in Eq. (42) to obtain second order field equations, we must impose an extra
condition on P abcd, such that

∇aP abcd = 0. (44)

Thus the problem of finding an action functional leading to a second order field equation
reduces to finding scalar functions of curvature and metric such that Eq. (44) is satisfied.
Such a scalar indeed exists and is unique; it is given [150, 232, 192, 201, 168] by the
Lanczos-Lovelock Lagrangian in D dimensions, as

L =
∑
m

cmLm =
∑
m

cm
m

∂Lm
∂Rabcd

Rabcd =
∑
m

cm
m
P abcd(m) Rabcd (45)

This Lagrangian Lm being a homogeneous function of Rabcd of order m can also be
written as Lm = Qabcd(m)Rabcd, which can be used to identify P abcd(m) = mQabcd(m) . This
relation can also be obtained using explicit expression for P abcd in terms of the curvature
tensor and Lm as

P abcd (m) =
∂Lm

∂Rcdab
= mδaba2b2...ambm

cdc2d2...cmdm
Rc2d2
a2b2

. . . Rcmdmambm
≡ mQabcd (m) (46)

This relation will be used extensively later. Like the Einstein-Hilbert Lagrangian, one
can decompose the Lanczos-Lovelock Lagrangian in a quadratic part and a surface
contribution. This decomposition can be written as,

√
−gL =

√
−gQ bcd

a Rabcd

= 2
√
−gQ bcd

a ΓadkΓkbc + ∂c
[
2
√
−gQ bcd

a Γabd
]

(47)

=
√
−gLquad +

√
−gLsur (48)

where for m th order Lanczos-Lovelock Lagrangian Q bcd
a = Q bcd

a (m), while for general
Lagrangian Q bcd

a =
∑
cmQ

bcd
a (m). Further note that due to complete antisymmetry of

the determinant tensor in a D dimensional space-time we have the following restriction
2m ≤ D, otherwise the determinant tensor would vanish identically. Lanczos-Lovelock
models at dimension D = 2m are known as critical dimensions for a given Lanczos-
Lovelock term. In these critical dimensions the variation of the action functional reduces
to a pure surface term [249, 128]. Further, the tensor Rab defined in Eq. (40) in the
context of Lanczos-Lovelock gravity is indeed symmetric; but the result is nontrivial to
prove (for this result and other properties of these tensors, see [187]). So far we have
been dealing with geometrical properties of the Lovelock action, but for the rest of the
thesis some thermodynamic constructs would be useful. We will now briefly introduce
these thermodynamic ingredients for Lanczos-Lovelock gravity.

2.3.2 Noether Current and Entropy for Lanczos-Lovelock gravity

The Noether current for Lanczos-Lovelock gravity can also be derived manipulating
several differential geometric identity. It coincides with the one derived from diffeo-
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morphism invariance of the action and has the following expression [232, 192, 187,
181]:

Ja(ξ) ≡
(
2Eabξb + Lξa + δξv

a
)

(49)

From the property of the Noether current ∇aJa = 0, we can define an antisymmetric
tensor referred to as Noether Potential by the condition, Ja = ∇bJab. Using Eq. (42) we
can substitute for the boundary term, leading to an explicit form for both the Noether
current and Potential. These general expressions can be found in [232]. In the context
of Lanczos-Lovelock theories, where ∇aP abcd = 0, they are given by

Jab = 2P abcd∇cξd (50)
Ja = 2P abcd∇b∇cξd = 2Rabξb + 2P ija

k £ξΓkij (51)

with Γabc being the metric compatible connection.

The Noether current has a direct thermodynamic interpretation as well. For Lanczos-
Lovelock theories of gravity, assuming the zeroth law, one can derive the first law
[244], from which one can identify the entropy associated with Lanczos-Lovelock grav-
ity. Also the Noether charge computed from the Noether current corresponding to
diffeomorphism symmetry will play the role of entropy when evaluated on null surfaces.
Further this entropy is refereed to as the Wald entropy associated with null surfaces
in all Lanczos-Lovelock models. The corresponding entropy density (which, integrated
over the horizon gives the entropy) is given by [185, 155, 244, 121, 246, 228, 15, 95, 37,
156]

s = −1
8
√
qP abcdµabµcd (52)

where µab = uarb − ubra stands for the bi-normal, with the following normalization
conditions, uaua = −1 and rar

a = 1. Since the tensor P abcd appears directly in the
expression for Wald entropy, it is sometimes called the entropy tensor as well. The
best way to get an intuitive feel for this result is to consider Einstein-Hilbert action,
which can be obtained by considering P abcd = (1/2)(gacgbd − gadgbc). For this case
one will immediately obtain the entropy density to be s = √q/4, the standard Beken-
stein entropy. We will use this expression for entropy density quiet frequently in later
chapters.

2.4 construction of gaussian null coordinates

We will now elaborate on the construction of a suitable system of coordinates associ-
ated with an arbitrary null surface. This construction will be used extensively in later
chapters. Let us consider the four-dimensional spacetime V 4 =M3×R, where M3 is a
compact three-dimensional manifold. We will consider spacetimes to be time orientable
with null embedded hypersurfaces, which are diffeomorphic to M3 with closed null
generators. We take N to be such a null hypersurface with null generator [165, 166].
On this null surface N we can introduce spacelike two surface with coordinates (x1,x2)
defined on them. The null geodesics generating the null hypersurface N goes out of this
spacelike two surface. Thus we can use these null generators to define coordinates on
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the null hypersurface. The intersection point of these null geodesics with the spacelike
two surface can be determined by the coordinates (x1,x2), which then evolves along the
null geodesic, which is parametrized by u, and label each point on the null hypersurface
as (u,x1,x2). The above system of coordinates readily identify three basis vectors: (a)
the tangent to the null geodesics, ` = ∂/∂u, and (b) basis vectors on the two surface
eA = ∂/∂A.

Having fixed the coordinates on the null surface N we now move out of the surface us-
ing another set of null generators with tangent ka satisfying the following constraints:
(a) kaka = 0, (b) eaAka = 0 and finally `ak

a = −1. These null geodesics are taken
to intersect the null surface at coordinates (u,x1,x2) and then move out with affine
parameter r, such that any point in the neighborhood of the null surface can be char-
acterized by four coordinates (u, r,x1,x2). In this coordinate system, the null surface
is given by the condition r = 0. This defines a coordinate system {u, r,xA} over the
global manifold V 4. This system of coordinates are formed in a manner analogous with
Gaussian Normal Coordinate and hence is referred to as Gaussian Null Coordinates
(GNC ).

Having set the full coordinate map near the null surface we now proceed to determine
the metric elements in that region. Note that `a`a = 0 leads to guu = 0 on the null
surface since ` = ∂/∂u. We also note that the basis vectors eaA have to lie on the
null surface implying `aeaA = 0 on N , which leads to guA = 0. Also the metric on the
two-surface is given by gAB = eaAe

b
Bgab, which we denote by qAB. We also need the

criteria that qAB is positive definite with finite determinant ensuring invertibility and
non-degeneracy of the two metric. Thus the following metric components gets fixed to
be:

guu|r=0 = guA|r=0 = 0;
gAB = qAB (53)

Let us now proceed to determine the other components of the metric. For this, we will
use the vector k = −∂/∂r such that from kaka = 0 we get grr = 0 throughout the space-
time manifold. Also from the criteria that the null geodesics are affinely parametrized
by r we readily obtain ∂rgrα = 0, where α = (u,x1,x2). Again, from the conditions
`aka = −1, we readily get gru = 1 and from kae

a
A = 0 we get grA = 0. From the

criteria derived earlier showing ∂rgrα = 0 we can conclude that the above two-metric
coefficients are valid everywhere. Thus within the global region V 4 we can have smooth
functions α and βA such that, α |r=0= (∂guu/∂r) |r=0 and βA |r=0= (∂guA/∂r) |r=0.
With these two identifications we have the following expression for the line element
as

ds2 = gabdx
adxb = −2rαdu2 + 2dudr− 2rβAdudxA + qABdx

AdxB (54)

where qAB is the two-dimensional metric representing the metric on the null surface.
Note that the construction presented above is completely general; it can be applied in
the neighborhood of any null hypersurface and, in particular, to the event horizon of a
black hole and can also be generalized to D spacetime dimensions, with qAB being the
(D− 2)-dimensional metric.
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We will now introduce the time development vector ξa appropriate for this coordinate
system as the one with the components ξa = δa0 in the GNC; that is:

ξa = (1, 0, 0, 0) ; ξa = (−2rα, 1,−rβA) (55)

It can be easily shown that ξa will be identical to the timelike Killing vector corre-
sponding to the Rindler time coordinate if we rewrite the standard Rindler metric in
the GNC form. Therefore, we can think of ξa as a natural generalization of the time
development vector corresponding to the Rindler-like observers in the GNC; of course,
it will not be a Killing vector in general. Since ξ2 = −2rα, we see that, in the r → 0
limit, ξa becomes null. Given ξa, we can construct the four-velocity ua for a comoving
observer by dividing ξa by its norm

√
2rα obtaining:

ui =

( 1√
2rα

, 0, 0, 0
)

; ui =

(
−
√

2rα, 1√
2rα

, −rβA√
2rα

)
(56)

The form of ui shows that the comoving observers can also be thought of as observers
with (r,xA) = constant. This proves to be convenient for probing the properties of the
null surface.

This four-velocity, has the four-acceleration ai = uj∇jui. The magnitude of the accel-
eration

√
aiai, multiplied by the redshift factor

√
2rα, has a finite result in the null

limit, (i.e., r → 0 limit):

Na|r→0 =
(√

2rα
)
a|r→0 = α− ∂uα

2α (57)

When the acceleration α varies slowly in time (i.e., ∂uα/α2 � 1) the second term is
negligible and Na→ α. The redshifted Unruh-Davies [70, 233] temperature associated
with the r = 0 surface, as measured by (r,xA) = constant observer is given [190] by
Eq. (57). We will call this temperature as the “acceleration temperature”.

We will next introduce the relevant null vectors associated with the GNC. Given the
four-velocity ua and four-acceleration ai we can construct two null vectors ¯̀i and k̄i

as:

¯̀a =
√

2rα
2 (ua + ra) ; k̄a =

1√
2rα

(ua − ra) (58)

where ri is the unit vector in the direction of the acceleration, i.e., ri = ai/a. These
two vectors ¯̀i and k̄i satisfy: ¯̀2 = 0, k̄2 = 0 and ¯̀ak̄a = −1 and we have the following
components on the null surface:

¯̀
i

∣∣∣∣
r→0

= (0, 1, 0, 0) (59)

k̄i

∣∣∣∣
r→0

=

(
−1, qABa

AaB

4rαa2 ,− aA√
2rα a

)
(60)

Since we are essentially interested only in the r → 0 limit, it is more convenient to
work with a simpler vector field `i ≡ ∇ir everywhere, which reduces to this ¯̀

i on the
null surface and defines the natural null normal to the r = 0 surface as a limiting case.
Similarly, we can introduce another vector ka in place of k̄a to simplify the computations.
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Using the non-uniqueness in the definition of k̄a, we can change it to another vector ka
such that,

k̄a = ka +A`a +BAe
A
a (61)

where eAa are basis vectors on the null surface and `a = ¯̀
a. From the property `aeaA = 0

and `2 = 0 we get `aka = −1, since `ak̄a = −1. The condition k2 = 0, leads to a
condition between A and BA as: 2A = qCDB

CBD. Choosing A = (qABaAaB/4rαa2)
and BA = −(aA/

√
2rα a) leads to the simple form ka = (−1, 0, 0, 0). Thus the vec-

tor `a = ∇ar and the auxiliary ka = −∇au have the following components in the
GNC:

`a = (0, 1, 0, 0) , `a =
(
1, 2rα+ r2β2, rβA

)
(62a)

ka = (−1, 0, 0, 0) , ka = (0,−1, 0, 0) (62b)

Along with these two vectors we also have the vector ξa, which is the time development
vector introduced earlier. Thus, through the GNC, we have introduced three vectors
`a, ka and ξa. The bi-normal associated with the null surface can be obtained in terms
of `a and ka as εab = `akb − `bka. It turns out that, for the r = 0 surface the non-
affinity parameter, κ corresponding to the null normal `a is obtained from `b∇b`a = κ`a.
Evaluation of which for the null normal in Eq. (62a) yields the non-affinity parameter
to be: κ = α. While the vector ka = −∇au, is tangent to the ingoing null geodesic
and is affinely parametrized, with affine parameter r. These null vectors will be used
extensively as we go along the thesis.

2.5 looking to the future

In the previous sections we have discussed in detail, various properties of Einstein-
Hilbert and Lanczos-Lovelock gravity. The obvious question to ask at this stage, whether,
just like Einstein-Hilbert action, for Lanczos-Lovelock gravity as well, there exist some
geometrical variables that can have nice thermodynamic features. We will try to an-
swer this question in the later chapters. We will first introduce a new set of conjugate
variables from differential geometric perspective, which can be used to describe Lanczos-
Lovelock gravity in the next chapter. After identifying the correct geometric variables
we will proceed to understand their thermodynamic importance as well and shall illus-
trate that variations of these variables are related to either variation of temperature or
entropy associated with null surfaces in the subsequent chapter.

Also, we reiterate that in a recent work [190] it has been shown that evolution of space-
time can be interpreted as the difference between surface and bulk degrees of freedom,
but in the context of Einstein-Hilbert action. In later chapters we will show that the
same works for Lanczos-Lovelock gravity as well. Further, the notion of gravitational
momentum have been defined for general relativity, whose thermodynamic significance
as well as generalization to Lanczos-Lovelock gravity will be an interesting problem to
look upon. All of these discussions will form an integral part of this thesis and will be
dealt with greater detail in later chapters.





3
ALTERNATIVE GEOMETRICAL VARIABLES IN
LANCZOS -LOVELOCK GRAVITY

3.1 introduction

The deep connection between gravitational dynamics and horizon thermodynamics
makes it natural to think of spacetime as some kind of fluid with its thermodynamic
properties arising from the dynamics of underlying “atoms of spacetime”. This emergent
gravity paradigm (see, for a review [177, 245, 185]) has received significant amount of
support from later investigations as well [176, 40, 201, 195, 131, 190]. This leads to two
possible routes towards gravitational dynamics — (a) the conventional route, using the
action functional and geometrical variables and (b) the thermodynamic route which
uses suitably defined degrees of freedom.

In a recent work [203] two canonically conjugate variables

fab =
√
−ggab; N c

ab = QcpaqΓ
q
bp +QcpbqΓqap; Qabcd =

1
2
(
δac δ

b
d − δadδbc

)
(63)

have been introduced in the context of general relativity and it has been shown that
(the variation of) these quantities also possess simple thermodynamical interpretation
in terms of SδT and TδS (see Chapter 2 for a more detailed description). The main
purpose of this chapter is to identify one set of such variables in Lanczos-Lovelock
gravity which satisfy the following conditions: (a) These variables reduce to the ones
used in general relativity in D = 4, when the Lanczos-Lovelock model reduces to
general relativity. (b) These variables can be used to probe the geometrical structure
of Lanczos-Lovelock gravity.

The chapter is organized as follows: In Section 3.2 we consider possible generalization
of these variables to Lanczos-Lovelock gravity. Then Section 3.3 describes gravity in
terms of the newly introduced conjugate variables in both Einstein-Hilbert and Lanczos-
Lovelock actions. Finally, we conclude with a discussion on our results. Some more
details of the main calculations are presented in Appendix A.

3.2 possible generalization of conjugate variables to lanczos-
lovelock gravity

In Einstein gravity, we have obtained a simpler description using the two conjugate
variables, fab =

√
−ggab and N c

ab = QcdaeΓebd + QcdbeΓead. The most natural choice for
the corresponding variables in Lanczos-Lovelock gravity will be the ones obtained by
defining Na

bc by the same relation, viz. by Eq. (13), as in general relativity but with Qabcd
given by that for the appropriate Lanczos-Lovelock model, viz. by Eq. (46). We will first
explore this choice of variables and see whether they satisfy all the requirements.

35
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Even in Lanczos-Lovelock theories, the decomposition of the Lagrangian into a bulk
term and a surface term exists and has the identical expression as in Eq. (9) with the
Qabcd defined by Eq. (46). There are two desirable features we expect the variables to
satisfy: First, the surface term should be expressible as, −∂(qp); second the quadratic
part of the Lagrangian must be expressible as, p∂q. Note that q and p are not absolute,
since in the Hamiltonian formulation both are given equal weightage, and we can even
interchange q and p. In Einstein-Hilbert action these relations are given by Eq. (15)
and Eq. (16) respectively..

With this motivation, let us examine whether these two variables, f̃ab which is same
as the fab in Einstein-Hilbert action and Ña

bc having the same expression as that of
Na
bc with Qabcd corresponding to the one for the Lanczos-Lovelock model, satisfy our

criteria. For that purpose we need to evaluate the following combinations, f̃ab∂cÑ c
ab and

Ña
bc∂af̃

bc. These are evaluated explicitly in Appendix A.2 [see Eq. (421) and Eq. (422)
of Appendix A]. We state here the final results:

√
−gLsur = −∂c

(
f̃pqÑ c

pq

)
(64)

√
−gLquad = Ñ c

ab∂cf̃
ab −

(
2
√
−gQ bqc

p ΓpqbΓ
m
cm − 2

√
−ggbmQcqapΓpqbΓ

a
cm

)
(65)

√
−gQ qrs

p Rpqrs = −f̃ab∂cÑ c
ab −

(
2
√
−gQ bqc

p ΓpqbΓ
m
cm − 2

√
−ggbmQcqapΓpqbΓ

a
cm

)
(66)

Thus even though it leads to the proper surface term it does not simplify the other
terms unlike in the Einstein-Hilbert case presented in Eq. (15) and Eq. (16) respectively.
Hence we conclude that these variables are not suitable.

The same conclusion can also be reached from the expression for the Noether current
as well. As in the Einstein-Hilbert scenario where the last term becomes, fab£ξN

c
ab,

here also we would like the last term to be of the form f̃pq£ξÑ
a
pq. However this does

not yield the correct Noether current. An extra term, depending on Lie variation of the
entropy tensor P abcd, comes into the picture. We have used several identities regarding
Lie variation of P abcd but none of these help to simplify the extra term. [Though these
identities do not help, they are quiet interesting and have not been derived earlier; hence
we present these relations in Appendix A.1]. In summary, these variables, though they
are the simplest choice, do not fulfill the criteria we would like them to satisfy.

It is, however, possible to attack the problem from a different angle and obtain another
set of variables that satisfies all our criteria. The clue comes from the Noether current
itself. We know from Eq. (34) that in general relativity, the second term of the Noether
current, given by fab£ξN

c
ab, has the two variables [fab,N c

ij ] on the two sides of £ξ

while in the mth order Lanczos-Lovelock model the corresponding term P aji
k £ξΓkaj =

mQ aji
k £ξΓkaj (see Eq. (51)) has the variables [Γkaj ,Q

aji
k ] on the two sides of £ξ. Taking

a cue from this, let us define two variables:

Γabc =
1
2g

ad (−∂dgbc + ∂bgcd + ∂cgbd) (67)

U bcd
a = 2

√
−gQ bcd

a (68)

where Γabc, of course, is the standard connection and Q bcd
a is given by Eq. (46). (The

factors are chosen to give the correct limit for general relativity when m = 1; we will
see that these definitions work.)
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Interestingly, these variables can be introduced in a somewhat different manner as well.
Suppose we consider the Lanczos-Lovelock model Lagrangian which can be expressed
entirely in terms of Rimkl [with index placements (2,2)] plus Kronecker deltas. Since
Rimkl = gmjRijkl it can also be expressed in terms of the variables Rijkl [with index
placements (1,3)] and the metric gab. On the other hand, Rijkl [with index placements
(1,3)] can be written entirely in terms of ∂lΓijk and Γijk without the metric appearing any-
where. Therefore, one can think of the Lanczos-Lovelock Lagrangian, when expressed
in terms of Rijkl [with index placements (1,3)] and the metric gab as a functional of
[gab, ∂lΓijk, Γijk]. This suggests defining the “conjugate variable" to the connection:

mU vlw
u ≡ ∂ (

√
−gL)

∂ (∂lΓuvw)
(69)

The equality of the two sides, for m−th order Lanczos-Lovelock Lagrangian is easy to
verify using Eq. (425). It can be proved that this quantity Uabcd has all the symmetries
of the curvature tensor (essentially because the ∂lΓuvw occurs in L only through the
curvature tensor.) This suggests yet another meaning to the variables introduced in
Eq. (67) and Eq. (68).

Of course, this set of variables in Eq. (67) and Eq. (68) works for the Einstein-Hilbert
case as well. Now U vlw

u can be expressed entirely in terms of the metric and – in this
sense – one can think of the metric (or rather the particular combination of metric
components) as conjugate to connection (rather than the other way around!) even in
the Einstein-Hilbert case. All the original relations for the Einstein-Hilbert action can
be written in terms of these two variables instead of fab and Na

bc as in Eq. (423) and
Eq. (424) matching exactly Eq. (15) and Eq. (16). The reason has to do with the fact
that for any covariant derivative operator D̂ we have

fpqD̂Na
pq = 2

√
−ggpqD̂

(
QaepdΓdeq

)
= 2

√
−ggpqQaepdD̂Γdeq

= 2
√
−gQ qea

d D̂Γdqe = U qra
p D̂Γpqr. (70)

This is possible only in the Einstein-Hilbert action where Qcdab involves only the Kro-
necker deltas and hence can be pulled through any covariant derivative operator. Thus,
in general, the pair [Γabc,U pqr

a ] can also act as the conjugate variables, in Einstein grav-
ity. Since U pqr

a can be entirely expressed in terms of the metric in general relativity, they
are equivalent to fab and N c

ab structurally. However in higher order Lanczos-Lovelock
theories Qabcd depends on curvature tensor and hence the above equivalence is broken.
As we shall see it is better to work with the two variables as in Eq. (67) and Eq. (68),
as shown in Appendix A.2, Eq. (423) and Eq. (424).

Finally, note that, by construction, the Noether current becomes in terms of these
variables

√
−gJa = m

(
2U pqr

b Rapqrv
b + U cda

b LξΓbcd
)

= 2
√
−gRabvb +mU cda

b LξΓbcd (71)

This is exactly of the same form as Eq. (34), the Noether current for Einstein-Hilbert
action.
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3.3 describing gravity in terms of conjugate variables

In the previous section we have introduced two new variables, which reduce to the
corresponding variables of general relativity in appropriate limit. Thus these variables
satisfy our first requirement, i.e., they should reproduce the correct general relativistic
limit. Having addressed the general relativity limit for these variables we now study
whether the gravitational dynamics of Lanczos-Lovelock gravity can be described in
terms of these variables.

3.3.1 Einstein-Hilbert Action with the new set of variables

It is important to first verify what happens to variational principle of general relativity
when we use the two variables introduced in Section 3.2. For this purpose we shall start
with the Einstein-Hilbert Lagrangian written as:

L =
√
−gR =

√
−g1

2
(
gbdδca − gbcδda

)
Rabcd

=
√
−g

(
gbdδca − gbcδda

) (
∂cΓabd − ΓadpΓpbc

)
≡ U bcd

a

(
∂cΓabd − ΓadpΓpbc

)
(72)

where we have defined the variable, U bcd
a =

√
−g

(
gbdδca − gbcδda

)
having all the sym-

metries of curvature tensor. Let us see what happens if we treat the variables U bcd
a and

Γabc as independent as befitting conjugate variables. The variation of Γabc leads to:

δL |U bcd
a

= U bcd
a

(
∂cδΓabd − ΓpbcδΓadp − ΓadpδΓpbc

)
= U bcd

a ∇cδΓabd (73)

In order to get to the final expression we have used the fact that the Lagrangian is a
scalar density and hence can be evaluated in a local inertial frame with U bcd

a and δΓabc
as tensors. (One can explicitly verify this result, even without using this trick.) Then
we can rewrite Eq. (73) as:

δL |U bcd
a

= ∇c
(
U bcd
a δΓabd

)
− δΓabd∇cU bcd

a (74)

When the above equation is integrated over the spacetime volume to obtain the varia-
tion δL of the action, the first term∇c

(
U bcd
a δΓabd

)
, being a total divergence contributes

only on the surface and hence can be dropped. Thus the condition δL = 0 for arbitrary
variations δΓabc leads to:

∇cU bcd
a = 0 (75)

From the definition of U bcd
a it is evident that Eq. (75) implies ∇cgab = 0, standard

result from Palatini variation in Einstein-Hilbert action [232] [This result can also be
obtained using Eq. (419)].

But we are led to a difficulty in this approach when we vary U bcd
a because the variation

of U bcd
a leads to Rabcd = 0, i.e., flat spacetime! It is not possible to get Einstein’s
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equations from arbitrary variations of U bcd
a since it has four indices, naturally leading to

zero curvature tensor, equivalently flat spacetime. The reason for this disaster is simple.
When we vary U bcd

a we are pretending that we are varying 20 independent components
(because U bcd

a has the symmetries of curvature tensor); but we know that — since U bcd
a

is completely determined by gab — it really has only 10 independent components. So,
in order to get correct field equations we need to restrict variations such that there are
only 10 of them independent components in the variation δU bcd

a . This is easy to achieve.
Since an arbitrary symmetric second rank tensor Spq has 10 independent components,
we can easily construct such a constrained variation by considering a subclass of δU bcd

a

which is determined by the variations δSpq of an arbitrary second rank tensor. This
leads us to consider variations of the form:

δU qrs
p =

(
U qrs
m δnp −

1
2U

qrs
p δnm

)
δSmn (76)

(In fact, it turns out that the above variation can be slightly generalized by introducing
a sixth rank tensor A qrsn

pm satisfying the criteria A qrsn
pm Rpqrs = 0. We shall not consider

these variations any more since they have no effect on the field equations.) With these
restricted class of variations we arrive at:

δL |Γa
bc

=
1
2R

a
bcdδU

bcd
a

=
1
2R

p
qrs

(
U qrs
m δnp −

1
2δ

n
mU

qrs
p

)
δSmn (77)

Then for arbitrary variations of the symmetric tensor Sab , we get the field equations:

Rpqrs

(
U qrs
m δnp −

1
2δ

n
mU

qrs
p

)
= 0 (78)

To prove the equivalence with Einstein’s equations we note that the following rela-
tions

RpqrsU
qrs
m = 2

√
−gRpm; RpqrsU

qrs
p = 2

√
−gR (79)

directly transform the field equations Eq. (78) to, Gab = 0, the source-free Einstein’s
equations. (We have not included matter fields to our system about which we shall
comment later.) In the next section we will show the validity of the above formalism
for Lanczos-Lovelock gravity.

3.3.2 Generalization to Lanczos-Lovelock gravity

In the case of Lanczos-Lovelock models the appropriate Lagrangian to consider for our
purpose is:

L = U bcd
a (∂cΓabd − ΓamdΓmbc) (80)

which, using Eq. (68), can be identified with the Lanczos-Lovelock Lagrangian. The
variation of the above Lagrangian with respect to Γabc leads to

∇cU bcd
a = 0 (81)
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as in the Einstein-Hilbert scenario (see Eq. (75)). This condition is equivalent to the
criteria that in Lanczos-Lovelock gravity ∇cP abcd = 0. This result is quiet remarkable,
since the criterion that the field equation should be of second order in the dynamical
variable gets into picture automatically from variation of the Lagrangian. In fact, this
condition has another aspect to it. In general, when we study the metric formulation
we treat the Lagrangian with gab as the independent variable (with connections given
in terms of the metric) while in the Palatini formulation, we treat both the metric and
the connections as independent and their variation leads to the relation between them
and the field equations. For an arbitrary Lagrangian the metric and Palatini variation
do not coincide [85]. However if the condition ∇c (∂L/∂Rabcd) = 0 is satisfied then
both the metric and Palatini formulations coincide. This is identical to the condition
presented in Eq. (44) and it is interesting to see this condition emerging from a variation
here.

Next we need to vary the Lagrangian with respect to U bcd
a . Arbitrary variation of

U bcd
a treating all the 20 components independent will lead to trouble, just as in

general relativity. Since the Lagrangian in Eq. (80) can equivalently be written as
L = (1/2)U bcd

a Rabcd, such that for arbitrary variation of U bcd
a we get Rabcd = 0, i.e.

flat spacetime solution — just as in general relativity. In order to get the field equations
we need to again consider only a subclass of variations as we did in the Einstein-Hilbert
scenario to derive the equations of motion in Eq. (78). Here again we need to assume
that not all the independent components of U bcd

a are contributing to the variation but
only 10 degrees of freedom, which can be encoded by a symmetric second rank part
with arbitrary variation. This amounts to taking:

δU qrs
p =

(
U qrs
m δnp −

1
2U

qrs
p δnm

)
δSmn (82)

(Here also we can introduce an additional sixth rank tensor as we did after Eq. (76).
However as far as the equation of motion is concerned it has no effect and thus will
not be considered any more.) With these restricted class of variations the Lagrangian
variation leads to:

δL |Γa
bc
=

(
mU pqr

a δbs −
1
2δ

b
aU

pqr
s

)
RspqrδS

a
b (83)

where δSab is variation of an arbitrary symmetric second rank tensor and the factor m
comes from the fact that we are considering mth order Lanczos-Lovelock Lagrangian.
When the variation δSab is considered arbitrary the field equations turn out to be(

mU pqr
a δbs −

1
2δ

b
aU

pqr
s

)
Rspqr = 0. (84)

To show that the above field equations are indeed identical to the field equations in
Lanczos-Lovelock gravity we just use Eq. (68) to substitute for U bcd

a leading to:

0 = mQ pqr
a Rbpqr −

1
2δ

b
aQ

pqr
s Rspqr

= Rab −
1
2δ

a
bL (85)
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which is the Lanczos-Lovelock field equations. Thus we observe that these two variables
satisfy all the criteria that conjugate variables should.

The above result is derived for mth order Lanczos-Lovelock Lagrangian and can be
easily generalized to general Lanczos-Lovelock Lagrangian L =

∑
m cmL

(m). Then the
above variation of Lanczos-Lovelock Lagrangian leads to the following expression:

δ (
√
−gL) |Γa

bc
=

∑
m

cmδ
(√
−gL(m)

)
|Γa
bc

=

{(∑
m

cmmU
pqr
a

)
δbs −

1
2δ

b
a

(∑
m

cmU
pqr
s

)}
RspqrδS

a
b (86)

For arbitrary variation of the symmetric tensor Sab the field equations can be obtained
as: {(∑

m

cmmU
pqr
a

)
δbs −

1
2δ

b
a

(∑
m

cmU
pqr
s

)}
Rspqr = 0 (87)

Note that with the following relations

∑
m

cmmU
pqr
a =

∂
√
−gL

∂Rapqr
=
√
−gP pqr

a (88)∑
m

cmU
pqr
s Rspqr =

√
−gL (89)

the above Eq. (87) becomes equivalent to

Rba −
1
2δ

b
aL = 0 (90)

which is the most general Lanczos-Lovelock field equations.

In this approach, we arrive at the condition that needs to be imposed in order to get
second order field equations, directly from a variational principle along with the field
equations themselves. The price we pay is the following: (a) We need to restrict the
form of the variations, the physical meaning of which is unclear. (b) The inclusion of
matter in this scheme is difficult. Usually, the energy momentum tensor comes from
the variation of the matter Lagrangian with respect to the metric alone and since we
have not included the metric in our formulation it is not clear how to include matter.
These issues require further investigation.

3.4 concluding remarks

The link between the standard approach to gravity and the thermodynamical one mo-
tivates us to look for geometrical variables in which the expression for action simplifies
and which will have direct thermodynamical interpretation. This goal was achieved
for the Einstein-Hilbert action recently [203] by introducing canonically conjugate vari-
ables as fab = √−ggab and the corresponding momenta N c

ab. In terms of these variables,
the surface term turns out to have the structure −∂(qp) and the their variations have
direct thermodynamic interpretation.



42 alternative geometrical variables in lanczos-lovelock gravity

We have demonstrated that such variables exist in Lanczos-Lovelock gravity as well.
The variables in the case of Lanczos-Lovelock models have the following properties:
(a) These variables reduce to the ones used in general relativity in D = 4 when the
Lanczos-Lovelock model reduces to general relativity. (b) These variables can describe
the gravitational dynamics of Lanczos-Lovelock action as well. These variables, by
themselves, are interesting and deserves further study. For example, we found that they
can be thought of as connections and conjugate momenta associated with connections in
a formal sense. However to be of significant importance in describing Lanczos-Lovelock
models of gravity, the geometrical properties are not sufficient, the variables (or their
variations) need to have thermodynamic interpretations as well. This is what we take
up in the next chapter.



Part III

THERMODYNAMICS , GRAVITY AND NULL
SURFACES





4
THERMODYNAMIC INTERPRETATION OF GEOMETRICAL
VARIABLES

4.1 introduction

We have two possible routes towards explaining the gravitational dynamics. One is the
conventional route, using the action functional and geometrical variables. The other is
the thermodynamic route which uses suitably defined degrees of freedom, heat content
etc. The link between these two routes, obviously, is provided by the action functional
itself, which – as is known from previous investigations [168, 129, 178, 182, 186, 131,
184] – has both dynamical and thermodynamical interpretation. This is a peculiar
aspect of gravitational action functionals, not shared by other theories which possess
no thermodynamic or emergent interpretation and hence is worth probing deeply.

A first step in this direction was taken in [203] by introducing two new canonically
conjugate variables, as described in Chapter 2 in the context of general relativity. These
quantities possess simple thermodynamical interpretation in terms of SδT and TδS. In
Chapter 3 we have identified two such geometrical variables in Lanczos-Lovelock gravity.
These variables reduce to the ones used in general relativity in D = 4 when the Lanczos-
Lovelock model reduces to general relativity and they describe the geometrical aspects
of Lanczos-Lovelock gravity correctly. The remaining feature that needs to be shown
corresponds to — the variation of these quantities should correspond to SδT and TδS
respectively where S is now the correct Wald entropy of the Lanczos-Lovelock model.
In this chapter we shall show that this can indeed be done.

The chapter is organized as follows: Section 4.2 presents thermodynamic quantities for a
general static spacetime and then it is generalized to arbitrary null surface constructed
in the context of Lanczos-Lovelock gravity. This explicitly shows the thermodynamic
nature of these geometrical variables. We finally conclude with a discussion on our
results.

4.2 thermodynamics related to lanczos-lovelock action

In this section, we will show that the variables Γcab and U bcd
a introduced in Chapter

3 are closely related to the thermodynamic properties of null surfaces. The variations
ΓapqδU pqr

a and U pqr
a δΓapq obtained from the conjugate variables have direct thermody-

namic interpretation associated with them. This result was obtained earlier in [203] in
the context of general relativity, but here we shall describe the corresponding results
for the Lanczos-Lovelock models. We shall first illustrate the results for a general static
spacetime and then generalize these results to the arbitrary null surface constructed in
Section 2.4.

45
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The surface term in Lanczos-Lovelock Lagrangian, discussed in Chapter 2, can be writ-
ten as:

Asur = −
∫
dDx∂c

(
2
√
−gQ bdc

a Γabd
)
≡ −

∫
dDx∂c (

√
−gV c) (91)

Then under infinitesimal variation, the surface term variation can be subdivided into
two parts

δ (
√
−gV c) = U bdc

a δΓabd + ΓabdδU
bdc
a (92)

where one term involves variation of connections, while the other one is quiet complex
and involves variation of both the metric and the entropy tensor. Hence the variation
of the surface term can be written by introducing the surface Hamiltonian Hsur =
(−∂Asur/∂t) as follows (introducing the 16π factor again):

δHsur =
1

16π

∫
dD−2x ncδ (

√
−gV c)

=
1

16π

∫
dD−2x ncU

bdc
a δΓabd +

1
16π

∫
dD−2x ncΓabdδU

bdc
a

= δH (1)
sur + δH (2)

sur (93)

Also the variation of the connection due to infinitesimal change of metric gab → gab+hab
corresponds to,

δΓpqr =
1
2h

pa (−∂agqr + ∂qgar + ∂rgaq) +
1
2g

pa (−∂ahqr + ∂qhar + ∂rhaq) (94)

Using these results we can calculate the variation explicitly for different metrics. We
will show that, the first term in Eq. (93) leads to sδT while the second term leads to
Tδs, where s is the Wald entropy density.

4.2.1 A general static spacetime

We will first prove these relations for a general static spacetime and shall subsequently
discuss them in the context of arbitrary null surface constructed in Chapter 2. An
arbitrary staticD-dimensional spacetime with horizon can be described by the following
line element [160],

ds2 = −N2dt2 + dn2 + σABdy
AdyB (95)

In the above line element, n represents spatial direction, normal to the (D−2)-dimensional
hypersurface with σAB being transverse metric on the surface. Let ξ = ∂/∂t be a time-
like Killing vector field, with Killing horizon being located at, N2 → 0. The coordinate
system is chosen in such a way that n = 0 on the Killing horizon. Then, in the near
horizon regime, the following expansions of N and σAB are valid [160]:

N = κ(xA)n+O(n3)

σAB = [σH(y)]AB +
1
2 [σ2(y)]AB n

2 +O(n3) (96)



4.2 thermodynamics related to lanczos-lovelock action 47

In the above expression κ is the local gravitational acceleration defined as: κ = ∂nN
and in the n→ 0 limit, κ→ κH , satisfying all the standard properties of surface gravity.
Also κ/N represents the normal component of the four acceleration of an observer at
fixed (n,xA). Throughout the calculation we shall evaluate quantities on a n = constant
surface and then take the n→ 0 limit.

For the line element presented in Eq. (95) we find that (in the relevant n → 0 limit)
only three components of connection are non zero. These are : Γntt = N∂nN , Γtnt =
∂nN/N and ΓABC . Another two expressions we need for the calculation are the (D− 2)
dimensional surface element and Wald entropy for Lanczos-Lovelock theories. From
Chapter 2 we have the following expression for the Wald entropy on the static horizon
located at n = 0 as,

S =
1
2

∫
dD−2x

√
σPntnt ≡

∫
dD−2xs (97)

where s = (1/2)
√
σPntnt is the entropy density of the n = 0 surface. Next we evaluate

the variation U bdn
a δΓabd which turns out to be:

U bdn
a δΓabd |H = 2

√
−gQ bdn

a δΓabd
= 2N2√σQ ttn

n δ (∂nN) + 2
√
σQ ntn

t δ (∂nN)

= 4
√
σQntntδκ (98)

Along the similar lines we can compute the other part of the variation, ΓabdδU
bdn
a which

can be written as:

ΓabdδU
bdn
a |H= 4κδ

(√
σQntnt

)
(99)

From Eq. (97) we get the expression for entropy and the temperature associated with
the Killing horizon corresponds to κ/2π. With these two identifications we find:

1
16π

∫
dD−2x Γabdδ(mU

bdn
a ) =

1
2

∫
dD−2x

κ

2π δ
(√

σPntnt

)
=
∫
dD−2xTδs (100)

1
16π

∫
dD−2x (mU bdn

a )δΓabd =
1
2

∫
dD−2x

√
σPntnt δ

(
κ

2π

)
=
∫
dD−2x sδT (101)

In the above expressions s represents the entropy density of the horizon, which reduces
to
√
σ/4 in the Einstein-Hilbert limit. The above results show that the two terms

in Eq. (93) leads to Tδs and sδT respectively, with T being κ/2π, the temperature
associated with the Killing horizon. Also we observe that these are identical to those
obtained in Einstein-Hilbert scenario as in [203]. Thus we have natural generalization
of the results in general relativity to all Lanczos-Lovelock models if we use the variables
U bcd
a and Γabc introduced in Section 3.2.

4.2.2 Generalization to arbitrary null surface

Having discussed the thermodynamic interpretation of the two variables for a general
static spacetime, we will now extend the result to an arbitrary null surface. The metric
near the null surface has been constructed in Section 2.4 and we shall use that metric
to evaluate various quantities of interest. As in the case of static situation, here also
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we shall calculate all the quantities on a r = constant surface and then shall take the
limit r → 0 to retrieve the null surface. For that purpose we start with normal to the
r = constant surface and then take the null limit. With proper choice of la and ka [202]
the Wald entropy turns out to be:

S =
1
2

∫
dD−2x

√
qP urur (102)

Let us next calculate the surface Hamiltonian Hsur = −(∂Asur/∂u) that comes from
the r = constant surface leading to (introducing 16π factor),

Hsur =
1

8π

∫
dD−2x

√
qQ bdr

a Γabd (103)

Using the connection components which will remain nonzero in the r → 0 limit, the
surface Hamiltonian turns out to be,

Hsur =
1

8π

∫
dD−2x

√
q

[
2αQurur + 2βAQArur + qBDΓ̂ABCQ

Cr
AD − qAC∂rqABQBruC

+
1
2
{
−∂uqABQ ABr

r + ∂uqBC
(
QCBur +QCuBr

)} ]
(104)

In the Einstein-Hilbert limit only the Qurur term contributes leading to the thermody-
namic interpretation. Now using Eq. (46) all these Qabcd terms can be calculated. They
lead to:

QArur = δAruBPQ...urCDRS...R
CD
uB R

RS
PQ . . . (105)

QCrAD = δCrMNuL...
ADurPQ... R

ur
MNR

PQ
uL . . .+ δCruMPQ...

ADurRS... R
ur
uMR

RS
PQ . . .

+ δCrMPuKUV ...
ADuQLJrW... R

uQ
MPR

LJ
uKR

rW
UV . . .+ δCrMPuLUV ...

ADuQrKXY ...R
uQ
MPR

rK
uLR

XY
UV . . .

+ δCruPMNUV ...
ADuQrLXY ... R

uQ
uPR

rL
MNR

XY
UV . . . (106)

QBruC = δBruA...uCrD...R
rD
uA . . .+ δBruPJK...uCQRrM...R

QR
uP R

rM
JK . . . (107)

QBrrA = δBruCMN...
rAuDPQ... R

uD
uCR

PQ
MN . . .+ δBruCMN...

rAEFuR... R
EF
uC R

uR
MN . . . (108)

QCBru = δCBruMN...
ruPQRS... R

PQ
ru R

RS
MN . . .+ δCBrPuM...

ruQRNS... R
MN
rP RNSuM . . . (109)

In arriving at the above results we have used the fact that the determinant tensor is
antisymmetric in any two indices. Thus all the remaining terms, in the above expres-
sions, contain only the components of the curvature tensor with indices depending on
coordinates on the null surface. They are all fully characterized by the (D− 2) metric
qAB. In the null limit we have:

RCQuB = qQPRCPuB; RrMJK = qMNRrNJK ; RrDuC = −qADRrACu; (110)

Having obtained all the components of the surface term we will now consider the
thermodynamic interpretation.

Thermodynamic interpretation can be given provided some additional conditions are
imposed. We can use two types of conditions: either on the variation (with the metric
remaining arbitrary) or on the metric (keeping the variations arbitrary). As in the case
of general relativity [203], it is preferable to impose the conditions the variations but
keeping the background metric arbitrary. From the result we had in the Einstein-Hilbert
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action we would expect these conditions to include δ
(
qCA∂iqAB

)
= 0, D̂Mδα = 0 and

∂iδqAB = 0. It turns out that, along with these conditions we also need to set δβA = 0.
With these conditions we get the only non-zero contributing term as:

Hsur =
1

4π

∫
dD−2x

√
qαQurur =

1
m

∫
dD−2x

(
α

2π

)(1
2
√
σP urur

)
=
∫
dD−2xTs (111)

Hence the variation of the surface Hamiltonian leads to:

δHsur = −
1

4π

∫
dD−2x [δ (

√
qQurur)α+

√
qQururδα] (112)

As well as we have the following expression from Eq. (93),

δH (1)
sur =

1
16π

∫
dD−2x ncU

bdc
a δΓabd =

1
4π

∫
dD−2x

√
qQururδα (113)

This along with Eq. (112) and Eq. (93) leads to,

δH (2)
sur =

1
16π

∫
dD−1x ncΓabdδU

bdc
a =

1
4π

∫
dD−1x αδ (

√
qQurur) (114)

Then Eq. (113) and Eq. (114) can also be interpreted in terms of entropy density
s = (m/2)√qQurur leading to:

δH (1)
sur =

∫
dD−2x

√
qQurur
2 δ

(
α

2π

)
=

1
m

∫
dD−2x sδT (115)

δH (2)
sur =

∫
dD−2x

α

2πδ
(√

qQurur
2

)
=

1
m

∫
dD−2x Tδs (116)

The above results hold for mth order Lanczos-Lovelock Lagrangian, which can be gen-
eralized in a straight forward manner to a general Lanczos-Lovelock Lagrangian made
out of sum of individual Lanczos-Lovelock Lagrangians of different order.

For the sake of completeness, we mention that the same results can also be obtained
for arbitrary variations if we impose a constraint on the background metric. This con-
straint is identical in general relativity and in Lanczos-Lovelock models and is given by
∂uqAB = 0 and D̂Mα = ∂u(βM/2). As all the relevant curvature tensor components
vanish, when we impose the condition ∂uqAB = 0, leaving only Qurur term nonzero. This
again leads to the standard expressions as in Eq. (115) and Eq. (116).

4.3 concluding remarks

The link between the standard approach to gravity and the thermodynamical one is pro-
vided by the action principle of gravity. Previous studies have shown that these actions
have several peculiar features and — under suitable conditions — a thermodynamical
interpretation. This motivates us to look for geometrical variables in which the expres-
sion for action simplifies and which will have direct thermodynamical interpretation.
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This goal was achieved recently [203] for the Einstein-Hilbert action by introducing
canonically conjugate variables. Variations of these variables turned out to have direct
thermodynamic interpretation.

It has been noticed in the past that virtually every result involving the thermodynamical
interpretation of gravity, which was valid for general relativity, could be generalized to
Lanczos-Lovelock models. We have shown that this fact holds for the above result as
well. In Chapter 3 we could introduce two suitable variables in the case of Lanczos-
Lovelock models describing all the geometric properties consistently. In this chapter we
have shown that the variation of these quantities correspond to sδT and Tδs where
s is now the correct Wald entropy density of the Lanczos-Lovelock model. This result
holds rather trivially on any static (but not necessarily spherically symmetric or matter-
free) horizon and — more importantly — on any arbitrary null surface acting as local
Rindler horizon. Since local Rindler structures can be imposed on any event, this shows
that, around any event, certain geometric variables can be attributed thermodynamical
significance.

The analysis once again confirms that the thermodynamic interpretation goes far deeper
than general relativity and is definitely telling us something nontrivial about the struc-
ture of the spacetime. We note that the nature of Wald entropy density in Lanczos-
Lovelock models is far more complicated than a simple constant (1/4) in general rel-
ativity; yet, everything works out exactly as expected. The action principle somehow
encodes the information about horizon thermodynamics, which is a key result in emer-
gent gravity paradigm.



5
SPACETIME EVOLUTION AND EQUIPARTIT ION IN
LANCZOS -LOVELOCK GRAVITY

5.1 introduction

Recently, in [190] the connection between gravity and thermodynamics have been ex-
plored at a significantly deeper level in the context of general relativity. In this work
[190] it was demonstrated that, in the context of general relativity, the following results
hold:

1. The total Noether charge in a 3-volume V, related to the time evolution vector
field, can be interpreted as the heat content of the boundary ∂V of the volume:∫

V
d3x
√
huaJ

a (ξ) = ε

∫
∂V

√
σd2x

4 Tloc = ε

∫
∂V
d2xTlocs (117)

where σ is the determinant of the two-dimensional metric on ∂V, with
√
σ/4 being

the entropy density and Tloc is the local Unruh-Davies temperature. Further,
ξa = Nua is the time evolution vector corresponding to observers with four-
velocity ua = −N∇at, that is the normal to the t = constant surface. Also, ε is
a numerical factor, which is +1 if the acceleration of ua and the normal to ∂V
have identical directions, otherwise it is −1. This provides a holographic result
connecting the bulk and boundary variables. (Even the projection of Noether
current along the acceleration has thermodynamics interpretation, see Appendix
B).

2. The time evolution of the spacetime itself can be described in an elegant manner
by the equation:∫

V

d3x

8π hab£ξp
ab = ε

1
2kBTavg(Nbulk −Nsur) (118)

where hab is the induced metric on the t = constant surface and pab is its conjugate
momentum. Further, hab£ξp

ab =
√
huag

ij£ξN
a
ij . The Nsur and Nbulk are the

degrees of freedom in the surface and bulk of a 3-dimensional region V and Tavg
is the average Davies-Unruh temperature of the boundary. The surface degrees of
freedom Nsur depends on the area of the two-surface, while Nbulk depends on Tavg
and Komar energy density ρKomar [190]. (The parameter ε = ±1 ensures that the
Nbulk is positive even when Komar energy turns negative.) This equation shows
that the rate of change of gravitational momentum is driven by the departure
from holographic equipartition, measured by (Nbulk −Nsur). The metric will be
time independent in the chosen foliation if Nsur = Nbulk, which can happen for
all static geometries. The validity of Eq. (118) for all observers (i.e., foliations)
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implies the validity of Einstein’s equations. In short, deviation from holographic
equipartition leads to the time evolution of the metric.

3. For suitably defined gravitational momentum related to a specific time evolution
vector, total energy (gravity+matter) in a bulk volume V turns out to be the heat
density of the surface ∂V.

4. For a bulk region bounded by null surfaces, the total Noether charge within that
region is related to ‘heating’ of the boundary surface.

In this chapter we will investigate whether the first two results can be generalized
to Lanczos-Lovelock models. The generalization of the other two results to Lanczos-
Lovelock gravity will be discussed in the next chapter. This is very important because
the expression for horizon entropy in general relativity is rather trivial and is just a
quarter of horizon area. In Lanczos-Lovelock models, the corresponding expression is
much more complex which, in turn, modifies the expression for Nsur. It is, therefore,
not clear a priori whether our results — interpretation of Noether charge and Eq. (118)
— will generalize to Lanczos-Lovelock models. We will show here that, these results
indeed possess a natural generalization to Lanczos-Lovelock gravity as well.

The rest of the chapter is organised as follows: In Section 5.2 we provide some explicit
examples to illustrate the validity of the above results in the context of general relativity.
In Section 5.3 we generalise all these results to Lanczos-Lovelock models of gravity. In
Section 5.3.1 we relate the Noether charge to the surface heat content in the Lanczos-
Lovelock models and in Section 5.3.2 we derive the evolution equation in terms of surface
and bulk degrees of freedom. The last section summarises the conclusions.

5.2 warm up: some illustrative examples in general relativity

An important aspect of the dynamical evolution equation is the following: while it is
covariant, it is foliation dependent through the normal to the t = constant hypersurface
(see [190]). For example, even in a static spacetime (which possesses a timelike Killing
vector field) the non-static observers will perceive a time-dependence of the metric
and hence departure from holographic equipartition (so that both sides of Eq. (118)
are nonzero), while static observers (with velocities along the Killing direction) will
perceive a time-independent metric and holographic equipartition, (with both sides of
Eq. (118) being zero). This contrast is most striking when we study two natural class
of observers in a static spacetime. The first set are observers with four-velocities along
the timelike Killing vector who have a nonzero acceleration. In this foliation the metric
components are independent of time and the left hand side of Eq. (118) vanishes leading
to holographic equipartition Nsur = Nbulk. But we know that any spacetime metric can
be expressed in the synchronous frame coordinates with the line element:

ds2 = −dτ2 + gαβdx
αdxβ (119)

In the synchronous frame the observers at xα = constant are comoving with four
velocity: ua = (−1, 0, 0, 0) . Obviously, the comoving observer is not accelerating, (i.e,
the curves xα = constant are geodesics) and hence the local Davies-Unruh temperature
for these observers will vanish. We want to consider Eq. (118) in two such coordinate
systems to clarify some of the issues.
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Let us begin with the synchronous frame in which Tavg → 0,TavgNsur → 0 with
TavgNbulk remaining finite, so that Eq. (118) reduces to the following form:

1
8π

∫
R
d3x
√
huag

ij£ξN
a
ij = −

ε

2TavgNbulk = −
∫
R
d3x
√
hρKomar (120)

The quantity uagij£ξN
a
ij in an arbitrary synchronous frame is given by:

√
huag

ij£ξN
a
ij = 2

√
h
(
KabK

ab − ua∇aK
)

=
√
h

(
gαβ∂2

τ gαβ +
1
2∂τg

αβ∂τgαβ

)
(121)

where we have used Eq.(157) of [190]. It can be shown that equating this expression
to −16πT̄abuaub correctly reproduces the standard time-time component of Einstein’s
equation in the synchronous frame. So, our Eq. (118) gives the correct result, as it
should.

As an explicit example, consider the Friedmann universe for which gαβ = a2(t)δαβ
leading to the following expressions:

∂τgαβ = 2aȧδαβ; ∂2
τ gαβ =

(
2ȧ2 + 2aä

)
δαβ; ∂τg

αβ = −2 ȧ
a3 δ

αβ (122)

and T̄abuaub = (1/2) (ρ+ 3p). On substitution of Eq. (122), in Eq. (121) we arrive at
the following expression for the time evolution of the scale factor:

ä

a
= −4π

3 (ρ+ 3p) . (123)

The above equation supplemented by the equation of state leads to the standard results.
Thus in Friedmann universe the dynamical evolution of spacetime leads to dynamical
evolution equation of the scale factor sourced by the Komar energy density. Before pro-
ceeding further it is worthwhile to clarify the following point: In the case of Friedmann
universe, one can also obtain [188] the following result

dV

dt
= Nsur −

∑
εNbulk (124)

where V = (4π/3)H−3 is the areal volume of the Hubble radius sphere if we define
the degrees of freedom using the temperature T ≡ H/2π. (The ε factor has to chosen
for each bulk component appropriately in order to keep all Nbulk positive as indicated
by the summation; see [188] for a detailed discussion). Though this is also equivalent
to Einstein’s equations, it is structurally quite different from the evolution equation
in Eq. (118) (and should not be confused with it) for the following reasons: (a) The
left hand sides of Eq. (118) and Eq. (124) are different. (b) The placement of ε-s are
different in the right hand sides of Eq. (118) and Eq. (124). (c) One uses Friedmann
time coordinate in the left hand side of Eq. (124) but still attributes a temperature
T ≡ H/2π to define the degrees of freedom. (d) Most importantly, Eq. (124) holds only
for Friedmann universe while Eq. (118) is completely general.

Coming back to the consequences of Eq. (118), since this result is true for any Fried-
mann universe, it is also true for the de Sitter spacetime written in synchronous (Fried-
mann) coordinates. The de Sitter metric, as seen by comoving observers has an explicit
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time dependence a(t) ∝ exp (Ht) and for these observers the perceived Davies-Unruh
temperature vanishes. Nevertheless, Eq. (118) will of course give the correct evolution
equation. On the other hand, de Sitter spacetime can also be expressed in static coor-
dinates with the line element:

ds2 = −
(

1− r2

l2

)
dt2 +

dr2(
1− r2

l2

) + r2
(
dθ2 + sin2 θdφ2

)
(125)

The observers with xα = constant in this coordinate system are not geodesic observers.
They have the following four velocity and four acceleration respectively:

ua =

√(
1− r2

l2

)
(−1, 0, 0, 0) (126)

ai =
(
0,−(r/l2), 0, 0

)
(127)

Let us see what happens when we use this foliation. In this case, the acceleration ai

and the normal ri are directed opposite to each other as ri is the outward directed
normal. (Note that in the de Sitter spacetime the free-falling observers are moving
outwards and with respect to them the static observers are moving inwards opposite to
the outward pointing normal.) Hence in this situation we have ε = −1. The magnitude
of the acceleration is:

a =
r

l2
1√(

1− r2

l2

) (128)

which is obtained from Eq. (127). Thus the local Davies-Unruh temperature turns out
to be:

Tloc =
Na

2π =
r

2πl2 = Tavg (129)

Since the spacetime is static ξi becomes a time-like Killing vector and the Lie derivative
of the connection present in Eq. (118) vanishes. Therefore, in this foliation, holographic
equipartition should hold. To verify this explicitly, we start by calculating surface de-
grees of freedom. The surface degrees of freedom turns out to be:

Nsur ≡ A =
∫
∂R

√
σd2x = 4πr2 (130)

Again the bulk degrees of freedom become,

Nbulk =
ε

(1/2)Tavg

∫
d3x
√
hρKomar = 4π

8π
3 ρr

3

rl−2 (131)

Note that the ε factor in the definition of the bulk degrees of freedom, keeps it positive,
even though the Komar energy density is negative. Then in de Sitter spacetime we have
8πρ = (3/l2) from which we readily observe that:

Nbulk = (8πρ)(l2/3)4πr2 = 4πr2 = Nsur (132)
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Hence for de Sitter spacetime in static coordinates holographic equipartition does hold
as it should. (Alternatively, setting Nbulk = Nsur will lead to the correct identification
of l in the metric with source by 8πρ = (3/l2).)

One can easily verify, by explicit computation, how these results generalize to any static
spherically symmetric one, with the line element:

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dΩ2 (133)

which covers several interesting metrics with horizons. In this static coordinates the
holographic equipartition holds, as can be easily checked. A more interesting situation
is in the case of geodesic observers in a synchronous frame. To check this, we start with
a coordinate transformation: (t, r, θ,φ)→ (τ ,R, θ,φ) in which the variables are related
by the following equations:

dt = dR− 1√
1− f(r)

dr

f(r)
(134)

dR = dτ +
dr√

1− f(r)
(135)

In terms of these newly defined variables the line element reduces to the synchronous
form:

ds2 = −dτ2 + [1− f(r)] dR2 + r2dΩ2 (136)

The comoving observers, having four velocities ua = (−1, 0, 0, 0) are geodesic observers
with zero acceleration and thus the local Davies-Unruh temperature also becomes zero.
We can use Eq. (120) and Eq. (121) to describe the evolution. The relevant derivatives
are:

∂τgRR = −f ′(r)ṙ; ∂2
τ gRR = −f ′(r)r̈− f ′′(r)ṙ2; ∂τg

RR =
f ′(r)ṙ

[1− f(r)]2

∂τgθθ = 2rṙ; ∂2
τ gθθ = 2rr̈+ 2ṙ2; ∂τg

θθ = −2ṙ
r3

∂τgφφ = 2rṙ sin2 θ; ∂2
τ gθθ =

(
2rr̈+ 2ṙ2

)
sin2 θ; ∂τg

θθ = −2ṙ
r3

1
sin2 θ

(137)

On substitution of these in Eq. (121) we obtain the following differential equation
satisfied by the unknown function f(r):

f ′′(r) +
2f ′(r)
r

= 16πT̄ττ = −16πT̄ 0
0 (138)

It can be easily verified that this is the correct field equation in this case (see e.g., page
302 of [232]). For example, if we consider the metric of a charged particle with T̄ττ =
Q2/8πr4, above equation can be solved to give f(r) = 1− (2M/r)+ (Q2/r2), which, of
course, is the Reissner-Nordström metric. The description being covariant but foliation
dependent, is actually very desirable and inevitable feature from the thermodynamical
point of view [189, 181].
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5.3 generalization to lanczos-lovelock gravity

In the previous section we have given explicit examples in the context of Einstein-
Hilbert action, how the departure from holographic equipartition leads to the dynam-
ics of the spacetime and have also shown that in static spacetime the surface degrees
of freedom equals the bulk degrees of freedom. We will now generalize the above de-
scription to Lanczos-Lovelock gravity. The basic setup of Lanczos-Lovelock gravity has
already been discussed in Chapter 2 and shall not be repeated in this chapter.

5.3.1 Heat Content of Spacetime in Lanczos-Lovelock Gravity

We will work with the same spacetime foliations introduced in [190] throughout and
thus will use the vectors ua, ξa introduced earlier. We begin by performing the same
calculation as before, viz. connecting the Noether charge in a volume to the heat content
of the boundary. To do this we will start by relating the Noether current for a vector qa
to that of another vector f(x)qa = va for any arbitrary function f(x). From Appendix
B.3 using Eq. (441) we obtain the desired relation as:

{qaJa(fq)− fqaJa(q)} = ∇b
(
2P abcdqaqd∇cf

)
(139)

The usefulness of the above equation again originates from the fact that if qa = ∇aφ
then its Noether current vanishes and thus Noether current for va = f(x)qa acquires
a particularly simple form. Applying the above result for the two natural vector fields
ua and ξa from Eq. (449) we obtain the simple relation:

uaJ
a(ξ) = 2Dα (Nχ

α) (140)

where we have introduced a new vector field χa given by [see Eq. (443)]:

χa = −2P abcdubudac (141)

which satisfies the condition uaχa = 0 (so that it is a spatial vector) and also has the
property: Diχ

i = ∇iχi − aiχi. We can integrate Eq. (140) over (D − 1) dimensional
volume bounded by N = constant surface within t = constant hypersurface leading to
(introducing the factor of 16π judiciously):∫

V
dD−1x

√
huaJa (ξ) =

∫
∂V

dD−2x
√
σ

8π Nrαχ
α (142)

As in Einstein-Hilbert Action, here also the vector rα is the unit normal to the N =
constant hypersurface. This vector is either parallel or anti-parallel to the acceleration
four vector such that rα = εaα/a, where ε = +1 implies parallel to acceleration
and vice-versa. With this notion, we obtain the following result from the vector field
χα:

√
σ
Nrαχ

α

8π = ε

(
Na

2π

)(1
2
√
σPαbdβrαubudrβ

)
(143)
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The term in the bracket is closely related to the entropy density of the surface in
Lanczos-Lovelock gravity, defined in Eq. (52) and ultimately leads to,

s = −1
8
√
σP abcdµabµcd =

1
2
√
σPαbdβrαubudrβ. (144)

Using this expression for entropy density in Eq. (143) we obtain:

√
σ
Nrαχ

α

8π = εTlocs (145)

where Tloc = Na/2π is the redshifted local Unruh-Davies temperature as measured by
the observers moving normal to t = constant surface, with respect to the local vacuum
of freely falling observers. We thus see that the results in general relativity has a natural
generalization to Lanczos-Lovelock models. With all these results, Eq. (142) reduces
to: ∫

V
dD−1x

√
huaJa (ξ) = ε

∫
∂V
dD−2x Tlocs. (146)

Thus in Lanczos-Lovelock gravity as well the Noether charge in a bulk region is equal
to the surface heat content of the boundary. The similar result derived for Einstein-
Hilbert action can be thought of as a special case of the Lanczos-Lovelock gravity; the
connection between the bulk Noether charge and the surface heat content goes way
beyond the Einstein-Hilbert action. This result is nontrivial because the expression for
entropy density in the general Lanczos-Lovelock models is nontrivial in contrast with
general relativity in which it is just one quarter per unit area.

5.3.2 Evolution Equation of Spacetime in Lanczos-Lovelock Gravity

Let us next generalize our result presented in Eq. (118) for Lanczos-Lovelock models
obtaining the dynamical evolution as due to deviation from holographic equipartition.
We will start by substituting the Noether current expression for ξa as presented in
Eq. (51) to Eq. (140) which leads to the following result:

2uaP jka
i £ξΓijk = Dα (2Nχα)− 2NRabuaub (147)

Let us first consider the pure Lanczos-Lovelock theory with the mth order Lanczos-
Lovelock Lagrangian. (We shall consider the generalization to Lanczos-Lovelock mod-
els with a sum of Lagrangians, at the end.) Contracting the field equation Rab −
(1/2)gabL = 8πTab in Lanczos-Lovelock gravity with gab we get L = [8π] / [m− (D/2)] T ,
where D is space-time dimension. Therefore field equations can also be rewritten
as:

Rab = 8π
(
Tab −

1
2

1
(D/2)−mgabT

)
≡ 8πT̄ab (148)

Using this and integrating Eq. (147) over (D−1) dimensional volume we arrive at:∫
V

dD−1x
√
h

8π 2uaP jka
i £ξΓijk =

∫
∂V

dD−2x
√
σ

4π Nχαrα−
∫
V
dD−1x

√
h2NT̄abuaub. (149)
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As before, the rα is the normal to N = constant surface within t = constant surface
and is either parallel or anti-parallel to the acceleration. The energy momentum term
can be written in an identical fashion by using the Komar energy density, defined as:
ρKomar = 2NT̄abuaub. We can proceed using Eq. (143), which on substitution into
Eq. (149) leads to:∫

V

dD−1x
√
h

8π 2uaP jka
i £ξΓijk = −2ε

∫
∂V
dD−2x

√
σPαbβdrαubrβud

(1
2Tloc

)
−
∫
V
dD−1x

√
hρKomar (150)

Rest of the analysis requires proper definition of Nsur,Nbulk etc which we do in analogy
with the case of general relativity. The number of surface degrees of freedom is defined
as four times the entropy as in the case of general relativity:

Nsur ≡ 4S = 2
∫
∂V
dD−2x

√
σPαbdβrαubudrβ (151)

The average temperature is properly defined using the surface degrees of freedom as
the local weights leading to ensure that the total heat content is reproduced:

1
2NsurkBTavg =

1
2

∫
dNsurkBTloc; TavgS =

∫
TlocdS. (152)

This result can be written, more explicitly as:

Tavg =

∫
∂V d

D−2x
√
σPαbβdrαubrβudTloc∫

∂V d
D−2x

√
σPαbβdrαubrβud

=
1
S

∫
dS Tloc =

1
Nsur

∫
dNsurTloc (153)

Once Tavg is defined, the number of bulk degrees of freedom is given by the equipartition
value:

Nbulk =
ε

(1/2)Tavg

∫
V
dD−1x

√
hρKomar (154)

with ε included (as in general relativity), to ensure that Nbulk is always positive. In-
serting Eq. (151), Eq. (153) and Eq. (154) in Eq. (150) we find that the dynamical
evolution of the spacetime in Lanczos-Lovelock gravity is determined by the following
relation:∫

V

dD−1x
√
h

8π 2uaP jka
i £ξΓijk = ε

(1
2Tavg

)
(Nsur −Nbulk) (155)

which is direct generalization of the corresponding result for general relativity.

For a static spacetime the Lie variation of connection vanishes as ξa becomes a time-like
Killing vector. Hence in that situation we have, even for Lanczos-Lovelock gravity, the
holographic equipartition given by:

Nsur = Nbulk (156)
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(This result has been obtained earlier in terms of equipartition energies in [184].) When
the foliation leads to time dependent metric, the departure from holographic equipar-
tition drives dynamical evolution of the metric through the Lie derivative term on the
left hand side of Eq. (155).

The above result was derived for mth order Lanczos-Lovelock Lagrangian. The defi-
nition of T̄ab, ρKomar and Nbulk introduces the m dependence though the expression
for Rab in Eq. (148). If, instead, we consider a Lanczos-Lovelock Lagrangian made of a
sum of Langrangians with different m, then the equation of motion, Rab− (1/2)gabL =
8πTab on contraction with gab leads to the result:∑

m

cm [m− (D/2)]L(m) = 8πT (157)

which cannot be solved in closed form for L in terms of T . However, one can take
care of this issue by redefining ρKomar and Nbulk formally in terms of Rab. That is, we
define the Komar energy density as: ρ = 2N(Rab/8π)uaub and then the bulk degrees
of freedom reduces to the following form:

Nbulk =
ε

(1/2)Tavg

∫
R
dD−1x

√
hρ (158)

Then we again obtain the same result:∫
V

dD−1x
√
h

8π 2uaP jka
i £ξΓijk = ε

(1
2Tavg

)
(Nsur −Nbulk) (159)

with the understanding that, for a given model, one should re-express the variables in
terms of Tab.

The above results provide a direct connection between evolution of spacetime and depar-
ture from holographic equipartition. The results also encode the holographic behavior
of gravity by introducing naturally defined bulk and surface degrees of freedom. The
difference between the description of evolution along these lines and that of standard
field equations Rab − (1/2)gabL = 8πTab is the following: For the standard gravita-
tional field equations the left hand side does not have a clear physical meaning. There
is also no distinction between static and dynamic spacetime and hence the standard
treatment cannot answer the question: what drives the time-dependence of the metric?
The answer is obviously not Tab since we can obtain time dependent solutions even
when Tab = 0 and static solutions with Tab 6= 0. In contrast the evolution depicted in
Eq. (159) addresses all these issues and we have a natural separation between static
and evolving metrics via holographic equipartition. When the surface and bulk degrees
of freedom are unequal, resulting in departure from holographic equipartition, it drives
the time-dependence of the metric. Thus the driving force behind dynamical evolution
of spacetime is the departure from holographic equipartition, providing a physically
transparent statement about spacetime dynamics.

5.4 discussion

Our aim in this chapter was to consider the relationship between the Noether current
and gravitational dynamics in a general manner. Noether currents can be thought of as
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originating from mathematical identities in differential geometry, with no connection
to the diffeomorphism invariance of gravitational action [190]. This result holds not
only in Einstein-Hilbert Action but also in Lanczos-Lovelock gravity (see Appendix
B.1).

Even though such conserved currents can be associated with any vector field, the time
development vectors are always special. This is the motivation for introducing the vector
ξa in the spacetime. The vector ξa is parallel to velocity vector ua for fundamental
observers and represents proper time flow normal to t = constant surface. As we saw,
its Noether charge and current associated with this vector have elegant and physically
interesting thermodynamic interpretation. We showed that, for the vector field ξa in
Lanczos-Lovelock gravity in arbitrary spacetime dimension, total Noether charge in
any bulk volume V, bounded by constant lapse surface, equals the heat content of the
boundary surface. Also the equipartition energy of the surface equals twice the Noether
charge. While defining the heat content, we have used local Unruh-Davies temperature
and Wald entropy. This result holds for Lanczos-Lovelock gravity of all orders and does
not rely on static spacetime or existence of Killing vector like criteria.

The above identification allow us to study holographic equipartition for static space-
time and relate the time evolution of the metric as due to departure from holographic
equipartition. With a suitable and natural definition for the degrees of freedom in the
surface and in the bulk, we find that for static spacetimes (described in the natural
foliation) the surface and the bulk degrees of freedom are equal in number yielding
holographic equipartition. It is the departure from this holographic equipartition that
drives spacetime evolution. This result holds not only in Einstein-Hilbert action but
also in Lanczos-Lovelock gravity.

All the results derived above are generally covariant but they do depend on the foliation.
This implies that these results depend on observers and their acceleration which is
inevitable since the Davies-Unruh temperature is intrinsically observer dependent. Since
the dynamical evolution is connected to thermodynamic concepts in this approach,
different observers must perceive the dynamical evolution differently. For example, the
de Sitter spacetime is time dependent when written in synchronous frame, becomes
time independent in static spherically symmetric coordinate. Our description adapts
naturally to the two different situations.



6
LANCZOS -LOVELOCK GRAVITY FROM A THERMODYNAMIC
PERSPECTIVE

6.1 introduction

The four results enforcing the connection between gravity and thermodynamics in the
context of general relativity [190] has been introduced in the previous chapter. The
first two results, related to Noether charge and spacetime evolution, have already been
generalized to Lanczos-Lovelock gravity and have been presented in Chapter 5, while
in this chapter we will show that the other two can also be generalized to hold in
Lanczos-Lovelock models of gravity.

Besides the above, we will also explore another very important and curious connection
between gravitational dynamics and horizon thermodynamics. This originates from the
fact that field equations for gravity near a horizon in both static [134] and spherically
symmetric spacetime [201] can be written as a thermodynamics identity. In this chap-
ter, we will try to generalize this result in Lanczos-Lovelock gravity for an arbitrary
spacetime with a null surface, which is neither static nor spherically symmetric.

The chapter is organized as follows: First in Section 6.2 we will derive the equivalence of
gravitational field equations with a thermodynamic identity for an arbitrary null surface,
which then is applied in Section 6.3 to static spacetime and spherically symmetric
spacetime to match with earlier results. Furthermore, in Section 6.4 we have presented
the results related to Lanczos-Lovelock gravity, involving gravitational momentum and
null surfaces. Finally, we have concluded with a discussion on our results. All the
relevant derivations are summarized in Appendix C.

6.2 thermodynamic identity from gravitational field equations

An arbitrary spacetime with a null surface can always be parametrized using Gaussian
Null Coordinates (henceforth refereed to as GNC) which can be constructed in analogy
with Gaussian normal coordinates (the construction and other properties have been
detailed in Section 2.4). The GNC line element contains (D− 2)(D− 1)/2 independent
parameters in the (D − 2)-dimensional metric qAB, (D − 2) independent parameters
in βA and finally one independent parameter α. All of them are dependent on the
coordinates

(
u, r,xA

)
. The surface r = 0 is the null surface under our consideration. In

GNC coordinates we will now consider the near null surface behavior of gravitational
field equations in the mth order Lanczos-Lovelock gravity. As in Einstein gravity [59]
in this case as well we will start with a subclass of the GNC parametrization in order
to bring out the physics involved. For that as in the case of Einstein-Hilbert action, in
Lanczos-Lovelock gravity as well we impose two additional requirements: βA|r=0 = 0
and hypersurface orthogonality for time-like unit vector ua constructed from ξa. This

61
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immediately leads to ∂Aα|r=0 = 0 (see, e.g., [59]). Hence these two conditions imply
that α should be independent of transverse coordinates. This can be thought of as an
extension of the zeroth law of black hole thermodynamics for an arbitrary null surface in
Lanczos-Lovelock theories of gravity. On using this condition we arrive at the following
expression for T ab`akb (which equals T rr in the null limit; also we have introduced the
16π factor) as (see Eq. (456) in Appendix C.1):

T rr =
1

8πE
r
r

=
m

8
1

2m−1

(
α

2π

)(
δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RC1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

) (
qQE∂rqPE

)
− 1

16π
1

2m δ
A1B1...AmBm
C1D1...CmDm

RC1D1
A1B1

. . . RCmDmAmBm

− m

8π
1

2m
{
δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

[
− 1

2q
QE∂u∂rqPE +

1
4
(
qQE∂rqPF

) (
qFL∂uqEL

) ]
×RC1D1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

+ 2(m− 1)δPA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RQC1
uP RuD1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

}
(160)

Let us now consider the Einstein-Hilbert limit of the above equation, which can be
obtained by substituting m = 1 in the above equation. This leads to:

T rr = −δABRuBuA −
1
4δ

AB
CDR

CD
AB (161)

which exactly coincides with the expression obtained in [59]. Hence our general re-
sult reduces to the corresponding one in Einstein-Hilbert action under appropriate
limit.

Now let us multiply Eq. (160) with the virtual displacement along ka (which is parametrized
by the affine parameter λ̄), which is δλ̄, and √q, where q is the determinant of the trans-
verse metric leading to:

T rr δλ̄
√
q =

m

8
1

2m−1
√
q

(
α

2π

)(
δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RC1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

) (
qQEδλ̄qPE

)
− δλ̄√q

{ 1
16π

1
2m δ

A1B1...AmBm
C1D1...CmDm

RC1D1
A1B1

. . . RCmDmAmBm
+
m

8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

×
[
− 1

2q
QE∂u∂rqPE +

1
4
(
qQE∂rqPF

) (
qFL∂uqEL

) ]
RC1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

+
m(m− 1)

8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RQC1
uP RuD1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

}
(162)

Now α/2π can be interpreted as the temperature associated with the null surface,
and using δλ̄s from Eq. (460) we can integrate the above equation over (D− 2) dimen-
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sional null surface yielding (the most general expression has been provided in Appendix
C.1): ∫

dΣT rr δλ̄ = Tδλ̄

∫
dD−2x s−

∫
dΣδλ̄

[( 1
16π

1
2m δ

A1B1...AmBm
C1D1...CmDm

RC1D1
A1B1

. . . RCmDmAmBm

)
+

{
m

8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

[
− 1

2q
QE∂u∂rqPE

+
1
4
(
qQE∂rqPF

) (
qFL∂uqEL

) ]
×RC1D1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

+
m(m− 1)

8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RQC1
uP RuD1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

}]
(163)

where dΣ = dD−2x
√
q. To bring out the physics presented in Eq. (163) we introduce

the concept of transverse metric g⊥ab and a work function [132, 110]. Let us start by
considering ua to be a normalized timelike vector and another normalized but spacelike
vector ra. They are related to the null vectors (`a, ka) by the following relations: ua =
(1/2A)`a + Aka and ra = (1/2A)`a −Aka, where A is an arbitrary function. Given
this setup the transverse metric is defined as g⊥ab = uaub − rarb = `akb + `bka. Using
this transverse metric the work function is defined [132, 110] to be P = (1/2)Tabgab⊥ =
Tab`

akb. In the adapted coordinate system on the null surface using the null vectors
from Eq. (62a) and Eq. (62b) we have P = T rr . As an aside we would like to mention
that in the case of spherically symmetric spacetime, P will be the transverse pressure.
However, in this chapter we will not bother to illustrate the physical meaning of P
which can be obtained from [132, 110].

Given this physical input we can rewrite Eq. (163) in the following form:

F̄ δλ̄ = Tδλ̄S − δλ̄E (164)

This exactly coincides with the conventional first law of thermodynamics (not the first
law for black hole mechanics but that in conventional thermodynamics; for some related
works in black hole thermodynamics see [127, 76, 138, 90]), provided: (i) we identify
the quantity S to be the entropy of the null surface in Lanczos-Lovelock gravity and
this exactly matches with existing expression for entropy in Lanczos-Lovelock gravity
[123, 67, 244]. (ii) We interpret F̄ to be the average force over the null surface which is
defined as the integral of the work function over the null surface as

F̄ =
∫
dD−2x

√
qP (165)

Finally, (iii) we should identify the second term on the right hand side of the Eq. (164)
as variation of an energy as the null surface is moved by an affine parameter distance
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δλ̄. The energy variation due to motion of the null surface has the following expres-
sion:

δλ̄E = δλ̄

∫
dΣ
{ 1

16π
1

2m δ
A1B1...AmBm
C1D1...CmDm

RC1D1
A1B1

. . . RCmDmAmBm

+
m

8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

[
− 1

2q
QE∂u∂rqPE +

1
4
(
qQE∂rqPF

) (
qFL∂uqEL

) ]
×RC1D1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

+
m(m− 1)

8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RQC1
uP RuD1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

}
(166)

In the above expression for energy the λ̄ integral must be done after the above integral
has been performed, which in turn tells us that the detailed form of the expression
inside bracket is required to get E explicitly.

The thermodynamic identity obtained in Eq. (164) can be better explained if written
in the following fashion:

δλ̄E = Tδλ̄S − F̄ δλ̄ (167)

This equation in this context can be interpreted as: Work done due to infinitesimal
virtual displacement from r = 0 to r = δλ̄ of the null surface, subtracted from the heat
energy, i.e., temperature times entropy change, equals to the energy engulfed during
this process. It is to be noted that in the general relativistic limit the last term in
the energy expression would be absent and the second term in it leads to time rate
of change of transverse area. Hence the energy expression for general relativity can be
obtained by taking suitable limit of the above energy expression.

6.3 applications

In the previous section we have derived the equivalence of gravitational field equations
in Lanczos-Lovelock gravity to the thermodynamic identity Pδλ̄V = Tδλ̄S − δλ̄E near
an arbitrary null surface. In this section we will illustrate two applications of our general
result: First, the case of an arbitrary static spacetime (see [134]). Second, the spheri-
cally symmetric spacetime (see [201]). The discussion will be brief since the details are
sketched in the references cited above.

6.3.1 Stationary spacetime

A spacetime will be called stationary, when we impose Killing conditions on the time
evolution vector field. In GNC the most natural time evolution vector field corresponds
to: ξ = ∂/∂u. Imposing Killing condition on this vector demands all the metric com-
ponents, namely α, βA and qAB to be independent of the u coordinate (see [59]). Thus
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imposing this condition the energy expression as given in Eq. (166) reduces to the
following form (identifying λ̄ = r):

δλ̄E = δλ̄

∫
dΣ
{ 1

16π
1

2m δ
A1B1...AmBm
C1D1...CmDm

RC1D1
A1B1

. . . RCmDmAmBm

}
= δr

∫
dΣ L(D−2) (168)

which immediately leads to the following differential equation for energy:

∂E

∂r
=
∫
dΣ L(D−2) (169)

This exactly matches with the expression given in [134]. For m = 1 and D = 4 this
reduces to the expression obtained for Einstein’s gravity.

In order to achieve staticity we must impose hypersurface orthogonality on the time
evolution vector ξa (or, equivalently on the four velocity constructed out of it). This
requires ∂Aα|r=0 to vanish [59]. However from Eq. (168) it is evident that this leads to
no modification to our energy expression.

This is an interesting result. It shows that in arriving at this relation we have used two
assumptions, viz, (a) βA = 0 on the null surface and (b) the spacetime is stationary.
Hence the above result does not require spacetime to be static. Thus starting from the
thermodynamic identity Tδλ̄S = δλ̄E +Pδλ̄V for arbitrary null surface we have shown
that it holds for arbitrary static and stationary spacetimes as well. We will now take
up the case for spherically symmetric but time dependent spacetime.

6.3.2 Spherically symmetric Spacetime

We will finish by considering another application of our result: a spherically symmetric
but not necessarily static spacetime. GNC metric can be expressed in a spherically
symmetric form by choosing the transverse coordinates xA to be the angular coordinates
and enforcing (D− 2)-sphere geometry on the (u, r) = constant surface. Then we have
the following restrictions on the GNC parameters, namely, ∂Aα = 0, βA = 0 and
qAB = f(u, r)dΩ2

(D−2). When these conditions are imposed the line element takes the
following form:

ds2 = −2rα(r,u)du2 + 2dudr+ f(u, r)dΩ2
(D−2) (170)

We will define the radial coordinate [59] as: R(r,u) =
√
f(r,u). Then making a Taylor

series expansion about r = 0, we get R(r,u) = RH(u)+ rg(r,u). Hence the null surface
has a radius RH(u), which can change with u. This clearly shows that we have spherical
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symmetry but have retained time dependence. Hence by imposing spherical symmetry
the energy satisfies a partial differential equation with the following form:

∂E

∂λ̄
=
∫
dΣ
{ 1

16π
1
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+
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8π
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QE∂u∂rqPE +
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(
qQE∂rqPF

) (
qFL∂uqEL

) ]
×RC1D1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

+
m(m− 1)

8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RQC1
uP RuD1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

}
(171)

A much simpler form can be derived in which the 2-sphere line element is just (r +
RH)2dΩ2

(D−2), where the radial coordinate at the null surface RH is a constant. Then
trading off r in favor of R the line element becomes

ds2 = −2 (R−RH)α(R,u)du2 + 2dudR+R2dΩ2
(D−2) (172)

Then using the result that ∂uRH = 0, the differential equation for energy can be
integrated leading to,

E(R,u) =
∫
dλ̄

∫
dΣ L(D−2) +X(u)

=
1

16πAD−2R
D−(2m+1)

2m∏
j=2

(D− j) +X(u) (173)

where X(u) is an arbitrary function appearing as a “constant” of integration and AD−2
originates from the differential volume element. Having introduced the radial coordinate
R, we can replace λ̄ by R, since R−RH = r, which coincides with the defining equation
for λ̄. As we move along ingoing radial lines, which are also ingoing radial null geodesic
−∂/∂r, we will gradually hit the center of the (D− 2)-spheres (assuming that it exists).
The affine parameter at the center would be R = 0. Then Eq. (173) at the center turns
out to be:

E(R = 0,u) = X(u) (174)

Since the center is a single point it is natural to associate zero energy with it, which
determines the arbitrary function to be X(u) = 0. Thus substituting this result in
Eq. (173) and evaluating on the null surface, we obtain the energy associated with the
null surface in a spherically symmetric spacetime to be given by

E =
1

16πAD−2R
D−(2m+1)
H

2m∏
j=2

(D− j) (175)

This again matches exactly with the result obtained in [201]. Another important thing
to note is the following: the expression for energy, first obtained for static spherically
symmetric configuration also holds for time dependent situation with only spherical
symmetry assumed.
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6.4 thermodynamic interpretations in lanczos-lovelock grav-
ity

As we have mentioned earlier, in this chapter we will be dealing exclusively with
Lanczos-Lovelock gravity. We will provide a generalization of a four vector from Ein-
stein gravity to Lanczos-Lovelock gravity, which will carry the notion of gravitational
momentum. Then we will concentrate on variation of this momentum and its mean-
ing in thermodynamic language. Finally we discuss the null surfaces in the context of
Lanczos-Lovelock gravity.

6.4.1 Bulk Gravitational Dynamics And Its Relation to Surface Thermo-
dynamics in Lanczos-Lovelock Gravity

In [190] it has been illustrated that, total energy of matter and gravity equals the
surface heat content in the context of general relativity. To prove this a suitably defined
gravitational four-momentum P a has been used such that when integrated over a t =
constant surface with proper integration measure it leads to a notion of gravitational
energy. The notion of energy is quiet ambiguous in the sense of observer dependence.
For example, even in special relativity the energy of a particle with four momentum
p as measured by an observer with four velocity u is: E = −u.p. This immediately
suggests that we should use identical trick to identify the energy by contracting a
suitably defined four momentum P a with the four velocity ua = −N∇at, normal to
t = constant surface. We will first briefly describe the situation for general relativity
and shall generalize subsequently to Lanczos-Lovelock gravity.

Bulk Energy Versus Surface Heat Energy The Einstein-Hilbert action can
be written explicitly in terms of two canonically conjugate variables, namely, fab =√
−ggab and N c

ab = QcpaqΓ
q
bp +QcpbqΓqap [203]. It turns out that the Einstein-Hilbert ac-

tion can be interpreted as a momentum space action with fab as the coordinate and
N c
ab as its conjugate momentum [203]. Using these two variables a natural definition

of gravitational momentum can be provided as (Note that the negative sign in front of
P a is just a convention, such that −uaP a relates to the energy.):

−P a(q) = gij£qN
a
ij + qaL (176)

where qa is an arbitrary vector field. This follows from the result that Hamiltonian
can be written as H = qṗ+ L with the identification of p as N c

ab and q as gab (or fab
if we consider −√−gP a). However in order to generalize the above result to Lanczos-
Lovelock gravity, we should rewrite the above expression in a slightly modified form,
such that: gij£qN

a
ij = 2gij£q(Q

ap
imΓmjp) = 2Q jpa

m £qΓmjp. Thus the above action can also
be interpreted with Γmjp and Q jpa

m as conjugate variables. Surprisingly, this is also a
valid pair of conjugate variables as illustrated in [56] and can be generalized readily to
Lanczos-Lovelock gravity. However in this case we need to interpret Γmjp as the momenta
and Q jpa

m as the coordinate, which is true since Γmjp has 40 independent degrees of
freedom while Q jpa

m as constructed out of the metric only has 10 independent degrees
of freedom (a detailed discussion has been presented in [56]). The above setup can be
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generalized in a natural fashion to Lanczos-Lovelock gravity following [56] and leads
to:

−
√
−gP a(q) = 2

√
−gP qra

p £qΓpqr +
√
−gLqa (177)

The physical structure of this momentum can be understood in greater detail by us-
ing the Noether current. Writing the corresponding expression for Noether current
explicitly in the case of Lanczos-Lovelock gravity and then simplifying we obtain (see
Appendix C.2.1):

Ja(q) = ∇bJab(q) = 2Eab qb − P a(q) (178)

This leads to another definition for the momentum which will turn out to be quiet
useful and can be given as,

−P a(q) = ∇bJab(q)− 2Eab qb (179)

Then divergence of the momentum has the following expression:

∇aP a(q) = 2Eab∇aqb (180)

in arriving at the above expression we have used two results, Noether potential Jab
being antisymmetric and Eab satisfying Bianchi identity. From the expression it is
evident that if we enforce field equations for pure gravity, which amounts to: Eab = 0,
the momentum becomes divergence free. Also appearance of Noether current explicitly
in this expression shows intimate connection of Noether current with energy in all
Lanczos-Lovelock models of gravity.

So far the results are completely general, holding for any vector field qa. Now we
will specialize to the vector field ξa and will show that it leads to several remarkable
results. First we start with momentum for ξa and its contraction with ua leading to
(see Appendix C.2.1):

−uaP a(ξ) = Dα (2Nχα)− 2NEabuaub (181)

where the vector χa is defined in Eq. (141). Now using the equation of motion i.e. 2Eab =
Tab and integrating the above expression on a t = constant surface bounded by N =
constant surface we get the following expression (16π factor has been introduced):∫

R
dD−1x

√
hua

{
−P a(ξ) +NT ab u

b
}
=
∫
∂R

dD−2x Tlocs (182)

The expression on the left hand side represents total, i.e., matter energy plus gravi-
tational energy in a bulk region and the right hand side represents the heat content
of the boundary surface. The temperature as usual is given by: Na/2π, i.e., the red-
shifted Unruh-Davies temperature and s is the Wald entropy density associated with
the boundary surface. The right hand side of the above expression can also be identi-
fied as half of the equipartition energy of the boundary surface. Hence the bulk energy
originating from both gravity and matter is equal to the surface heat content.
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Variation of Gravitational Energy From the above paragraph it is clear that the
momentum P a and the corresponding gravitational energy −uaP a(ξ) have very inter-
esting thermodynamic properties. In this light, it seems natural to consider variation
of the above momentum under various physical processes, e.g., how it changes due to
processes acting on the boundary. We will first work with the arbitrary vector field qa
and then we will specialize to the choice: qa = ξa. To our surprise just as in general
relativity even in Lanczos-Lovelock gravity variation of the gravitational momentum is
connected to symplectic structures [125, 208].

Thus by variation of −√−gP a(q) and manipulating the terms carefully we obtain the
symplectic structure as (see Appendix C.2.1)

−δ (
√
−gP a) =

√
−gEpqδgpqqa +

√
−gωa + ∂c

(
2
√
−gP qr[a

p qc]δΓpqr
)

(183)

where the symplectic form ωa has the following expression:
√
−gωa (δ, £q) = δ

(
2
√
−gP qra

p

)
£qΓpqr −£q

(
2
√
−gP qra

p

)
δΓpqr (184)

This expression is true for any arbitrary vector field qa and involves one arbitrary
variation and another Lie variation along qa.

Having obtained the general result we will now specialize to the vector field ξa. Then
we can use the above formalism in order to obtain the change in gravitational energy
of the system due to its evolution, which is related to Lie derivative along ξa. This
can be achieved using a simple trick. First with the help of Eq. (184) we can compute
the object δ[−

√
huaP

a(ξ)]. The variation has the following expression (see Appendix
C.2.1):

−δ
[√
huaP

a(ξ)
]
+
√
−gEpqδgpq =

√
huaω

a + ∂c
[
2
√
−ghcaP qra

p δΓpqr
]

(185)

This holds for an arbitrary variation, however what we are interested in is when the
above variation is due to a diffeomorphism along ξa. Again from Appendix C.2.1 using
the field equation 2Eab = Tab we arrive at:

£ξHgrav = £ξ

(
−
∫
R
dD−1x

√
huaP

a(ξ)

)
=
∫
∂R

dD−2x
√
qNra

(
T cdξd + 2P qra

p £ξΓpqr
)

(186)

where ra is the unit normal to N = constant surface within the t = constant surface
and Hgrav stands for integral of −

√
huaP

a(ξ) over the (D − 1)-dimensional volume.
Hence change of energy in the bulk is directly related to boundary effects (with the
assumption that T tcξc = 0). Among the two terms present on the right hand side, the
first term is due to flow of matter energy across the boundary and the second term is
related to our old friend P qra

p £ξΓpqr. For pure gravity, i.e., Tab = 0, the above result
takes a much simpler form as:

£ξHgrav =
∫
∂R

dD−2x
√
qNra2P qra

p £ξΓpqr (187)
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This can have direct influence on gravity wave propagation, i.e., the energy change
in a bulk region due to gravity waves is related to surface processes and hence to
P qra
p £ξΓpqr.

Since the gravitational momentum is intimately connected to Noether current, we can
use the above results for variation of gravitational momentum in order to obtain a vari-
ation of Noether current as well. From Appendix C.2.1 on imposing on-shell condition,
i.e., Eab = 0, we get:

√
huaω

a (δ, £q) + 2δ
(√

huaE
abqb

)
= ∂b

{
δ
[√
huaJ

ab(q)
]
− 2
√
huaP

qr[a
p qb]δΓpqr

}
(188)

This expression can be related to the usual Hamiltonian formulation where one relates
bulk integral of δ(HN +HαN

α) (with H and Hα correspond to constraints in the
gravity theory; N and Nα are the standard ADM variables) to a bulk and a surface
contribution as:

δ

∫
R
dD−1x

√
h(HN +HαN

α) =
∫
R
dD−1xδB +

∫
∂R

dD−2xδS (189)

The variation present on the left hand side is equivalent to δ(2
√
huaE

abζb), where
ζa = Nua + Na, with Na = (0,Nα). Then we can identify the bulk term on the
right hand side with the symplectic current ωa. Thus finally the remaining surface
contribution turns out to be:∫

∂R
dD−2xδS =

∫
∂R

dD−2xrb
{
δ
[√
huaJ

ab(ζ)
]
− 2
√
h
(
NP qra

p + P qr[a
p N b]

)
δΓpqr

}
(190)

This provides an elegant and simple interpretation of the surface term appearing in the
variation of the gravitational action. Thus for Lanczos-Lovelock gravity the Hamiltonian
formulation as well can have thermodynamic counterpart.

The above approach of relating surface quantities with bulk energy has also been studied
earlier, notably in the context of Virasoro algebra and its associated central charge [46].
In [155] the above approach has been used to derive Wald entropy in Lanczos-Lovelock
theories of gravity, which subsequently has been generalized in [153] in order to calculate
correction to horizon entropy in higher derivative gravity theories. It has been shown
in this context that surface contribution alone is what will lead to the central charge
and hence to horizon entropy. Our result strengthens the above feature by showing
a connection between total energy and boundary heat energy in all Lanczos-Lovelock
theories of gravity.

6.4.2 Heat Density of the Null Surfaces

In this final section we will discuss heat density associated with a null surface in Lanczos-
Lovelock gravity. Any null surface will be defined using a congruence of null vector `a,
which are tangent as well as normal to the null surface. We will also assume that the null
vector `a satisfies the relation `2 = 0, everywhere. The null congruence will be taken
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to be non-affinely parametrized, such that, `a = A(x)∇aB(x). Then the non-affinity
parameter κ can be obtained from the relation:

`j∇j`i = κ`i; κ = `i∂i lnA (191)

Since the null vector is both tangent and orthogonal, in order to define a projection
we need an auxiliary null vector ka [202] with the following properties k2 = 0 and
ka`

a = −1. Then we can introduce a projection tensor qab = δab + `akb+ `bk
a and define

an associated covariant derivative Da.

In the previous sections we have calculated Noether current for ξa and its contraction
with ua yielding Noether charge. In the context of null surfaces we will discuss Noether
current for `a and its contraction with `a itself. This leads to (see Appendix C.2.2)

`aJ
a(`) = ∇a (K`a)− κK (192)

where we have introduced the object K = −2P abcd`akb`d∇c lnA. This in the general
relativity limit coincides with κ. Note the formal similarity of the expression on the
right hand side, i.e., ∇a (K`a)− κK for null surface to the expression Dαχ

α = ∇iχi −
ajχ

j obtained for spacelike surface. Also the expression for χa is quiet similar to the
expression for K with `a and ka identified with ua and ra respectively. Then introducing
the covariant derivative Da on the surface the above expression can be written as (see
Appendix C.2.2)

`aJ
a(`) = 2Rab`a`b + 2`aP qra

p £`Γpqr = Da (K`a) +
dK
dλ

(193)

Integrating the above expression over the null surface with integration measure dλdD−2x
√
q

and ignoring the boundary contribution we arrive at:∫
dλdD−2x

√
q`aJ

a(`) =
∫
dλdD−2x

√
q
dK
dλ

(194)

This result at the face value shows that for the null surface contraction of the Noether
current along `a is related to heating of the boundary surface, with K being taken as
temperature in the Lanczos-Lovelock gravity.

This result is also important from the point of view of variational principle for null sur-
faces. Such a variational principle based on null surfaces has been carefully investigated
in [195]. Following that, given a null surface with null congruence `a we can construct
the functional

Q =
∫ λ2

λ1
dλdD−2x

√
q (−2Rab + Tab) `

a`b (195)

Then varying the above action functional with respect to all `a with the constraint
`2 = 0, we will arrive at: Rab − (1/2)T ab = f(x)δab . This on using Bianchi identity,
∇aEab = 0 = ∇aT ab leads to gravitational field equations with an undetermined
cosmological constant originating from integration constant.
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Then from Eq. (193) we can write Rab`a`b in terms of Lie derivative of the connection
and change of K along the null geodesics such that

−2Rab`a`b = 2`aP qra
p £`Γpqr −

[
Da (K`a) +

dK
dλ

]
(196)

Then substitution of−2Rab`a`b on the right hand side of Eq. (195) leads to the following
modified variational principle for Lanczos-Lovelock gravity when boundary terms are
neglected as

Q =
∫ λ2

λ1
dλdD−2x

√
q

[(
2`aP qra

p £`Γpqr −
dK
dλ

)
+ Tab`

a`b
]

(197)

Hence varying this Lagrangian with respect to `a with `2 = 0, we can obtain the field
equation for gravity with an arbitrary cosmological constant. In the above expression
Tab`

a`b can be taken as matter heat density Ts, while the rest of the terms represent
heat density of the null surface itself.

We can always choose the parameter λ such that the null vector `a is affinely parametrized.
In which case K = 0 and the variational principle can be based on the following inte-
gral:

Q̄ =
∫ λ2

λ1
dλdD−2x

√
q
[
2`aP qra

p £`Γpqr + Tab`
a`b
]

(198)

Again showing explicitly the importance of the Lie derivative term in the derivation
of the field equations from an alternative action principle. When there is no matter
present the variational principle simplifies considerably leading to

Q̄ =
∫ λ2

λ1
dλdD−2x

√
q
[
2`aP qra

p £`Γpqr
]

(199)

This leads to vacuum field equations when varied over all null surfaces simultaneously.
Also integral of this object has an interpretation of heat content over the boundary sur-
face. Thus we observe that at least for affinely parametrized null congruences the vari-
ational principle over the null surface acquires a thermodynamic interpretation.

6.5 discussion

In this chapter our aim was to generalize various results derived in the context of general
relativity to all Lanczos-Lovelock theories of gravity. This is a non-trivial task since
the Lanczos-Lovelock Lagrangian contains higher order terms constructed out of the
curvature tensor. Also validity of some result in general relativity does not guarantee its
validity in these higher curvature theories, e.g., the expression for entropy in general
relativity does not hold in Lanczos-Lovelock gravity. Let us now summarize the key
results obtained through this exercise:

• In Section 6.2 we have shown that the field equations for Lanczos-Lovelock gravity
near an arbitrary null surface is equivalent to a thermodynamic identity. Using
a parametrization (known as GNC) for the arbitrary null surface we have shown
that the field equations for Lanczos-Lovelock gravity can be used to relate energy
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momentum tensor with thermodynamic features. This exercise also provides us a
definition of energy in an arbitrary spacetime in Lanczos-Lovelock gravity, which
in the static case and spherically symmetric case reduces to standard energy
definitions.

• Next, in Section 6.4.1 we have introduced a gravitational momentum starting from
its expression in general relativity. Using this gravitational momentum we have
shown that total gravitational plus matter energy in a bulk volume equals the heat
density associated with the boundary surface. Also variation of the gravitational
Hamiltonian is directly related to a symplectic structure such that time evolution
of this gravitational Hamiltonian in a bulk region can be related to surface effects
especially with P qra

p £ξΓpqr. Using this formalism it is also possible to connect
standard Hamiltonian formalism with the thermodynamic features discussed here.

• Finally, in Section 6.4.2 we have discussed an alternative variational principle for
the null surfaces in Lanczos-Lovelock gravity. It turns out that the variational
principle has a nice separation into matter heat density and gravitational heat
density associated with the null surface. In this case as well for affine parametriza-
tion of null vectors and in vacuum spacetime, i.e., with no matter, the action
functional is simply 2√−gP qra

p £ξΓpqr. This provides yet another thermodynamic
interpretation for this Lie variation term.

All these results suggest the importance of Noether current in any Lanczos-Lovelock
theories of gravity and its relation to the thermodynamic features.





7
NULL SURFACE GEOMETRY AND ASSOCIATED
THERMODYNAMICS

7.1 introduction

The development of emergent gravity paradigm has helped us to understand several
interesting features of classical gravity itself [183], further bolstering our confidence in
the veracity of this approach. In particular, the curious relationship between Einstein’s
field equations and the structure of null surfaces in the spacetime. Previous works have
shown that they manifest in three different ways:

• In the most general situation, there arises an identification between Navier-Stokes
equation and Einstein’s equations. Einstein’s equations, when projected on an
arbitrary null surface, in any spacetime, leads to Navier-Stokes equation of fluid
dynamics [186, 131].

• From the Einstein’s equations applied to a null surface, one can get [176, 40, 4,
137, 201] a thermodynamic identity of the form TδλS = δλE+PδλV in which the
symbols have their usual meanings and the variation can be interpreted as changes
due to virtual displacement of the null surface along null geodesics parametrized
by the affine parameter λ off the surface. Initially proved for a few configurations
with a high level of symmetry [201, 134] this result has now been generalized for
arbitrary null surfaces in both general relativity and Lanczos-Lovelock theories
of gravity [59, 54].

• A comparatively more approximate relationship between the null surfaces and
Einstein’s equations emerged from the early work [122], which ‘derived’ Einstein’s
field equations using the local Rindler horizon as a null surface and the Clausius
relation. This relies heavily on the structure of Raychaudhuri equation as well
as the assumptions: (a) the entropy density is one quarter of the transverse area
and, more importantly, (b) the quadratic terms in the Raychaudhuri equation
(involving the squares of shear and expansion) can be set to zero. Since neither
the Raychaudhuri equation nor the assumption that entropy is proportional to the
horizon area hold for theories more general than Einstein’s gravity, this approach
could not be generalized in a simple manner to more general class of theories.

In this chapter, we shall revisit these issues and elaborate further on them using an-
other recent development, which was also motivated by the emergent gravity paradigm.
The chapter is organized as follows: In Section 7.2 we discuss the Noether current and
the associated thermodynamic results for both the (1+3) foliation and the Gaussian
null coordinates. The thermodynamic interpretation of the reduced gravitational mo-
mentum is given in Section 7.3. The final section, i.e., Section 7.4 discusses the three
different projections of the gravitational momentum vis-á-vis a null surface and their
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76 null surface geometry and associated thermodynamics

thermodynamic interpretation. We end the chapter with a short discussion on our re-
sults.

7.2 noether current and spacetime thermodynamics: null sur-
faces

There exists two natural foliations of the spacetime, one based on the (1+3) split and
the other adapted to a fiducial null surface. These coordinate charts also come with
certain natural vector fields. In the case of the (1+3) split, the time evolution is related
to the vector field ξa introduced in [190]. In the case of the foliation based on a null
surface, we again have a natural time evolution field ξa given by Eq. (55) as well as
the null vector `a which is tangent to the null congruence defining the null surface.
It would be interesting to study the Noether current and the gravitational momenta
corresponding to the vector fields associated with null surfaces, which turn out to
have direct thermodynamic significance. In this section we shall consider the Noether
currents; we will take up the properties of gravitational momenta in Section 7.4.

Let us consider the corresponding thermodynamic interpretation of the Noether current
when we use the time development vector field adapted to the null surface in the GNC.
To begin with one can consider the result — Noether charge contained in a bulk region
equals the heat content of the boundary, however derived for a subregion of a spacelike
surface. It turns out that a similar result holds for a null surface as well. Given the fact
that the Noether current corresponding to the time development vector led to a nice
thermodynamic interpretation, we will consider the object `aJa(ξ). (In GNC ξa has
the components as in Eq. (55) and `a is given by Eq. (62a), but of course our results
are covariant.). It then turns out that (see Eq. (566) of Appendix D.3),

16π`aJa(ξ) = Jr(ξ) =
1
√
q

d

dλ
(2α√q) (200)

where λ is the parameter along the null generator `a, which in GNC is simply u and we
have reintroduced the 16π factor. This equation can be integrated over the null surface
with integration measure √qd2xdλ and leads to,

∫
d2xdλ

√
q`aJ

a(ξ) =
∫
d2x

(
α

2π

)(√
q

4

) ∣∣∣∣λ=λ2

λ=λ1

= Q(λ2)−Q(λ1) (201)

where

Q(λ) =
∫
d2x

(
α

2π

)(√
q

4

)
=
∫
d2xTs (202)

is the heat content of the null surface at a given λ.

This again shows that total Noether charge density for the vector field ξa integrated
over the null surface equals the difference of the heat content Q of the two dimensional
boundaries located at λ = λ2 and λ = λ1. Previously the connection between bulk
Noether charge to surface heat density was derived in the context of spacelike surfaces.
The result in Eq. (201) generalizes the previous connection — between bulk Noether
charge and surface heat density in the context of spacelike surfaces — by showing that
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the total Noether charge on a null surface is also expressible as the heat content of the
boundary.

The following aspect of this result is worth highlighting. We have mentioned earlier two
results (see Eq. (117) and Eq. (432)) of similar nature. The first one (see Eq. (117)) was
for a spatial region V contained in a space-like hypersurface. In that case, the normal
to the surface was ua and the natural integration measure, for integrating the normal
component of a vector field is ua

√
h d3x. We computed the integral Jaua

√
h d3x and

found that it is given by a boundary term; we could have also computed the integral
in a region contained within two boundary surfaces like, for example, in the shell-like
region between two spherical surfaces of radii R1 and R2. We would have then found
that the Noether charge in the bulk region is the difference between the heat contents
of the two surfaces.

In the second case, (see Eq. (432) in Appendix B) we considered the flux of Noether
current through a timelike surface with normal âi. In this case we calculated the integral
of âpJp(ξ) with the measure d2xdt

√
−g⊥ on a timelike surface and got a similar result.

We also mentioned that in this case, the integrand âpJp(ξ) is to be thought of as heat
flux per unit time.

In the case of a null surface, our result is similar to the second one, given by Eq. (432).
Now the corresponding integration measure for integrating a vector field over a null
surface is given by `a

√
q d2x dλ where `a = dxa/dλ is the tangent vector to the null con-

gruence defining the null surface. Therefore, in this case, we calculate the integral over
Ja`a
√
q d2x dλ. This leads to the difference ∆Q of the heat content at the two bound-

aries corresponding to λ = λ1 and λ = λ2. In the integrand in this case, Ja`a
√
q d2x dλ

one of the coordinates λ is similar to a time coordinate rather than a spatial coordinate.
So we cannot think of Ja`a as charge per unit volume; instead it represents charge per
unit area (flux) per unit time and more appropriately, it is the rate of production of
heat per unit area of the null surface.

It is possible to proceed further and relate the change in the heat content with the
matter energy flux through the null surface. To do this, we use Eq. (34) and field
equation Gab = 8πTab to obtain (on the null surface):

16πTab`a`b = 16π`aJa(ξ)− `agbc£ξN
a
bc (203)

The Lie derivative term can be computed directly to give (see Eq. (604) of Appendix
D.3):

√
q`ag

ij£ξN
a
ij = −qab£ξΠab +

d2√q
dλ2 (204)

where Πab =
√
q[Θab − qab(Θ + κ)] is the momentum conjugate to qab and Θab =

qamq
b
n∇m`n where Θ is the trace of Θab. Integrating this result over the null surface

between λ = λ1 and λ = λ2, and assuming for simplicity that the boundary terms at
λ = λ1,λ2 do not contribute (which assumes dA/dλ = 0 at the end points where A is
the area of the null surface), we get:

− 1
16π

∫
d2xdλ qab£ξΠab = [Q(λ2)−Q(λ1)]−

∫
dλd2x

√
qTab`

a`b (205)
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This expression shows that the evolution of the spacetime, which is encoded by the
evolution of the momentum Πab is driven by the difference between (i) heat content
Q at the boundary and (ii) the matter heat flux flowing into the null surface. We can
rewrite this in a nicer manner as follows. We define the surface degrees of freedom
as:

Nsur = A =
∫
d2x
√
q (206)

and the average temperature as:

Tavg =
1
A

∫
d2x
√
q

(
α

2π

)
(207)

We also introduce the effective bulk degrees of freedom by:

Nbulk =
1

(1/2)Tavg

∫
dλd2x

√
q2T̄ab`a`b (208)

If the matter heat flux, given by the integral in the right hand side, thermalizes at
the average temperature of the null surface then, Nbulk will represent the effective
equipartition degrees of freedom. We now rewrite Eq. (205) as,

− 1
8π

∫
d2xdλ qab£ξΠab =

1
2

∫
λ2
d2x

(
α

2π

)√
q− 1

2

∫
λ1
d2x

(
α

2π

)√
q

− 2
∫
dλd2x

√
qTab`

a`b (209)

which, on using our definitions, becomes:

− 1
8π

∫
d2xdλ (qab£ξΠab) =

1
2Tavg

[
(Nsur)

λ2
λ1
−Nbulk

]
(210)

This has the interpretation that the evolution of spacetime on a null surface, encoded
in the Lie variation of the momentum Πab along the time development vector, can
be thought of as due to the difference between surface degrees of freedom and the
bulk degrees of freedom. This an exact analogy to the corresponding result in (1 + 3)
foliation presented in Eq. (118), which was originally obtained in [190].

For the sake of completeness, we clarify the notion of Tab`a`b being the heat flux through
the null surface. This concept has been introduced in [122] and arises as follows: Let
there be a matter field, in the spacetime, with energy momentum tensor Tab. Around
any given spacetime event P, we can construct local inertial and hence local Rindler
frames. We then have an approximate Killing vector field ξa, generating boosts, which
coincides with the null normal `a at the null surface. The heat flow vector is defined as
the boost energy current obtained by projecting Tab along ξb yielding Tabξb. Thus the
energy (heat) flux through the null surface will be:

Q =
∫ (

Tabξ
b
)
dΣa =

∫
Tabξ

b`a
√
qd2xdλ (211)

where √qd2xdλ is the integration measure on a null surface generated by null vectors
`a, parametrized by λ. Hence, in the null limit, Tab`a`b (when ξa → `a on the null
surface) represents the heat flux through the null surface.
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The same argument can also be presented along the following lines. On a null surface
we can decompose Tabξb in canonical null basis as, Tabξb = A`a +Bka + CAe

A
a . Then

the heat flux through the surface is given by the component B along ka, which is off the
null surface. This component B is obtained by contracting with `a (since `2 = 0 and
`ak

a = −1). This leads to the heat flux through the null surface to be Tab`a`b.

7.3 reduced gravitational momentum and time development vec-
tor

In Chapter 2 we have introduced both the Noether current and the gravitational mo-
mentum for general relativity, while the same for Lanczos-Lovelock gravity has been
introduced in Chapter 2 and Chapter 6 respectively. In all these cases we notice that
the combinations

Pa = −gij£vN
a
ij ; Pa = −2P qra

p £vΓpqr (212)

appear quite naturally in them. We shall call this combination reduced gravitational
momentum Pa. (We will see later that Pa is closely related to the rate of production
of heat per unit area on null surfaces.)

The algebraic reason for the occurrence of this combination is as follows. It turns out
that, in the thermodynamic interpretation of gravity, the combination T̄ab = Tab −
(1/2)Tgab occurs more naturally than the energy momentum tensor Tab, with the field
equations often arising [190, 55] in the form 2Rab = T̄ab rather than as 2Gab = Tab
in Einstein’s gravity. The total momentum of gravity plus matter can be expressed,
on-shell, in the form:

(P a +Ma) = −gij£vN
a
ij −Rva − T ab vb

= −gij£vN
a
ij +

1
2Tδ

a
b v

b − T ab vb

= −gij£vN
a
ij − T̄ ab vb ≡ (Pa + M̄a) (213)

where M̄a = −T̄ ab vb is the matter momentum associated with T̄ ab . This shows that the
vector Pa = −gij£vN

a
ij bears the same relation to T̄ ab as P a does with T ab . Just as

T̄ ab appears more naturally in the emergent gravity paradigm, the Pa will also appear
repeatedly in our discussions.

The notion of reduced gravitational momentum can also be generalized to the Lanczos-
Lovelock models as well. For pure m-th order Lanczos-Lovelock gravity we have the
relation 2[m− (D/2)]L = T . So we can write,

(P a +Ma) = −2P qra
p £vΓpqr −Lva − T ab vb

= −2P qra
p £vΓpqr −

1
2[m− (D/2)]Tδ

a
b v

b − T ab vb

= −2P qra
p £vΓpqr − T̄ ab vb ≡ Pa + M̄a (214)

where the reduced gravitational momentum is naturally defined as

Pa = −2P qra
p £vΓpqr (215)
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In the case of general relativity, the gravitational momentum Pa defined in Eq. (215)
goes over to the −gij£vN

a
ij term, as it should.

The expression for the Noether current contains a Lie derivative term which was defined
earlier as the reduced gravitational momentum. In this section, we shall describe some
key properties of this reduced gravitational momentum vector in different contexts,
emphasising the results in GNC.

In the case of (1+3) foliation using spacelike surfaces with normal ua = −N∇at (N
is the lapse function) and induced metric hab = gab + uaub the reduced gravitational
momentum can be related [190] to the Lie variation of pab =

√
h(Khab−Kab) by:

−
√
huaPa(ξ) =

√
huag

ij£ξN
a
ij = −hab£ξp

ab (216)

where, ξa = Nua, is associated with the (1 + 3) foliation of the spacetime (see e.g.,
[190]).

In the case of null surfaces, one can obtain a similar relation. For a general, non-affine
parametrization, i.e., when the null generator `a satisfy the relation `b∇b`a = κ`a, we
find that the Lie variation term is given by (see Eq. (604) of Appendix D.3):

−√q`aPa(ξ) =
√
q`ag

ij£ξN
a
ij = −qab£ξΠab +

d2√q
dλ2 (217)

where Πab =
√
q[Θab − qab(Θ + κ)] is the momentum conjugate to qab. Here, ξa is the

time evolution vector associated with null foliations, such that ξa → `a as the null
surface is approached (in particular, see also Eq. (55)). Thus as in the case of the
spacelike surface, for null surfaces as well, the Lie variation of N c

ab is directly related to
the Lie variation of the momentum conjugate to the induced metric on the null surface.
But in the case of null surfaces there is an extra term which contributes only at the
boundaries λ = λ1,λ2.

It can be seen from straightforward algebra (see Eq. (536) of Appendix D.1) that
qab£ξΠab is directly related to the object D = ΘabΘab−Θ2 defined in Eq. (543), which
can be interpreted as dissipation [131]. This leads to an alternative expression on the
null surface for the Lie variation term in the adapted coordinate system as (see Eq. (589)
and Eq. (603) in Appendix D.3),

`ag
ij£ξN

a
ij = 2D+

2
√
q
∂2
λ (
√
q) + 2∂λα (218)

Integrating this expression over the r = 0 null surface with integration measure d2xdu
√
q,

neglecting total divergence and dividing by 16π leads to,

1
16π

∫
d2xdλ

√
q`ag

ij£ξN
a
ij =

1
8π

∫
d2xdλ

√
qD+

∫
d2x

(√
q

4

)
d

(
α

2π

)
(219)

which explicitly shows that the Lie variation term integrated over the null surface,
leads to the dissipation and the sdT term (interpreted as dT = (dT/dλ)dλ). Hence
the reduced gravitational momentum on the null surface, can be given a natural ther-
modynamic interpretation.
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What is important regarding the above result is that for ∂λqab = 0 (i.e., the induced
metric on the null surface is independent of the parameter along the null generator)
the dissipation term vanishes and thus Eq. (219) can be written as:

1
16π

∫
d2xdλ

√
q`ag

ij£ξN
a
ij = Q(λ2)−Q(λ1) (220)

Hence the Lie variation term in this particular situation is equal to difference in the
heat content allowing us to relate Pa to the rate of heating of the null surface.

7.4 projections of gravitational momentum on the null surface

We shall now take up a further application of the concept of gravitational momentum.
Given the thermodynamic significance of the null surfaces, we would expect the flow
of gravitational momentum vis-á-vis a given null surface to be of some importance. To
explore this, we have to first choose a suitable vector field using which the gravitational
momentum can be defined. The most natural choice — as before — is the time evolution
field ξa. Further, in the canonical null basis (`a, ka, eaA) the gravitational momentum
can be decomposed as: P a = A`a +Bka +CAeaA. These components A,B and CA are
related to the three projections of P a by A = −P a(ξ)ka, B = −P a(ξ)`a and CA =
P a(ξ)eAa . So we need to consider the following three components qabP b(ξ), kaP a(ξ) and
`aP

a(ξ) to get the complete picture. We will see that each of them lead to interesting
thermodynamic interpretation. In view of the rather involved calculations, we will first
provide a summary of the thermodynamic interpretations of these projections:

• The component qbaP a(ξ) leads to the Navier-Stokes equation for fluid dynam-
ics, using which we can obtain yet another justification for the dissipation term
introduced in Eq. (543). This is described in Section 7.4.1

• The component kaP a(ξ), when evaluated on an arbitrary null surface leads to a
result which can be stated in the form: TdS = dE + PdV , i.e., as a thermody-
namic identity. This helps us to identify a notion of energy associated with an
arbitrary null surface. We obtain this result in Section 7.4.2.

• Finally, the component `aP a(ξ) yields the evolution of null surface, which involves
both ds/dλ and dT/dλ, where s is the entropy density and T is the temperature
associated with an arbitrary null surface and λ is the parameter along the null
generator `a. This is studied in Section 7.4.3.

We shall now show how all these three results tie up with the notion of gravitational
momentum and arise naturally from the three different projections of the gravitational
momentum.

7.4.1 Navier-Stokes Equation

The equivalence of field equations for gravity, when projected on a null surface, and
the Navier-Stokes equation is an important result in the emergent paradigm of gravity.
This result, which generalizes the previous one [69] in the context of black holes, shows
that when Einstein’s equations are projected on any null surface and viewed in local
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inertial frame, they become identical to the Navier-Stokes equation of fluid dynamics
[186]. Here we will project the gravitational momentum P a on an arbitrary null surface
parametrized by GNC and show that the Navier-Stokes equation is obtained. For this
purpose we will consistently use the vector field ξa. Even though we will present the
results for the adapted coordinates to a null surface (i.e., in GNC), the same result
continues to hold in any other parametrization as well.

In order to project the gravitational momenta −16πP c(ξ) = gab£ξN
c
ab + Rξc on the

null surface we need to determine the induced metric qab , which [202] turns out to be
diag(0, 0, 1, 1). Hence it is the angular part which is going to contribute. The vectors `a
and ka are already given in Eq. (62a) and Eq. (62b) respectively. In the Navier-Stokes
equation two other vectors play a crucial role. These vectors and their components in
the adapted GNC system has the following expressions:

ωb = `m∇mkb =
(
α, 0, 1

2βA
)

; ωa =

(
0,α, 1

2β
A
)

(221)

and

Ωa = ωa + αka =

(
0, 0, 1

2βA
)

; Ωa =

(
0, 0, 1

2β
A
)

(222)

From [186] we know that βA can be interpreted as the transverse velocity of observers
on the null surface. (In particular it can be interpreted as velocity drift of local Rindler
observers parallel to the Rindler horizon.) With this physical motivation, let us now
start calculating the projection of P a on the null surface. Using the coordinates adapted
to a given null surface, we arrive at:

−16πqabP b(ξ) = qab g
pq£ξN

b
pq = 2£ξN

A
ur + qBC£ξN

A
BC (223)

where we have used the identity `aqab = 0. We next need to find the Lie variation of
N c
ab. For that we use the expression £vΓabc = ∇b∇cva +Racmbv

m, for the Lie variation
of Christoffel symbol with respect to an arbitrary vector field va and the result: Na

bc =
Qadbe Γecd +Qadce Γebd. Then the Lie variation of Na

bc becomes

£vN
a
bc = Qadbe£vΓecd +Qadce£vΓebd

=
1
2
(
δab∇c∇dvd + δac∇b∇dvd

)
− 1

2 (∇b∇cva +∇c∇bva)

− 1
2 (Rabmc +Racmb) v

m (224)

We obtain the expressions for Lie variation of NA
ur and NA

BC on the null surface (located
at r = 0) to be (see Eq. (570) of Appendix D.3)

£ξN
A
ur =

1
2∂uβ

A =
1
2q

AB∂uβB +
1
2βB∂uq

AB (225)

£ξN
A
BC =

1
2δ

A
B∂CΘ +

1
2δ

A
C∂BΘ− ∂uΓ̂ABC (226)
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Substituting these results in Eq. (223) we arrive at,

−16πqpbP
b = qpa

(
gbc£ξN

a
bc

)
= qPB∂uβB + βB∂uq

PB + qPC∂CΘ− qBC∂uΓ̂PBC
(227)

In order to get the Navier-Stokes equation in its familiar form we need to lower the
free index in Eq. (227) and multiply both sides by (−1/2). Using Noether current for
ξa we have from Eq. (34)

qab(g
pq£ξN

b
pq) = qabJ

b(ξ)− 2Rmn`mqna (228)

On using Einstein’s equations Rab = 8π(Tab − (1/2)Tgab) and the result `aqab = 0,
Eq. (227) leads to the following result:

8πTmn`mqna =
1
2βA∂u ln√q+ 1

2∂uβA − ∂Aα−
1
2∂A∂u ln√q+ 1

2qABq
PQ∂uΓ̂BPQ

(229)

The above expression can be simplified along the following lines:

8πTmn`mqna =
1
2βA∂u ln√q+ 1

2∂uβA − ∂Aα−
1
2∂A∂u ln√q

− 1
2qAB Γ̂BPQ∂uq

PQ +
1
2∂D

(
qCD∂uqAC

)
+

1
2∂uq

CF∂CqAF −
1
2qAB∂u

(
qBD∂D ln√q

)
=

1
2βA∂u ln√q+ 1

2∂uβA − ∂Aα− ∂A∂u ln√q

− 1
2qAB∂uq

BD (∂D ln√q) + 1
2∂D

(
qCD∂uqAC

)
+

1
2∂uq

CF∂CqAF −
1
2∂CqAF∂uq

CF − 1
2q

CDΓ̂EAC∂uqED (230)

where in the first line we have used the relation Eq. (554b) and in the second line
Eq. (554c) as presented in Appendix D.3. From Eq. (553) of Appendix D.3 we ob-
tain:

1
2∂uβA + ∂B

(1
2q

BC∂uqAC

)
+

1
2q

CD∂uqAD∂C ln√q− 1
2q

BD∂uqCDΓ̂CAB

+ ∂u ln√q1
2βA − ∂A∂u ln√q− ∂Aα

= qna£`Ωn +Dmσ
m
a + ΘΩa −Da

(
Θ
2 + α

)
(231)

After some trivial manipulations in Eq. (230) and using Eq. (231) the following final
expression is obtained:

8πTmn`mqna = qna£`Ωn +Dmσ
m
a + ΘΩa −Da

(
Θ
2 + α

)
(232)

which can be interpreted as the Navier-Stokes equation for fluid dynamics.
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The correspondence between Eq. (231) and Eq. (232) with Navier-Stokes equation for
fluid dynamics is based on the following identifications of various geometric quantities
on the null surface: (i) The momentum density is given by −Ωa/8π. In the coordi-
nates adapted to the null surface, Ωa has only transverse components which are given
by (1/2)βA. This reinforces our interpretation of βA as the transverse fluid velocity.
Moreover, we can identify (ii) the pressure κ/8π, (iii) the shear tensor defined as σmn
(see Eq. (542)), (iv) the shear viscosity coefficient η = (1/16π), (v) the bulk viscos-
ity coefficient ζ = −1/16π and finally (vi) an external force given by Fa = Tma`

m.
Thus Eq. (231) has the form of a Navier-Stokes equation for a fluid with the convective
derivative replaced by the Lie derivative. Since this equation and its interpretation have
been extensively discussed in the references cited earlier, we will not repeat them and
will confine ourselves to highlighting the dissipation term.

In order to interpret the dissipation term we start from the heat density q = −4P abcd∇a`c∇b`d
(i.e., heat content per unit null surface volume √qd2xdλ) used in the variational prin-
ciple, where P abcd = (1/2)(δac δbd − δadδbc) and `a is the null generator of the null surface.
To connect up the heat density with the dissipation term [131] we consider a virtual
displacement of the null surface in which the volume changes by δAδλ, where δA is a
small area element on the two-surface (i.e., √qd2x). Then qδAdλ represents the change
in heat content of the null surface, which is obtained by multiplying the heat density q
with the infinitesimal 3-volume element on the null surface. Expanding the expression
for the heat density and introducing temperature through local Rindler horizon [131]
we obtain,

qδAdλ

8π = −δAdλ
(
2ησabσab + ζΘ2

)
+

1
2
κ

2πdδA (233)

where the first term represents the (virtual) dissipation of a viscous fluid during the
evolution of the small area element δA of the null surface along the null generator and
has the following expression,

dE = δAdλ
(
2ησabσab + ζΘ2

)
=

1
8πδAdλ D (234)

So the combination D =
(

ΘabΘab −Θ2
)
represents the dissipation as we have men-

tioned earlier. The second term in Eq. (233) can be interpreted as (1/2)kT dN , where
T = (κ/2π) and dN is the degrees of freedom on the null surface corresponding to the
change in area δA. For affinely parametrized null generator κ = 0, which would lead
to,

qδAdλ

8π = −δAdλ
(
2ησabσab + ζΘ2

)
=

1
8πδAdλ D (235)

Thus for affinely parametrized null generators the change in the heat content is solely
due to the dissipation term D.

Having derived Navier-Stokes equation from the projection of gravitational momentum
P a(ξ) on the null surface, we will now take up the task of projecting it along ka and
`a respectively and retrieve the thermodynamic information encoded in them.
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7.4.2 A Thermodynamic Identity for the null surface

It has been shown that in a wide class of gravity theories, the gravitational field equa-
tions near a horizon imply a thermodynamic identity Tδλ̄S = δλ̄E + Pδλ̄V where the
variations are interpreted as being due to virtual displacement of the null surface along
the affine parameter λ̄ of ka. This result was first obtained for general relativity and
Lanczos-Lovelock theories of gravity when (i) the spacetime admits some symmetry,
e.g., staticity or spherical symmetry and (ii) has a horizon. This may suggest that this
connection — between the field equations and a thermodynamic identity — is a spe-
cific phenomenon that occurs only in solutions containing horizons. But this illusion is
broken in [59] for general relativity and in [54] for Lanczos-Lovelock theories of grav-
ity. There it was shown that gravitational field equations near any generic null surface
in both general relativity and Lanczos-Lovelock theories of gravity lead to a relation:
Tδλ̄S = δλ̄E + Pδλ̄V .

Here we will show that this thermodynamic identity is also contained in the gravita-
tional momentum for ξa and can be retrieved from its component along `a which is
contained in the projection P a(ξ)ka (which picks out the component along `a because
k2 = 0 and `aka = −1). Since all the details are similar to the one in [59] we will
be quite brief and just indicate the manner in which the result can be obtained. (For
detailed derivation see Appendix C of [59]). From Eq. (36) we obtain,

−kaP a(ξ) = kaJ
a(ξ)− 2Gabξbka (236)

In the second term we can use the field equations, i.e., 2Gab = Tab leading to the
combination Tabξakb, which is the work function (effective pressure) for the matter (see
e.g., [110, 132]) which, when integrated over the two-surface, will yield the average force
F̄ due to matter flux on the surface. The first term, viz., the projection of the Noether
current kaJa(ξ) has been evaluated explicitly in the earlier work [59]. Using this result
from [59] for the projection of the Noether current we arrive at:

F̄ δλ̄ = Tδλ̄S − δλ̄E , (237)

In this expression, F̄ stands for the average force on the null surface, T corresponds to
the null surface temperature obtained using local Rindler observers, S = (A/4) is the
entropy and E represents the energy given by:

E =
1
2

∫
dλ̄

(
χ

2

)
− 1

8π

∫
d2x∂u

√
q− 1

16π

∫
dλ̄

∫
d2x
√
q

{1
2βAβ

A
}

. (238)

where χ stands for the Euler characteristics of the two-surface. (For a detailed discussion
see [59]). A simpler expression covering most of the interesting cases is obtained by
setting (a) βA|r=0 = 0 and (ii) ∂Aα = 0 on the null surface [59]. On imposing these
conditions we arrive at the following simpler expression for energy as,

E =
1
2

∫
dλ̄

(
χ

2

)
− 1

8π

∫
d2x∂u

√
q =

1
2

∫
dλ̄

(
χ

2

)
− 1

8π∂uA (239)

Hence the projection of the gravitational momentum along `a is equivalent to thermo-
dynamic identity.
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7.4.3 Evolution of the null surface

Finally, we consider the component of the gravitational momentum P a(ξ) along ka.
If we expand any vector in the basis (`a, ka, eaA) as va = A`a + Bka + CAeaA, the
component along ka, is obtained by the contraction `av

a, since `2 = 0 and `ak
a =

−1 on the null surface. For a given null surface we will use our adapted coordinates,
i.e., GNC and will show that this component is intimately connected with spacetime
evolution.

In the adapted coordinate system the scalar−`aP a(ξ) has the following expression,

−16π`aP a(ξ) = `ag
bc£ξN

a
bc = 2£ξN

r
ur + qAB£ξN

r
AB (240)

where the first line follows from the fact that on the null surface `2 = 0. Both the Lie
variation terms have been calculated in Appendix D.3 explicitly. From the expressions
obtained there the projection of gravitational momentum turns out to be (see Eq. (589)
and Eq. (603) of Appendix D.3),

−16π`aP a(ξ) = `ag
bc£ξN

a
bc = 2∂λα+ 2D+

2
√
q
∂2
λ

√
q (241)

Here D represents the dissipation term obtained through the Navier-Stokes equation
and has the definition D = (ΘabΘab −Θ2).

To get a physical interpretation we integrate this expression over the null surface with
volume measure √qd2xdλ (for the null vector `a the parameter λ is just u) and divide
by proper factors of π, and ignore the surface term (which arises from the third term)
to obtain:

1
16π

∫
dλd2x

√
q`ag

ij£ξN
a
ij =

1
8π

∫
dλd2x

√
qD+

∫
d2x sdT (242)

where s =
√
q/4 and dT ≡ (dT/dλ)dλ. This leads to the result that `aP a(ξ) and

`ag
bc£ξN

a
bc can be interpreted as the heating rate of the null surface per unit area.

Integrated over the affine parameter dλ and the proper area √q d2x, it leads to the
heating due to the dissipation (given by the first term in the right hand side) and the
integral of sdT which is the second term.

Incidentally, a similar interpretation can be given for the matter energy flux which
crosses the null surface as well. Using a corresponding expression for Rab`aξb and using
the field equations, we can easily show that (see Eq. (590) of Appendix D.3)

Tab`
a`b =

1
√
q

(
α

2π

)
∂

∂u

(√
q

4

)
− 1

8πD−
1

8π
1
√
q

∂2√q
∂u2 (243)

Integrating both sides over the null surface and ignoring boundary contributions at the
ends of integration of affine parameter, we get∫

d2xdλ
√
qTab`

a`b +
1

8π

∫
d2xdλ

√
qD =

∫
d2xTds (244)

This tells us that the heating due to matter flux plus the heat generated by the dissi-
pation is equal to the integral of T∂us over the null surface. This reconfirms the earlier
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interpretation of the projection of the momentum contributing to the heating of the
null surface.

These results can be used to re-express the heat content of the null surface which was
used in the thermodynamic variational principle. Two equivalent forms of the varia-
tional principle, which differ by a total divergence can be given based on Rab`a`b and
the Lie variation term. These two variational principles (neglecting surface contribu-
tions) have the following expressions

Q1 ≡
∫
dλd2x

√
q

(
− 1

8πRab`
a`b + Tab`

a`b
)

=
∫
dλd2x

√
q

[ 1
8πD+ Tab`

a`b
]
−
∫
d2x Tds (245)

and,

Q2 ≡
∫
dλd2x

√
q

[ 1
16π`ag

ij£ξN
a
ij + Tab`

a`b
]

=
∫
dλd2x

√
q

[ 1
8πD+ Tab`

a`b
]
+
∫
d2x sdT (246)

Note that both these variational principles have the dissipation term D and matter
energy flux through the null surface Tab`a`b in common. However Q1 is connected to
TdS while Q2 is connected to SdT . Thus both the variational principles have thermo-
dynamic interpretation.

7.5 conclusions

Since we have described the physical consequences of the results in the various sec-
tions themselves, we shall limit ourselves to summarising the key conclusions in this
section.

• Given a Vector field va, one can construct three currents: (a) the Noether current
Ja(v), (b) the gravitational momentum P a(v) and (c) the reduced gravitational
momentum Pa(v). Interestingly enough, one can attribute thermodynamic mean-
ing to these quantities which are usually considered to be geometrical. For exam-
ple, the conserved current Ja, associated with the time-development vector ξa of
the spacetime, leads to a conserved charge (i.e., integral of uaJa(ξ) defined either
on a spacelike surface or on a null surface) that can be related to the bound-
ary heat density Ts, where T is the Unruh-Davies temperature and s stands for
entropy density.

• The field equations can also be derived from a thermodynamic variational prin-
ciple, which essentially extremises the total heat density of all the null surfaces
in the spacetime. This variational principle can be expressed directly in terms of
the total gravitational momentum, thereby providing it with a simple physical
interpretation.

• One can associate with any null surface the two null vector fields `a, ka with
`ak

a = −1 and `a being the tangent vector to the congruence defining the null
surface, as well as the 2-metric qab = gab + `akb + `bka. These structures define
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three natural projections of the gravitational momentum (P a`a,P aka,P aqab), all
of which have thermodynamic significance. The first one leads to the description
of time evolution of the null surface in terms of suitably defined bulk and surface
degrees of freedom; the second leads to a thermodynamic identity which can be
written in the form TdS = dE+PdV ; the third leads to a Navier-Stokes equation
for the transverse degrees of freedom on the null surface which can be interpreted
as a drift velocity.

These results again demonstrate that the emergent gravity paradigm enriches our un-
derstanding of the spacetime dynamics and the structure of null surfaces, by allowing
a rich variety of thermodynamic backdrops for the geometrical variables.



8
ENTROPY OF A GENERIC NULL SURFACE FROM ITS
ASSOC IATED VIRASORO ALGEBRA

8.1 introduction

It is well known that one can associate thermodynamic variables like entropy (S) and
temperature (T ) with null surfaces, that are perceived to be one-way membranes, by
the class of observers who do not cross them (see e.g., Chapter 8 of [232]). For example,
observers at constant spatial coordinates located at r > 2M in the Schwarzschild metric
will associate a temperature T = (1/8πM) with the black hole horizon [27, 28, 29, 106]
at r = 2M . Similarly, an observer at constant spatial coordinates at x > 0 in a Rindler
spacetime (with the metric ds2 = −g2x2dt2 + dx2) will associate a temperature T =
(g/2π) with the Rindler horizon [70, 233], at x = 0. Both these observers will associate
an entropy density (entropy per unit area) of (1/4) with the respective horizons. (In
fact, the near horizon metric of the Schwarzschild black hole can be reduced to the
form of the Rindler metric; this itself suggests that, as long as physical phenomena are
reasonably local, we should get similar results in these two cases.) The freely falling
observers in either spacetime will not perceive the relevant null surface (r = 2M in
the black hole case and x = 0 in the Rindler case) as endowed with thermodynamic
properties, because these observers will eventually cross these null surfaces; therefore,
these null surfaces do not act as one-way membranes for these observers (see [185, 190]
and also references therein).

For a broad class of, rather generic, null surfaces in an arbitrary spacetime, one can
introduce a set of observers who do not cross these null surfaces and perceive them
as one-way membranes. It is, therefore, important to investigate whether, in such a
general context, these observers will associate thermodynamic variables with such a
generic null surface. Earlier works have shown that there exist several deep connections
between the properties of null surfaces and gravitational dynamics which suggest that
this could be true [185, 190]. If so, then we can obtain a unified picture of the connection
between thermodynamics and null surfaces, with all the previously known cases being
reduced to just special cases of this result.

In this chapter, we will show that this is indeed the case. We will demonstrate that one
can associate a very natural Virasoro algebra (e.g., [251]) with a general class of null
surfaces. This Virasoro algebra has a central charge which, through Cardy’s formula
[45, 33], leads to the entropy of the null surface. The explicit calculation shows that the
entropy per unit area is (1/4) which is consistent with the standard results for black
hole horizons, cosmological horizons etc.

This chapter is based on the approach pioneered by Carlip [46, 51] who first proved
similar results in the specific case of a black hole horizon. To obtain the general result of
this chapter, we add certain new ingredients and modify this approach suitably.

89
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8.2 the formalism

It is known that the Bekenstein entropy can be derived just by exploiting the near
horizon conformal properties [46, 78, 219, 47, 77, 126]. This procedure imposes some
suitable fall-off conditions on the metric near the horizon and investigates the sym-
metries that preserve those fall-off conditions. The algebra of the conserved charges
corresponding to these symmetries turns out to be a Virasoro algebra with a central
extension. Then, using Cardy’s formula [45, 33], we can compute the entropy of the
spacetime from the central extension. The result agrees with the standard expression
for entropy, viz., one-quarter per unit area. (For a review of this approach and refer-
ences, see, e.g., [51].) Thus the entropy of a black hole spacetime can be determined
purely from the local symmetries at its boundary, i.e., at the event horizon. We shall
make these ideas more explicit in the sequel.

A new ingredient was added to this approach couple of years back which further empha-
sized the local nature of this procedure. In this approach [155, 154, 156, 151], one uses
diffeomorphism invariance of the Gibbons-Hawking-York surface term in the gravita-
tional action, along with the near horizon’s symmetries, to obtain the Virasoro algebra
and the entropy. We will be using this formalism in what follows.

It is well known that [232]: (i) the Hilbert action does not possess a valid functional
derivative with respect to the metric and (ii) this situation can be remedied by adding
a suitable counter-term to the action. This counter-term contains the integral of the
extrinsic curvature K = −∇aNa over the boundary, which has an induced metric hab
(here Na is the unit normal to the boundary surface). The boundary integral could be
converted to a volume integral via the Gauss theorem (with any suitable extension of
Na away from the boundary):∫

Boundary

√
−h d3xK =

∫ √
−g d4x∇a(KNa(xµ)). (247)

The invariance of this boundary term under the diffeomorphisms gives rise to a con-
served Noether charge. In particular, the Noether charge corresponding to coordinate
transformations, related to the local symmetries near the horizon, allows one to define
a natural Virasoro algebra on the event horizon. The central extension of this Vira-
soro algebra leads to the correct entropy through Cardy’s formula. This formalism was
later successfully extended to cosmological black holes [152] and black hole spacetimes
endowed with cosmological event horizons [30].

The previous works we cited above, deal essentially with stationary black hole space-
times having a Killing vector field which becomes null on the horizon. Our aim is to
extend this procedure to a generic null surface which, of course, will not be a Killing
horizon. We shall consider a general null surface and describe it in terms of some suit-
able null coordinates, called the Gaussian null coordinates (see e.g., [57, 202]), defined
locally in the vicinity of the surface, and use the spacetime geometry near that surface.
Such surfaces, as we shall see below, are much more general than the Killing horizons.
We shall then use the surface term formalism [155, 154, 156, 151] mentioned above
to find the conserved charges corresponding to the local symmetry of the null surface
geometry. We will show that, for a wide class of null surfaces, satisfying rather mild
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physical requirements, we can define a natural Virasoro algebra. The central extension
of this algebra will lead to the entropy.

The rest of this chapter is organized as follows. In the next section we derive the
Virasoro algebra and the expression for the entropy in Section 8.3. Finally we end with
a summary and outlook of our result.

8.3 entropy associated with an arbitrary null surface

The most general geometry in the local neighborhood of a null surface can be described
using the Gaussian Null Coordinates (elaborated in Section 2.4 and henceforth called
as GNC). We will now impose the following condition on the GNC metric: On the null
surface, r = 0, the functions α and qAB are assumed to be independent of u and one
of the coordinates, say, x1. We stress that we impose no conditions on the spacetime
away from the null surface and no conditions on βA anywhere. (If one thinks of x1

as analogous to an angular coordinate and u as analogous to time coordinate, our
condition has a superficial similarity to stationarity and axi-symmetry on r = 0. It can
be shown, however, that the null surface with these conditions is not a Killing horizon
and that our geometry is much more general.

We shall briefly outline the derivation of the Virasoro algebra and the entropy, omitting
algebraic details, which are similar to those in previous works and can be found in,
e.g., [155]. If ζa is a vector field that generates diffeomorphism, the invariance of the
boundary term of the action, gives a conserved (∇aJa = 0) Noether current Ja = ∇bJab
with:

Jab[ζ] =
K

8π (ζ
aN b − ζbNa) (248)

The corresponding Noether charge given by:

Q[ζ] =
1
2

∫
dΣaJa =

1
2

∫
dqabJ

ab (249)

where Σ is some suitable hypersurface and the last integral is over the 2-surface on the
boundary, which, for our case, would be the spatial 2-surface with metric qab. The area
element on that surface is given by dqab =

√
q (NaMb −NbMa)d2xA, where Na and

Ma are respectively the unit spacelike and timelike normals to it. We take them to be
(see e.g., Eq. (56) and Eq. (62a)):

Na =

(
1√
2rα

,
√

2rα, rβA√
2rα

)

Ma =

( 1√
2rα

, 0, 0, 0
)

(250)

so that:

K = −∇aNa = −
√
α/2r+O(r) (251)
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The Lie bracket algebra of the Noether charges is given by :

[Q[ζm],Q[ζn]] :=
1
2

∫
dqab(ζ

a
mJ

b[ζn]− ζanJb[ζm]) (252)

We now have to choose appropriate diffeomorphism generators {ζm}, such that we
preserve the near null surface geometry of Eq. (54). Since the essential feature of the null
surface we want to capture, viz., the blocking of the information is solely determined by
guu, gur and grr, we need to pick up only those vector fields which acts as an isometries
on these metric components at r = 0. Setting £ζgab = ζc∂cgab+ gc(a∂b)ζ

c = 0 for these
components, we find that

ζa ≡ {F (u,xA),−xF ′(u,xA), 0, 0} (253)

where a prime denotes differentiation with respect to u. We have set all transverse
components of ζa to zero, because all such components give vanishing contribution,
when substituted into Eq. (249) and Eq. (252).

Following the standard procedure, we next find a set of vector fields which obey an
infinite dimensional discrete Lie algebra on a circle on or around r = 0. In order to do
this, we expand the fields as ζ = ΣAmζm, where m are integers and ζm’s are regarded
as the mode functions. The desired Lie bracket algebra is then

[ζm, ζn] = −i(m− n)ζm+n (254)

An obvious choice is ζm ≡ F (u,xA) = `−1eim(`u+pixA), where ` is an arbitrary constant.
We substitute this expression into Eq. (249), Eq. (252). Our assumption that neither α
nor √q depend upon the u,x1 on the null surface, gives us the conserved charges

Qm =
1

8π`

∫
d2x
√
qαδm,0 (255)

and their algebra (see Appendix E for a derivation)

[Qm,Qn] = −
i

8π`

∫
d2x
√
qα(m− n)δm+n,0

− i`m
3

16π

∫
d2x

√
q

α
δm+n,0 (256)

This is clearly a Virasoro algebra with a central extension, and looks very similar to the
one we get for the Killing horizons [155] considered earlier in the literature. However,
here α is not a constant, so cannot be pulled out of the integration unlike in the case
when the null surface is a Killing horizon. However we can work with the densities and
easily obtain an expression for entropy density. The Q0 and the central charge C for
Eq. (249), Eq. (252) are given by

Q0 =
1

8π`

∫
d2x
√
qα, C =

3`
4π

∫
d2x

√
q

α
(257)

We now wish to apply Cardy’s formula [45, 33] to obtain the entropy density of our
null surface. To do this note that a small area element ∆A ≡ d2x will contribute ∆Q0 ≡
Q0 ∆A (toQ0) and an amount ∆C ≡ C ∆A to the central charge whereQ0 =

√
qα/(8π`)
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and C = 3`√q/(4πα) are the integrands in Eq. (257). Using Cardy’s formula, we
associate with this area element ∆A the entropy

∆S = 2π
√
C ∆AQ0 ∆A

6 =

√
q

4 ∆A (258)

The crucial square root in Cardy’s formula allows us to interpret the resulting expression
in terms of an entropy density:

s ≡ ∆S
∆A

=

√
CQ0

6 =

√
q

4 (259)

Since we are considering a very general situation, we do not have a result equivalent
to the constancy of α, (which is the analogue of surface gravity) on the null surface.
Nevertheless, it is interesting that if we apply the Cardy formula to the contribution
from each area element, we can work with local densities and obtain the expected
result. We find that even though the temperature associated with the null surface is
not a constant, we still obtain an appropriate entropy density. (We will comment on
this fact right at the end.)

8.4 summary and outlook

We believe this result provides a key “missing link” in the study of null surfaces vis-á-vis
gravitational thermodynamics. This is mainly due to the following facts :

• Our derivation is remarkably local. It seem reasonable that all physics, includ-
ing thermodynamics of horizons, should have a proper local description because,
operationally, all the relevant measurements will be local. The locality in our
derivation is based on three facts: (i) We consider diffeomorphisms near the hori-
zon and use only the structural features of the metric near and on the horizon. (ii)
We use the behaviour of the boundary term in the action under diffeomorphism
with the boundary being the relevant null surface. Again, no bulk construction
is required. (iii) We show that a local version of the Cardy formula does give the
correct answer.

• We have shown that when a null surface is perceived to be a one-way membrane
by a particular congruence of observers, they will associate an entropy with it.
This directly links inaccessibility of information with entropy, which is gratifying.
Moreover, the result holds for a very wide class of null surfaces and also can be
generalized to arbitrary spacetime dimensions, in a straightforward manner. We
only needed to make minimal conditions on the metric, that too only on the null
surface. The spacetime is completely arbitrary, away from the null surface.

• All the previous results known in the literature in the context of black holes,
cosmology, non-inertial frames etc. become just special cases of this very general
result. Such a unified perspective will be useful in further investigations.
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9
A QUANTUM PEEK INS IDE THE BLACK HOLE EVENT
HORIZON

9.1 introduction, motivation and summary of results

It is well known that, in the presence of a gravitationally collapsing structure forming
a black hole and a quantum field in the Unruh vacuum state, an observer far away
from the black hole will see a flux of thermal radiation at late times [105, 106]. This
result, which arises from the study of quantum fields in the curved spacetime, has led to
several fascinating developments (see e.g., the textbooks and the reviews, [32, 177, 185,
111, 86, 167, 204, 232, 240, 229]) in general relativity. While probing this result from
different perspectives, quantum field theory in the region outside the black hole event
horizon has been studied extensively in the literature. However, somewhat surprisingly,
there has been much less emphasis in the study of quantum field theory inside the event
horizon (for some earlier work, similar in spirit, see e.g., [1, 247, 83, 206, 103, 20]). The
purpose of this chapter is to investigate quantum field theory inside the horizon in the
context of a collapsing dust sphere in (1 + 1) spacetime. As we shall see, such a study
leads to several curious and interesting results which have their counterparts in (3+ 1)
dimensions.

In order to elaborate what is involved, let us consider the Penrose diagram in Fig. 1
(top left) describing a gravitationally collapsing body. It is clear from the figure that
there are four distinct spacetime regions – marked A, B, C and D. Of these, region
D — which is inside the collapsing body and outside the event horizon — is the least
interesting one for our purposes. Even though the time dependence of the metric will
lead to particle production in this region, we do not expect any universal behaviour
here; the results will depend on the details of the collapse. Let us next consider region
C which is outside both the collapsing body and the event horizon. This region is
of primary importance — and has been extensively investigated in the literature — in
connection with the black hole radiation. This is schematically illustrated in Fig. 1 (top
right) by an outgoing null ray that straddles just outside the horizon and escapes to
future null infinity. The thermal nature of the black hole radiation arises essentially due
to the exponential redshift suffered by this null ray as it travels from just outside the
collapsing matter to future null infinity. While this ray is inside the collapsing matter
during part of its travel, the details of the collapse are sub-dominant to the effect of
the exponential redshift at late times. We can investigate the black hole evaporation
scenario vis-á-vis different kinds of observers in this region: like, e.g, asymptotic and
non-asymptotic static observers, radial and inspiraling free-fallers, observers moving in
circular orbits etc.; all these cases indeed have been studied in the literature (see, for
some recent works, Refs. [221, 220, 222] which contain references to earlier papers). In
this chapter too, we will briefly discuss the physics in this region since recovering the
standard results provides a ‘calibration test’ for our approach and calculations.
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98 a quantum peek inside the black hole event horizon

But what we will concentrate on are the regions B and A which are inside the event
horizon. (We have not found any extensive and systematic investigation of these regions
in published literature which was one of the key motivations.) The examination of the
Penrose diagram in Fig. 1 reveals the following facts about these two regions.

• Region B is inside the event horizon but outside the collapsing body. Being a
vacuum region in a spherically symmetric geometry, this region is indeed described
by a Schwarzschild metric. But, if we use the standard (t, r, θ,φ) Schwarzschild
coordinates, then r is like a time coordinate in this region due to the flip of
signs in the metric coefficients at r < 2M . Naively speaking, this makes the
geometry “time dependent” (due to the dependence of geometry on r) in this
region. Alternatively, one can describe this region using a coordinate system which
is non-singular at the event horizon like, for e.g., the Kruskal coordinates, in which
the line element takes the following form:

ds2 =
32M3

r
e−r/2M

(
−dT 2 + dX2

)
+ dL2

⊥ (260)

where, r is given as an implicit function of X and T via the relation: (r/2M −
1)er/2M = X2−T 2 and the transverse line element is dL2

⊥ = r2dθ2 + r2 sin2 θdφ2.
Once again, the metric will be time dependent because of its dependence in
the Kruskal time coordinate T . All these suggest that we expect a non-trivial
dynamics for the quantum field in the region B.

A typical null ray in this region, shown in Fig. 1 (bottom left), is trapped and hits
the singularity in the region outside the collapsing matter in a finite time. (More
precisely, it gets arbitrarily close to the singularity in the course of time.) It is
instructive to compare the null ray in this region with the null ray in the region
C mentioned above. (That is, we compare the figures at top right and bottom
left of Fig. 1.) The two relevant null rays propagate straddling the event horizon
just outside and just inside. While the outside ray reaches future null infinity
(and plays a key role in the description of the black hole evaporation), it is not
clear how the physical parameters vary along the ray which travels just inside
the event horizon but gets arbitrarily close to the singularity at late times. This
is important because the accumulation of energy density due to these modes of
the vacuum which are trapped inside the event horizon can have important back
reaction effects. One key aim of this chapter is to study the physical properties
of the quantum field at the events along the null ray like the one shown in the
bottom left figure of Fig. 1.

• Region A is inside the collapsing body as well as inside the event horizon. Here
too we can study the behaviour of the quantum field along the events in the path
of the null ray shown in bottom right of the Fig. 1. This null ray also hits the
singularity but inside the collapsing matter. The key difference between the events
along the rays shown in bottom right and those in bottom left, is the following:
In the former case, one could compare the energy density of the quantum field
with that of the collapsing matter; We expect both to diverge as we approach
the singularity inside the collapsing matter. The key question is to determine
which one diverges faster in order to ascertain the effects of back reaction. But
in the latter case (corresponding to the situation in bottom left figure), we have
no matter energy density to compare with the energy density of quantum fields
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Figure 1: The Penrose diagram in the top left figure illustrates the four spacetime regions
A,B,C,D we are interested in. The other three figures describe the three null rays
relevant to this chapter. See text for detailed discussion.

close to the singularity. Therefore, any divergence in the energy density of the
quantum field will potentially have important consequences for the back reaction.

We shall focus mostly on the regions A and B in this chapter. We will use C mainly for
“calibration”; that is, to arrange the quantum state in such a way that an asymptotic
observer sees the standard Hawking flux at late times. After choosing such a state,
we will study the dynamical evolution of the quantum field and its regularized energy
momentum tensor in the regions A and B. The region D is of comparatively less inter-
est but we mention the results regarding this region in the appendix for the sake of
completeness.

Methodology. The Klein-Gordon equation for a massless scalar field can be solved
exactly in (1+ 1) dimension, by exploiting the conformal invariance of the theory, which
is a fairly standard procedure (see for a review [39]). The conformal invariance of the
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massless scalar field in (1 + 1) dimension (and the fact that any (1 + 1) dimensional
metric can be written in conformally flat form) makes the relevant mode functions
just plane waves. Therefore, the dynamics of a massless scalar field can be reduced
essentially to ray tracing. As argued usually in the literature [86, 39], we expect the main
conclusions to carry forward to (3+ 1) dimensions, because the dominant contribution
to the Hawking effect comes from s-waves even in (3 + 1) dimensions.

Once the solution φ(x) to the Klein-Gordon equation is known (with suitable boundary
conditions ensuring that one obtains the standard black hole evaporation in region
C of the spacetime), our next task is to construct physically meaningful observables.
There are two standard approaches which have been pursued in the literature in this
context. One possibility is to introduce the particle detectors [233, 142, 149, 216] in
the spacetime moving on various trajectories. The particle content determined by the
detector is then given essentially by the Fourier transform of the two-point correlation
function of the field in the relevant quantum state. This leads to a Planckian spectrum
for an asymptotic detector at rest in the Schwarzschild spacetime which agrees with
the standard interpretation of black hole evaporation. Unfortunately, the response of
the detector essentially measures the nature of vacuum fluctuations and is sensitive to
the history of the trajectory because it is defined using an integral over the proper time.
We cannot use the particle content determined by such a detector for estimating the
back reaction effects of the quantum field on the spacetime. This is easily seen from
the fact that a uniformly accelerated detector in flat spacetime will detect a thermal
spectrum of particles but these “particles” do not back react on the spacetime in a
generally covariant manner.

Since our primary interest is to study the effect of quantum fields on the background
geometry, we need to use a more covariant diagnostic. Such a diagnostic is provided
by the (regularised) stress-energy tensor of the quantum field in the given quantum
state. It is generally believed that, at least in the semi-classical regime, this regularized
expectation value 〈Tab〉reg can be used as a source in Einstein’s equations to study
the effects of back reaction. In particular, when 〈Tab〉reg is comparable to the classical
source of geometry Tab, we will expect back reaction effects to be significant.

It should be noted that these two diagnostics for describing the quantum field — viz.,
the detector response or 〈Tab〉reg — will, in general, give different results. Again, in the
flat spacetime Minkowski vacuum, an accelerating detector will see a thermal spectrum
but the regularized expectation value of stress-energy tensor will remain zero. For
our purpose, it is clearly more meaningful to study 〈Tab〉reg rather than the detector
response and we will concentrate on this study in this chapter. However, in the last
section of this chapter, we will give the relevant results for the detector response, for
the sake of comparison and completeness.

The components of the stress-energy tensor depends on the choice of the coordinate
system and hence could inherit the pathological characteristics of the coordinate sys-
tem. It is therefore better to use physically well defined scalar quantities that have an
invariant meaning. The most natural scalar quantities at any event in spacetime can be
constructed in the freely falling frame at that event which eliminates any acceleration
effects. If we fill the spacetime by a suitable congruence of radially freely falling ob-
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Figure 2: The collapse scenario in the Kruskal coordinates indicating the r = 0 and r = ε
surfaces. Of the two null rays which are marked, the ray 1 reaches arbitrarily close
to the singularity in finite time while the ray 2 propagates to asymptotic infinity at
late times. We will be interested in the energy density of the quantum field along
the events in the path of ray 1, while ray 2 will be used for calibration. See text for
detailed discussion.

servers with four-velocity ua, then we can construct [87, 88, 89, 237, 238, 239, 196] two
useful scalar quantities, at any event in spacetime, by the following definition:

U = 〈T̂ab〉uaub; F = −〈T̂ab〉uanb (261)

Here na is the normal in the radial direction (such that uana = 0), U is the energy
density and F is the flux at that event as measured by a freely falling observer.

As we said before, the most natural choice for ua is the four-velocity of the freely
falling observers which are free of the acceleration effects. Further, we can fill the entire
spacetime with the freely falling observers, which allows a fairly uniform description
of all the regions of the spacetime. But, in principle, one can also define the scalars in
Eq. (261) corresponding to any observer with a given four-velocity ua and corresponding
na. This is relevant in regions C and D of the spacetime where one can also introduce
static observers and compute the energy density and flux as measured by them. Before
proceeding further one needs to clarify couple of issues related to this approach. First,
note that the r = 0 singularity is a mathematically ill-defined event. Even though in the
Kruskal coordinates in Fig. 2 (both in (1+1) dimension and in (3+ 1) dimension) it is
drawn as a hyperbola, with distinct (T ,X) coordinates along it, related by T 2−X2 =
1 one needs to be careful while dealing with the mathematically ill-defined nature
of this event. (For example, consider the two events on which the two null rays in
bottom-left and bottom-right figures of Fig. 1 hit the singularity. One could worry
whether these two events are physically distinct.) This is particularly true in the (3+ 1)
dimension in which the angular part vanishes at r = 0. To keep our discussion physically
unambiguous, we will work throughout this chapter with a surface infinitesimally close
to r = 0 but non-singular. Since r 6= 0 on this surface (see Fig. 2) any two separate
points on it are indeed distinct. Thus by working on a r = ε surface, with arbitrary
small ε these issues can be avoided.

Second, the divergences in the densities in the (3 + 1) dimension can sometimes be
spurious because the volume factor can become arbitrarily small. So one can have a
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situation in which U diverges but U
√
hd3x remains finite just because of geometrical

considerations. So before we declare the energy density to be divergent in (3 + 1)
dimension we need to ensure that the total energy contained inside a small volume
itself diverges, rather than just the energy density. This requires us to define a 3-volume
element inside the event horizon. (One cannot, of course, use 4πr2dr because inside
the event horizon, r = constant surfaces are spacelike.) When we use a freely-falling
observer with the four-velocity ua to define U , the appropriate 3-volume measure to use
is the one corresponding to the same observer in the synchronous coordinates. Using this
measure and integrating U

√
hd3x over a small volume around the singularity, we can

determine the proper nature of divergence near r = 0. We will show later that the energy
density U diverges in both regions A and B in (1+1) spacetime dimensions. However in
(3 + 1) dimension the divergence in region A is compensated by the shrinking volume
measure (thereby making the energy inside a small region around the singularity finite),
while the divergence in region B persists, even though it is milder (being only ε−4/3

compared to ε−2 in the (1+1) dimensions).

We will work with the Oppenheimer-Snyder model [170, 235, 210, 53, 205, 71, 231],
which corresponds to collapsing dust (matter with zero pressure) that forms a black
hole. In this case, the spacetime inside the collapsing matter is described by the closed
Friedmann metric. To compute the (regularised) stress-energy tensor of the field in
a particular quantum state, we use the tools of the standard conformal field theory
techniques. (We expect the results to map to the s-wave sector of the scalar field
in the collapsing background in (3 + 1) case which is the usual assumption made in
literature; see e.g., [86, 39]) This essentially implies that at any point of the spacetime,
we have ingoing and outgoing (spherical) waves and hence the whole manifold can be
coordinatized using these null rays. The incoming ray comes directly from J − and the
outgoing ray comes from J − after a reflection from the vertical line in the Penrose
diagrams, representing r = 0. As for the vacuum state, we shall work with the natural
in-vacuum that is uniquely defined on J −. The relation of this state with the Unruh
vacuum and its effects in the region C for the case of thin null shell collapse have been
discussed in the refs. [220, 221, 222] and will not be repeated here.

The plan of this chapter is as follows. We briefly review the matching of the interior
and exterior parts of the spacetime for a collapsing dust ball in Section 9.2 and then
introduce the double null coordinate spanning all of the spacetime. In Section 9.3,
we consider the scalar field on this background and compute the components of the
regularised stress-energy tensor for same. Subsequently, we compute the energy density
and fluxes for various cases in Section 9.4. Introducing the radially infalling observers,
we study the behaviour of the invariant observables U and F along the three null rays
mentioned earlier in Section 9.5. Lastly, for the sake of completeness, we discuss the
results regarding the detector response in terms of the effective temperature in Section
9.6. The last section contains the concluding remarks.

9.2 the gravitational collapse geometry

In this section, we briefly review the junction conditions for matching the interior
Friedmann universe to the exterior Schwarzschild spacetime.We will then introduce a
useful global coordinate system (which we call the double null coordinates) and express
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both the interior and exterior coordinates in terms of this double null coordinates in a
conformally flat form, in the (1+ 1) sector of the spacetime. This allows us to determine
the conformal factor of the metric from which we can calculate the regularised stress-
energy tensor.

9.2.1 Junction Conditions

We consider the collapse of a spherical region filled with pressure-free dust in the
(3+ 1) spacetime dimensions. The inside region of the dust sphere is homogeneous and
isotropic and the metric interior to the dust will be a closed (k = 1) Friedmann model
with the line element

ds2
int = −dτ2 + a2(τ )dχ2 + a2(τ )dL2

⊥ (262)

with τ denoting proper time of the dust particles, comoving with xµ = constant and
dL2
⊥ = sin2 χdΩ2. A more convenient form for the line element can be obtained by

transforming the proper time to conformal time η via the relation:

η =
∫

dτ

a(τ )
(263)

in terms of which the interior metric reduces to the following form:

ds2
int = a2(η)

(
−dη2 + dχ2 + dL2

⊥

)
. (264)

The Einstein’s equations for the interior Friedmann universe filled with dust can be
solved in a parametric form leading to the results:

a(η) =
1
2amax (1 + cos η) (265)

τ (η) =
1
2amax (η+ sin η) (266)

In these conformal coordinates the surface of the dust sphere is taken to be located
at some value χ = χ0 and the collapse starts at η = τ = 0 and ends at η = π, τ =
(π/2)amax. The total energy contained within the dust sphere is constant and can be
determined in terms of the quantity amax as:

ρa3 = constant = 3
8πamax (267)

The exterior region, which is spherically symmetric and empty, is described by Schwarzschild
metric but in a different set of coordinates. The spherical symmetry both inside and
outside suggests that the angular coordinates for both the metric can be taken to be
identical. Hence the outside line element has the following expression (we shall use the
units with 2M = 1 henceforth):

ds2
ext = −

(
1− 1

r

)
dt2 +

(
1− 1

r

)−1
dr2 + dL2

⊥ (268)
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where we have dL2
⊥ = r2dΩ2. The above line element can also be written in terms of

outgoing Eddington-Finkelstein coordinates v = t+ r∗, with r∗ = r+ ln (r− 1), such
that the line element reduces to

ds2
ext = −

(
1− 1

r

)
dv2 + 2dvdr+ dL2

⊥ (269)

In the outside coordinates the surface of the collapsing matter is characterized by
r = r(τ ) and t = t(τ ), where, r and t are the Schwarzschild coordinates with τ being
the internal time coordinate. The above surface is also determined by χ = χ0. Therefore
the connecting equation for radial coordinate is [232, 205]:

r(η) = a(η) sinχ0 =
1
2amax sinχ0 (1 + cos η) (270)

Next we need to solve for the time coordinate, which is obtained by solving the following
differential equation:(

1− 1
r

)
dt

dτ
= constant (271)

Matching the extrinsic curvature on both sides of the surface of the dust sphere we
can fix the constant to be cosχ0. This leads to the following differential equation for
Schwarzschild time as:

dt

dη
= amax cosχ0 cos2 η

2 +
amax cosχ0 cos2 η

2
amax sinχ0 cos2 η

2 − 1 (272)

Thus the time coordinate can be obtained from the above equation as:

t(η) =

{(
1 + amax sinχ0

2

)
cotχ0

}
η+ amax cosχ0 sin η2 cos η2

+ ln
∣∣∣∣∣sin2 η

2 − cos2 η
2 + amax sinχ0 cos2 η

2 + 2 cotχ0 sin η
2 cos η2(

amax sinχ0 cos2 η
2 − 1

) ∣∣∣∣∣ (273)

The time corresponding to horizon crossing of the collapsing surface can be obtained
by setting r = 1, which leads to, ηH = π − 2χ0. Note that as η → ηH , t(η) diverges;
thus, for an outside observer, the surface of the imploding matter takes infinite time
to reach the event horizon. The amax and χ0 are not independent, since mass of the
imploding dust ball is:

M =
4π
3 ρr3 =

4π
3 ρa3 sin3 χ0 =

1
2amax sin3 χ0 (274)

Thus with 2M = 1 we are left with the condition amax sin3 χ0 = 1. With these con-
ditions we find the connection between the Eddington-Finkelstein coordinate v in the
exterior region to that of interior region to be:

v(η) =

{
cotχ0

(
1 + amax sinχ0

2

)}
η+ amax sinχ0

[
cos η2 + cotχ0 sin η2

]
cos η2

+ 2 ln
∣∣∣∣sin η2 + cotχ0 cos η2

∣∣∣∣ (275)
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Figure 3: Penrose diagram showing the construction of double null coordinates. Each event x
can be characterized by two null rays — an incoming ray from J−, which is labeled
as V + and an outgoing ray, tracked backward to the vertical line r = 0 and then
reflected towards J−, giving the second null coordinate V −.

Thus we have the matching condition of the outside Schwarzschild coordinates with
the inside Friedmann coordinates. With this matching condition we now proceed to
determine the double null coordinates for the entire spacetime region.

9.2.2 Double Null Coordinates

In this and subsequent sections we will first concentrate on the (1+1) spacetime di-
mensions by using dL2

⊥ = 0 (which corresponds to dθ = 0 and dφ = 0) and quote the
results for (3+ 1) dimensions, whenever appropriate. For the purpose of calculating the
vacuum expectation values for the regularised stress-energy tensor, it is useful to define
and use a coordinate system made up of double null coordinates, constructed from the
ingoing and outgoing null rays. Each event x (see Fig. 3) can be characterized by two
null rays — an incoming ray from J −, which is labeled as V + and an outgoing ray,
tracked backward to vertical line r = 0 and then reflected to J − giving the second null
coordinate V −. To obtain these null coordinates for the global spacetime we proceed
as follows: In the interior Friedmann region we define two new coordinates which are
both null

U = η− χ; V = η+ χ (276)

Then the line element with the coordinates (V ,U) in the interior Friedmann universe
reduces to the following form:

ds2
int = −a2(η)dUdV (277)
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In order to describe the exterior structure we define ingoing and outgoing Eddington-
Finkelstein coordinates v and u both being null. The exterior line element reduces
to:

ds2
ext = −

(
1− 1

r

)
dudv (278)

in the null coordinates (v,u). Then we can define the double null coordinates V + and
V − through the following relations related to the interior Friedmann universe as:

V + = A(V − χ0) (279)
V − = A(U − χ0) (280)

where we have introduced the function A(x) for future convenience:

A(x) ≡
{

cotχ0

(
1 + amax sinχ0

2

)}
x+ 2 ln

∣∣∣∣sin x2 + cotχ0 cos x2

∣∣∣∣
+ amax sinχ0

[
cos x2 + cotχ0 sin x2

]
cos x2 (281)

which connect the interior coordinates (U ,V ) to the global double null coordinates
(V +,V −).

From the construction it is easy to verify the following results. The surface r = 0, which
in the FRW universe, has equation χ = 0 or equivalently (from Eq. (276)) U = V . Thus
from Eq. (279) and Eq. (280) it is evident that V + = V −. Thus the two null coordinates
coincide at r = 0. Also these null coordinates should be continuous on the surface. Then
using the fact that V = η+χ0 on the surface of the star from Eq. (279) we get, V + = v,
which it should. For χ 6= 0, the value of V + and V − are never equal for all η. This
implies that even though the singularity forms at η = π, in the double null coordinates it
is ‘spread out’. The value of V − for the outer surface of the star to reach the singularity
is obtained by using U = π − χ0, leading to, V − = A(π − 2χ0). By construction this
must be equal to V + of the point, where the ray enters the dust sphere, which is A(η).
This helps us to identify, the time at which that particular null ray has entered the
sphere as π− 2χ0. This, in turn, fixes the surface of the star completely. Note that this
is just a corollary of a more general result: The null rays entering the sphere, getting
reflected at r = 0 and exiting the sphere satisfy the relation, dη = dχ. Thus the ray
starts at χ = χ0, then goes to χ = 0, again comes out at χ = χ0. The difference in the
coordinate values for η between the point of entering and exit of the ray corresponds
to ∆η = 2χ0 (see Fig. 3). Hence in the above situation, the final value of η is π, and
the entry value of η has to be π− 2χ0, leading back to the previous result.

Another set of relations connecting exterior coordinates (u, v) to the global null coor-
dinates (V +,V −) are given by:

v = V + (282)
u = B(U + χ0) = A(U + χ0)− amax sinχ0 (1 + cos(U + χ0))

− 2 ln
∣∣∣∣amax sinχ0 cos2

(
U + χ0

2

)
− 1

∣∣∣∣ (283)
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Thus the interior and exterior line elements can be written in the double null coordinate
system (V +,V −) in the following manner:

ds2
int = −a2

(
U + V

2

) 1
dA
dU

dA
dV

dV +dV − (284)

ds2
ext = −

(
1− 1

r

)
dB/dU
dA/dU

dV +dV − (285)

Hence this double null coordinate covers the full spacetime and brings the (1+ 1) sector
of the spacetime to the conformally flat form. This is especially suited to evaluate the
vacuum expectation value of the regularised stress-energy tensor, which is our next
task.

9.3 regularised stress-energy tensor

We consider a minimally coupled, massless scalar field on the background geometry
described by the line elements in Eq. (284) and Eq. (285). In two dimension the dy-
namics of the geometry is encoded in the conformal factor which allows us to obtain
the vacuum expectation value of the energy momentum tensor for the scalar field. For
this we follow the standard procedure [71, 39] and use the following expressions given
in terms of the conformal factor:

〈T++〉 =
1

12π

[
1
2
∂2
+C

C
− 3

4

(
∂+C

C

)2]
(286)

〈T−−〉 =
1

12π

[
1
2
∂2
−C

C
− 3

4

(
∂−C

C

)2]
(287)

〈T+−〉 =
1

24π

[
∂+∂−C

C
− ∂+C

C

∂−C

C

]
(288)

In the above expressions we have introduced a short hand notation: the symbol ±
stands for V ± respectively. The detailed computation and the explicit expression for
the regularised stress-energy tensor, using these relations is given in the Appendix
F.1.

9.4 energy density and flux observed by different observers

We shall now compute the energy density and flux at different events in the spacetime
using the regularised stress tensor. As we described earlier our primary interest is in
the regions B and A inside the event horizon where no static observers can exist. In
these regions, we will study the energy density and the flux in the freely-falling frame.
But before we do that, it is useful to consider the region C and see how the standard
results are reproduced. In this region C (unlike in A and B) we can introduce both
static and freely falling observers and study the flux and energy density as measured
by both kinds of observers.
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9.4.1 Static Observers in region C

We will start with the energy density and flux as measured by the static observers
in region C. This will verify our procedure by leading to the standard result of the
Hawking radiation with the Tolman redshifted temperature.

A static observer stays outside the event horizon at some fixed radius r > 1. Since the
observer is not following geodesic he/she has to accelerate (by firing rockets) so as to
remain stationary at that radius. The velocity components for this static observer is
given by:

V̇ + =

√
r

r− 1 (289)

V̇ − =

√
r

r− 1

 cotχ0 − tan
(
U+χ0

2

)
cotχ0 + tan

(
U−χ0

2

)
 cos2

(
U−χ0

2

)
cos2

(
U+χ0

2

) (290)

for a fixed r. The outward normal, determined from the condition naV̇ a = 0, has the
following components:

n+ = V̇ +; n− = −V̇ − (291)

Thus the energy density and flux can be computed using Eq. (261) for the static tra-
jectories as a function of V +. For static observers V + acts as the proper time along
their trajectories and we plot both the energy density and flux as a function of V +

in Fig. 4. From this figure we see that both energy density and flux shows similar
behaviour at large radii. Both of them start from small positive values and finally satu-
rate at the standard thermal spectrum values with the Tolman redshifted value for the
temperature.

The key results we want to verify for the static observers are, of course, the late time
energy density and flux. The late time limit corresponds to U → π− 3χ0, under which
both the energy density and the flux lead to the following expressions:

U =
πT 2

H

12

(
1− 2

r4

)(
r

r− 1

)
(292a)

F =
πT 2

H

12
r

r− 1 (292b)

We see that, in the asymptotic limit, r → ∞ (corresponding to a static observer at a
large distance) above expressions reduce to the standard Hawking energy density and
flux. The redshift factor, as is well-known, diverges as the horizon r = 1 is approached.
From Eq. (292a) it is evident that in the near horizon limit the energy density reaches
a maximum and then decreases with decreasing r, eventually becoming negative. Thus,
even in the Oppenheimer-Snyder dust model there is a region of negative energy density
just outside the black hole horizon, just as in the case of a null shell collapse noticed
earlier e.g., in [221]. However the flux is always positive and diverges at the horizon.
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Figure 4: Variation of the energy density and the flux as observed by a static observer as a
function of the proper time. The first figure shows the variation of the energy density
with proper time V +. All the static observers at different radii will ultimately observe
the standard result for the Hawking radiation with the temperature modified by the
Tolman redshift factor. (Note that while plotting the graphs we have normalized
them to their values at infinity, i.e., πT 2

H/12 for convenience.) The same situation is
depicted in the second figure for the flux. Both start with a small value and then rise
rapidly, ultimately saturating at the appropriate values for the Hawking radiation
with the redshifted temperature.

9.4.2 Radially In-falling Observers

Having reproduced the standard results in region C we now turn our attention to the
phenomena inside the event horizon. Since there can be no static observers in this
region, it is best to study these effects in the freely falling frame of the radially ingoing
observer. To provide the complete picture and to maintain continuity, we will study the
results for the freely falling observers in the entire spacetime. This can be done from
two different perspectives:

(1) We can compute the energy density and flux on the events along the trajectory of
a given freely falling observer. This has a clear physical meaning of what such a freely
falling observer will see, as she plunges into the singularity.

(2) We can examine the energy density and flux on the events along specific null rays
we described in Section 9.1 (see Fig. 1). This will tell us how the energy density and
flux behaves on a selected set of events in the spacetime which are physically well-
motivated.

In this section, we shall present the results based on the approach (1), viz. along the
trajectories of the observers. We shall describe the behaviour of the energy density and
flux on the events along the specific null rays in Section 9.5.

Since part of the spacetime is covered by the collapsing dust ball, there exist two types
of radially in-falling observers. The first set of observers are (i) those who are comoving
with the dust sphere and remain inside the collapsing matter, while the second set of
observers are (ii) those who are always outside the dust sphere. The first set of observers
who stay inside the dust sphere ultimately reach the singularity in a finite proper time.
These observers are in a Friedmann universe. The observers in a region outside the
collapsing matter also hit the singularity in finite time but they live in a Schwarzschild
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geometry. Thus these two observers are geometrically distinct even though both of
them hit the singularity in a finite proper time. We will now consider these two sets of
freely falling observers and use them to probe the regions D, A and B.

9.4.2.1 Radially In-falling Observers: Inside regions D and A

Let us start with the observers who are inside the dust sphere and are comoving with
it. All these observers start at η = 0 when the dust sphere starts to collapse and reach
η = π in a finite proper time. The trajectory of these observers are characterized by
the conformal time η. For such an observer comoving with the dust sphere, the four
velocity is given by:

ua =
1√

2a (η)

(
dA

dV
, dA
dU

)
(293)

ua = −
a√
2

( 1
dA/dV

, 1
dA/dU

)
(294)

and the unit normal has the following expression:

na =
a√
2

(
1
dA
dV

,− 1
dA
dU

)
(295)

na =
1√
2a

(
dA

dV
,−dA

dU

)
(296)

The comoving observer is characterized by the value of χ which remains fixed through-
out the trajectory (taken as χ̃) and hits the singularity as η varies from 0 to π. The
variation of energy density for the comoving observer with the proper time η along
the trajectory is shown in Fig. 5. We note that the energy density for the outermost
observer at χ = χ0 remains positive and diverges as η → π. While the energy density
as measured by other observers remain finite while reaching a maximum near η = π
and then becomes negative. Finally the energy densities for all the observers diverge in
the η → π limit. This result is shown in Fig. 5.

The energy density diverges as the observer hits the singularity. The ratio of the energy
density measured by the observer to that of the energy density of the collapsing matter
also diverges. This divergence can be obtained from the leading order behaviour of U
and ρ near r = 0, which can be represented, for (1+1) spacetime dimensions, as: (see
Eq. (638) in the Appendix F.2.2)

U (1) = −κ
2amax
6πa3 ; ρ(1) =

amax sin2 χ0
2a ; U (1)

ρ(1)
∝ 1
a2 (297)

where superscript (1) denote the values of respective quantities in (1+1) spacetime di-
mensions. Thus, close to the singularity, the energy density of the scalar field dominates
over that of the dust sphere.
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We next consider the total energy within a small volume with linear dimension ε in
this (1+1) spacetime both for the scalar field (E (1)) and classical matter (E(1)). This
energy is given by:

E (1) =
∫
U
√
h(1)dV (1) ∼ 1

ε
; E(1) =

∫
ρ
√
h(1)dV (1) = ε; E (1)

E(1) =
1
ε2

(298)

Thus even the total energy of the scalar field within a small volume diverges and is
much larger compared to the total energy of the classical matter within that volume.
Hence we conclude that energy in the quantum field dominates over the energy of the
classical background.

Generalization to (3+ 1) spacetime dimensions Let us now consider the general-
ization to (3+ 1) spacetime dimensions. Since we are considering s-wave approximation,
the energy density for the scalar field in (1+1) spacetime dimensions can be related to
that in (3+ 1) spacetime dimensions through the result [86, 39]: U (1)× (1/4πr2) = U (3),
where U (1) and U (3) are the energy densities in (1+1) and (3+ 1) spacetime dimensions
respectively. So, inside the dust sphere, we have the following expressions for the energy
densities of the scalar field and the dust:

U (3) = − κ2amax
24π2a5 sin2 χ0

; ρ(3) =
3

8π
amax
a3 ; U (3)

ρ(3)
∝ 1
a2 (299)

where the superscript (3) denotes the values of the respective quantities in (3 + 1)
spacetime dimensions. Hence the divergence in U/ρ still persists in (3 + 1) spacetime
dimensions.

As we have argued before, the really important measure is probably not the energy
density but the total energy contained in a small volume of size ε around the sin-
gularity in the ε → 0 limit. From Eq. (262) we arrive at the volume element to be:√
hd3x = a3 sin2 χ sin θ dχdθdφ. The total energy inside a small volume can be found

by integrating the energy density inside a sphere and is given by (with ε→ 0):

E (3) =
∫ ε

0
U (3)

√
h(3)d3x ∼ ε; E(3) =

∫ ε

0
⊂(3)

√
h(3)d3x ∼ ε3; E (3)

E3 =
1
ε2

(300)

It vanishes for both components (as ε3 for the dust and as ε for the field), where ε
represents radius of the small sphere around the singularity. However the total energy
in the scalar field dominates over that in the classical background. This suggests that
inside the dust sphere, the effect of back-reaction can not be neglected in (3 + 1)
spacetime dimensions. (In normal units, the ratio of the energy densities in Eq. (300)
will go as L2

P/ε2; so the effect is significant numerically at Planck scales, which is not
unexpected.)
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Figure 5: The variation of the energy density as the collapse progresses for an observer inside the
sphere and co-moving with the sphere. The energy density diverges as the conformal
time η tends to π, the instant when the dust sphere collapses to a singularity.

9.4.2.2 Radially In-falling Observers: Outside regions C and B

The last set of observers we will study are the radially in-falling ones, but outside the
dust sphere. They start from some initial radius and then follow a geodesic, ultimately
hitting the singularity. They, however, live in the Schwarzschild region of spacetime
throughout their life. Any such in-falling observer is parametrised by the energy as-
sociated with the geodesic, or — equivalently — by the initial radius from which her
suicide mission starts. These two quantities are related via:

E =

(
1− 1

ri

)1/2
(301)

where ri stands for the initial radius from which the free-fall begins. From the geodesic
equation we can determine the four velocity of these observers, which turns out to
be:

V̇ + =
r

r− 1

(
E −

√
E2 − r− 1

r

)
(302)

V̇ − =
r

r− 1

(
E +

√
E2 − r− 1

r

) cotχ0 − tan
(
U+χ0

2

)
cotχ0 + tan

(
U−χ0

2

)
 cos2

(
U−χ0

2

)
cos2

(
U+χ0

2

) (303)

The components of the normal are determined by the condition naV̇ a = 0 which leads
to the following choice for the outward normal:

n+ = V̇ +; n− = −V̇ − (304)

However we also require the evolution of V + as the observer proceeds towards the
singularity, i.e., we need V + as a function of the observer’s conformal time η. This can
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Figure 6: The first figure shows the energy density for the static observers at various radii
at late times compared to the radially in-falling observer who crosses those static
observers at different times. The second figure depicts the corresponding results for
the flux. For static observers near the horizon the flux at late time diverges to infinity
as the horizon is approached, while the energy density becomes negative. For radially
in-falling observers nothing peculiar happens at r = 2M , while both U and F diverge
as r → 0. This feature was also observed earlier for the collapse of a null shell in [221].

also be determined from the geodesic equation. For the radially in-falling trajectory the
solution to the geodesic equation can be written as:

r(η) =
ri
2 (1 + cos η) (305a)

τ = τi +
√
ri
ri
2 (η+ sin η) (305b)

In this case as well, the conformal time η varies in the same range 0 ≤ η ≤ π. We
also have the following initial conditions: r(τi) = ri. From these two relations we can
determine dτ/dη and, on using Eq. (Eq. (302)), we get the differential equation satisfied
by V +(η):

dV +

dη
= ri cos

(
η

2

) √
ri [1− (1/ri)]

1/2 cos (η/2)− sin (η/2)
1− {sec2 (η/2) /ri}

(306)

The above equation can be integrated to obtain V + as a function of the time η. Then
both the energy density and flux can be obtained from this prescription. The behaviour
of both the energy density and the flux are shown in Fig. 6. We note that both the
energy density and the flux show identical behaviour. For η < 0, when the sphere
has not started collapsing, the energy density and flux vanishes. (With our choice
2M = 1 the asymptotic value of Hawking flux would turn out to be: (1/192π). To
normalize the figures so that Hawking flux turns out be unity, the figures are drawn
with a rescaling of the y-axis.) As the observer moves forward in proper time both
the energy density and the flux arise and — as the event horizon is approached —
both the energy density and the flux rise rapidly. However the values are finite at the
event horizon located at ηH ∼ 2.824. This suggests another interesting aspect to study,
which is the comparison between the energy density and flux as measured by a radially
in-falling observer and various static observers they encounter along the path. For the
static observers the energy density and flux diverge as the event horizon is approached,
while for the radially in-falling observer the energy density and flux remain finite at
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the horizon crossing. We give below the expressions for the energy density and flux as
measured by these observers at the horizon:

UH = πT 2
H

(2
3 −

1
48E2 + 2E2

)
(307a)

FH = πT 2
H

( 1
48E2 + 2E2

)
(307b)

For a radially in-falling observer from infinity we have E = 1, for which the horizon
crossing energy density and flux becomes UH ∼ 32U∞ and FH ∼ 24F∞. (Note that
these results were obtained earlier in the context of a null collapse in [221].)

However the energy density and flux finally diverge as the singularity is approached. The
behaviour of the energy density and its integral over a small volume has the following
expressions near the singularity: (see Eq. (640) in Appendix F.2.3)

U (1) =
7κ2

24π
1
ε3

; E (1) =
∫
U
√
h(1)dV (1) ∼ 1

ε2
(308)

where superscript (1) denotes the expression of the quantities in the (1+1) spacetime
dimensions. Thus both the energy density and the integrated energy diverges as the
singularity is approached. Hence even in region outside the dust sphere the backreaction
is important near the singularity.

Generalization to (3+ 1) spacetime dimensions The energy density of the scalar
field, as measured by the radially in-falling observers, in (3 + 1) spacetime dimensions
can be obtained by dividing the (1+1) energy density by 4πr2. (This is a standard
procedure adopted in the literature; see e.g., [86, 39]). This leads to the following
approximate expression for the energy density near the singularity:

U (3) =
7κ2

96π2
1
r5 (309)

This result, at the face of it, shows that the back-reaction effects will be quite significant
close to the singularity even outside the collapsing dust sphere. However, we need to
ensure that the geometrical factor arising from the shrinking of the spatial volume does
not over-compensate the divergence. To obtain the proper volume element appropriate
for the radially in-falling observer, let us start with the metric in the synchronous
coordinates for an observer in free-fall, from a large distance:

ds2 = −dτ2 +
1
r
dR2 + r2dΩ2; r =

[3
2 (R− τ )

]2/3
(310)

Thus for a τ = constant surface the volume element turns out to be:
√
hd3x = r3/2 sin θ dRdθdφ =

3
2 (R− τ ) sin θdRdθdφ (311)
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Integrating this energy density over a sphere of small radius ε we get the total energy
to be

E (3) =
∫ ε+τ

τ
U
√
hd3x =

7κ2

16

∫ ε+τ

τ

1[
3
2 (R− τ )

]10/3 (R− τ ) dR ∼
1
ε4/3 (312)

which still diverges in the ε → 0 limit but only as ε−4/3. Thus, in the Schwarzschild
spacetime region (outside the dust sphere), close to the singularity, the energy density
due to scalar field tends to arbitrarily high value. The volume factor does help in (3+ 1)
but not completely.

Thus, on the whole, the results suggest that the back-reaction is important both in the
outside Schwarzschild regime as well as inside the dust sphere. This has the potential
of changing the geometrical structure near the singularity both inside and outside the
matter, due to the backreaction.

We will end this section with a few comments on how our results compare with those
obtained in some previous attempts [119, 124, 13, 12]. In most of these studies, approxi-
mate expressions for 〈Tab〉 have been obtained using a fourth order WKB expansion for
the field modes to get unrenormalized 〈Tab〉 and then eliminating DeWitt-Schwinger
counter-terms [64] to get the renormalized value. All these approximate results (which
includes both massless and massive fields) for vacuum expectation value of the stress
tensor has been obtained outside the event horizon. In [112] the approximate renor-
malized stress tensor in four-dimensional spacetime was obtained in the interior of the
event horizon. Our results follow from the s-wave approximation [86] in which the dom-
inant contribution to the Hawking effect comes from the monopole term (` = 0) in the
multipole expansion. This is also well justified since we are using the radial observers
to foliate our spacetime.

As we are interested in the region near the singularity, we will consider dominant terms
in the observables when the limit r → 0 is taken. If we calculate the energy density, i.e.,
〈Tab〉uaub for radially in-falling observer using the approximate stress energy tensor
given in [112], it diverges as the singularity is approached (which has been pointed
out in [112] itself), but more importantly as ∼ 1/r5. This is exactly the divergence
we have obtained through our analysis as well. Hence, the energy density expressions
obtained under s-wave approximation and energy density calculated using approximate
renormalized stress energy tensor given in [112] have similar divergent behavior near
the singularity. Moreover, the renormalized energy momentum tensor obtained in [112]
includes curvature coupled scalar field as well. Hence the divergent nature of the energy
density is a generic feature independent of coupling with curvature.

Using perturbations around the Schwarzschild solution and treating the renormalized
energy momentum tensor as a source for this perturbation, it is seen in [112] that
Kretschmann scalar diverges more rapidly for the perturbation compared to the clas-
sical Kretschmann scalar. This key result also follows and gets verified in our analysis.
Along with these, a related fact that curvature for the perturbation grows more rapidly
than the background geometry itself is also consistent with our results.
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Figure 7: The variation of the energy density and flux on the events along a null ray as a function
of time have been shown. Both the curves saturate at late time to the Hawking
radiation values implying that all the events on J + do receive the standard Hawking
flux. The rise of both the flux and energy density at lower values of V + corresponds to
the near horizon behaviour of these invariant observables. See text for more discussion.

9.5 energy density and flux on events along specific null rays

Combining all the results for the static and the radially in-falling observers we can
describe the variation of the energy density and flux on events along the null rays
introduced previously. For the events along the null rays inside the horizon the best
probes are the radially in-falling observers, as they pierce through every spacetime event
in the inside region, i.e., both in the regions A and B [see Fig. 1]. Thus each radially in-
falling observer will intersect the null rays at one unique spacetime event. As the initial
radius of the radially in-falling observer is varied, the trajectory will intersect the null
ray at a different but still unique spacetime point. All these null rays in the outgoing
mode have constant V − and hence the only parameter that varies along the null rays is
V +. For the events along the null rays outside the horizon we can determine the energy
density and flux by using either the freely falling observers or the static observers. We
summarize below all the results obtained for these three rays from our analysis.

Events along the null ray just outside the horizon: Let us start the discussion
by considering the behaviour of the energy density and flux on the events along the
ray which straddles the horizon just outside and ultimately escapes to future null
infinity J +. (This is the ray shown in top-right figure of Fig. 1.) As we have discussed
earlier, there is nothing peculiar happening in regions C and D, and hence we will not
bother to discuss those regions. After its reflection at r = 0 the energy density rises,
reaches a maxima and then drops back to the Hawking value as the asymptotic infinity
is approached [see the left plot in Fig. 7]. Similar behaviour is exhibited by the flux,
which also reaches a maxima and then decreases ultimately reaching the Hawking value
as the asymptotic limit is approached.

Hence we conclude that, on the events along the null ray just outside the horizon,
nothing strange happens and the results reproduce the standard black hole radiation,
known in the literature.
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Figure 8: The energy density and flux along null rays very near — but inside — the horizon.

These rays come out of the dust sphere after the surface of the dust sphere has crossed
the event horizon. Since all these null rays hit the singularity in a finite proper time
the energy density and flux diverge. See text for detailed discussion.

Events along the null ray just inside the horizon: The second null ray passes
through the events which are inside the event horizon (See the bottom-left figure in
Fig. 1). Initially this ray shares the same geometry as the previous one and hence has
almost the same energy density and flux. It also straddles the horizon but— being
inside the horizon— its ultimate fate is sealed; it has to hit the singularity in finite
time [see Fig. 1]. Thus even though the initial events along these two rays share similar
physical conditions, the final regions of spacetime encountered by these two rays are
very different. One ends at the future null infinity as described earlier, while the other
one ends at the singularity.

The energy density and flux in the present case can be calculated using the radially in-
falling observers. For different radially in-falling observers (parametrized by the radius
from which the free fall starts) the null ray cuts these observers at unique and distinct
points. Thus calculating the value of the invariant observables at every point enables
us to obtain their variation on the events along the null ray. The energy density along
this null ray starts to rise and ultimately diverges as the singularity is approached [see
the first figure of Fig. 8]. The same feature is also seen in the flux as measured along
this null ray.

Thus we can conclude that the final phase of the journey for this null ray shows sig-
nificant differences compared to the one discussed earlier. For events along this ray
close to the singularity, both the invariant observables diverge, in striking contrast to
the events along the previous null ray, which ultimately leads to the Hawking flux [see
Fig. 9]. Naively speaking this makes the back reaction effects quite significant close to
the singularity. However, as we said before, such a divergence in the energy density can
be compensated by the shrinking 3-volume in a region close to the singularity. So we
needed to compute the total energy inside a small volume before we can conclude about
the divergence. This question has already been addressed in Section 9.4.2.2. The final
conclusion to be drawn is that these quantities do exhibit a divergence even in (3 + 1)
spacetime dimensions.

Events along the null ray inside the dust sphere: This is the last situation
we need to consider. This null ray stays mostly inside the dust sphere and also hits



118 a quantum peek inside the black hole event horizon

60 62 64 66 68 70 72 74
0.0

0.2

0.4

0.6

0.8

1.0

V
+

E
n

e
rg

y
D

e
n

si
ty

R
a
ti

o

Figure 9: The ratio of the two energy densities along the two null rays straddling the event
horizon — one just outside, while another just inside. As the inside ray approaches
the singularity this ratio reduces to zero since energy density along the inside ray
diverges. However for the rays near the event horizon — but outside — the energy
density is finite, making the ratio vanish at late times. For two null rays with almost
identical V + at the time of reflection at r = 0 the energy density turns out to have
similar values; it can be seen from the figure that the ratio at the beginning is almost
equal to unity.
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Figure 10: Behaviour of U and F at events along the null rays hitting the singularity while they

are within the dust sphere. For these rays the value of the U coordinate is greater
than the value of the U coordinate at which the dust ball hits the singularity. The
null ray initially shows a growth as seen for the radially in-falling observers inside
the dust sphere. After reaching a maximum the energy density ultimately decreases,
finally it diverges as it hits the singularity. Identical divergence can also be seen for
the flux. See text for detailed discussion.

the singularity while it is still inside. On the events along this null ray we can make
a direct comparison of the energy density of the quantum field with that of the dust
sphere itself. As it moves towards the event horizon the energy density again rises,
reaches a maxima and then diverges as the ray hits the singularity [see Fig. 1]. The
same behaviour was also noted earlier for radially in-falling observers inside the dust
sphere. As these observers are used to define the invariant observables along the null
rays they exhibit similar behaviour. In this case as well the ratio U/ρ diverges as the
singularity is approached, i.e., the ratio tends to arbitrarily high value as the null ray
reaches arbitrarily close to the singularity. The same result was also obtained earlier in
the case of radially in-falling observers inside the dust sphere. Even though the above
conclusions were drawn from (1+1) spacetime dimensions they carry forward to (3+ 1)
spacetime dimensions as well, as shown in Section 9.4.2.1. Thus we conclude that the
respective energy density for the scalar field and its ratio with dust energy density
diverges in (1+1) as the singularity is approached. In (3 + 1), even though the energy
for the scalar field does not diverge due to the volume factor in (3 + 1) spacetime
dimensions, the ratio E (3)/E(3) diverges. Thus the backreaction is important within
the dust sphere as well. As we saw earlier, this is the case at events in region B close
to the singularity, where the back reaction effects are significant.

9.6 effective temperature measured by detectors

9.6.1 Effective Temperature as a measure of detector response

We believe, for reasons described in Section 9.3, that the regularised stress-tensor ex-
pectation value is the appropriate quantity to study in our case. Nevertheless, for the
sake of completeness and to compare our results with those obtained earlier in the
literature, we will also consider the detector response in this Section.
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Let γ(τ ) be the trajectory of an asymptotic stationary detector expressed in terms of
its proper time τ . Then, under certain conditions, one can associate [222, 21, 22] a
temperature T− with this detector by:

T− =
1

2π

∣∣∣∣∣ V̈ −V̇ −
∣∣∣∣∣ (313)

(One can also associate a second temperature T+ in an analogous fashion; but we will
not need it for our discussion.) The usefulness of the above definition arises from the
fact that it can be applied to non-stationary, non-asymptotic observers as well. It can
be easily verified [222] that T−(τ ) indeed leads to the Tolman redshifted temperature
[231] as measured by static Unruh-DeWitt detectors. The approximate constancy of
T− can be expressed through the adiabaticity condition [21, 22] which can be expressed
as:

η− ≡
∣∣∣∣∣ Ṫ−T−

∣∣∣∣∣� 1 (314)

This condition allows us to consider the response of the Unruh-DeWitt detectors in a
straightforward way, by evaluating T−(τ ). Hence with every trajectory we can intro-
duce a temperature T−(τ ) along with its adiabaticity parameter η−. This setup will
provide another handle on the quantum field theory of the scalar field in the collapsing
background geometry.

9.6.2 Static Detectors in region C

For a static detector the effective temperature corresponding to V − exists which, in
the late time limit, (U → π− 3χ0) reduces to:

T late
− =

1
4π

√
r

r− 1 = TH

√
r

r− 1 (315)

(the general expression is given in Eq. (642) in the Appendix F.) This is precisely the
Tolman redshifted temperature, showing the validity and use of this effective tempera-
ture formalism. The variation of the effective temperature with V +, proportional to the
proper time of the static detector has been shown in Fig. 11. We have also illustrated
the variation of the effective temperature at late time with radii, showing the divergence
as the horizon is approached. Incidentally, the detector temperature allows us to study
another question which is of interest by itself. Consider a collapsing structure which
— unlike the pressure-free dust studied so far — exhibits the following behaviour. The
dust sphere starts to collapse from certain radius, continues to collapse until it reaches
r = 2M + ε (with ε � 2M) and then stops collapsing due to, say, internal dynamics
and becomes static. What kind of radiation will be detected by a static detector at
large distances? Previous studies, based on quantum field theory [200], has shown that
the collapsing body (i) will emit radiation closely resembling the Hawking effect during
the collapsing phase and (ii) the effective temperature will drop down to zero at late
times. It is worthwhile to study this situation using the detector response.
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Figure 11: The effective temperature T− reaches the Tolman redshifted Hawking temperature
TH at late V + (left figure). In the near horizon regime the effective temperature T−
is positive and diverges as the horizon is approached (right figure).
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Figure 12: The variation of the effective temperature with V + as the surface of the dust sphere
approaches the horizon. If, for some reason, the collapse is halted at r = 2M +
ε (before forming the horizon) the effective temperature — which initially raises
towards the standard Hawking value — drops to zero when the dust sphere becomes
static. This situation is shown for two values of the final radii in the two plots.

We will consider the detector response, i.e., effective temperature measured by static de-
tectors in this collapse scenario. The relevant collapsing geometry can be easily achieved
by applying the same equations as given by Eq. (270) with η being restricted to the
range: 0 ≤ η ≤ π − 2χ0 − 2ε. Here ε is connected to the quantity rstop − rs, i.e., the
radial distance from the horizon at which the collapse stops. This relation can be easily
obtained as: rstop − rs = 2 (cotχ0) ε. Hence, given the value of ε, we can obtain the
effective temperature at all times. We find it to be nonzero and approaching the sat-
urated Tolman redshifted Hawking value during the collapse. While after the collapse
stops, there is no formation of trapped region and thus the effective temperature drops
to zero. This situation is being depicted in Fig. 12 for two different choices of ε. It turns
out that as ε decreases the effective temperature more closely resembles the Hawking
temperature. As ε→ 0, we recover the usual Hawking evaporation result.

Let us now return to our main theme. Having discussed the energy density, flux and
effective temperature for static observers, we will now proceed to determine the same
for radially in-falling observers, both inside the dust sphere and outside.
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Figure 13: The effective temperature T− for radially in-falling detectors comoving with the dust
sphere and remaining inside it. It is evident that the effective temperature diverges
as the detector approaches the singularity.
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Figure 14: The first figure shows the behaviour of T−, normalized to the Hawking value TH , as
the radially in-falling observer approaches the singularity. The next figure describes
the variation of the effective temperature with the energy gap of the detector in
the asymptotic and near horizon regime. The near horizon value is greater than the
asymptotic value for unbound trajectories i.e. trajectories with E ≥ 1.

9.6.3 Radially In-falling Detectors: Inside regions D and A

Let us first consider the effective temperature measured by the observers inside the dust
sphere. As the spacetime can be globally mapped by the coordinates (V +,V −), we can
follow the same procedure as adopted before to calculate the effective temperature
T−. For completeness we provide the expression for the effective temperature T− along
the trajectory of the radially in-falling detector in Eq. (643) in the Appendix F. The
effective temperature depends on the proper time η along the trajectory of the radially
in-falling observer and is plotted in Fig. 13. It becomes arbitrarily large as η → π, i.e.,
as the radially in-falling detector approaches the singularity arbitrarily close.

9.6.4 Radially In-falling Detectors: Outside regions C and B

Let us now consider the case of Unruh-DeWitt detectors outside the dust sphere moving
on a radially in-falling trajectory. The effective temperature they measure along their
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radially in-falling trajectory is specified by the energy E. This is a non-stationary
phenomenon, since— as the detector approaches the singularity the local curvature
grows rapidly. Thus this trajectory allows us to probe the time dependent Hawking
temperature in detail. The expression is given by Eq. (644) in Appendix F.

Here we are interested in two limits: the asymptotic one and the near horizon limit.
In the asymptotic limit we have ü = 0 and (r − 1)/r = 1, such that the effective
temperature reduces to:

TAsym
− = TH

(
E +

√
E2 − 1

)
(316)

which is consistent with what we expect. For a radially in-falling observer who starts
her journey from spatial infinity has energy E = 1. Then this observer will detect a
temperature TAsym

− = TH . While for observers with E 6= 1, the asymptotic temperature
would be different from the Hawking value, as obtained earlier in the context of a null
collapse in [222]. In this regime the adiabatic parameter is negligibly small.

On the other hand, at horizon crossing, we have the following expressions: ṙ = −E, V̇ + =
(1/2E) and r̈ = −(1/2). Then we obtain the following expression:

V̈ −

V̇ −
=

2ü− u̇2

2u̇ = lim
r→1

4ṙ2(r+ 1)− 4r(−r̈+ ṙv̇)

4rṙ = −2E (317)

Thus the near horizon effective temperature is given by :

THor
− = 4ETH (318)

Thus the effective temperature is not only non zero, but for states with E ≥ 1, it
exceeds the Hawking value. For an Unruh-DeWitt detector dropped from infinity we
have E = 1 and thus the detector will perceive four times the Hawking temperature
at the horizon crossing. (This result was obtained earlier in Ref. [222, 21]). However at
this stage the adiabaticity parameter η− has large value, and hence the interpretation
of T− as the temperature has some ambiguity, and one needs to consider progressively
larger frequency modes.

The behaviour of T− has been plotted against the conformal time η for the detector
in Fig. 14. The effective temperature remains finite at the horizon crossing, ηH ∼
2.82, while diverges later as the detector hits the singularity. We have also plotted the
behavior of TAsym

− and THor
− as a function of the energy of the in-falling detector. We

note that for unbound trajectories (E ≥ 1), the horizon crossing temperature is always
greater than the asymptotic value.

9.7 conclusion

While the quantum field theory outside the black hole event horizon is well studied
in the literature, the corresponding issues in the region inside the event horizon have
not attracted sufficient attention. This was the key motivation for this chapter. We
have considered a massless scalar field in the background geometry of a collapsing dust
ball (Oppenheimer-Snyder model) in the in-vacuum state defined on J −. We focused
on the (regularised) stress-energy tensor in this vacuum state as a physically relevant
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Figure 15: Penrose diagrams (along with the associated graphs) illustrate how the flux along
the null rays vary. In the top-left figure we consider a ray straddling the event horizon
but remains outside. The flux in the near horizon regime first shows an increment,
but soon tends to the Hawking value as the ray approaches the future null infinity.
The behaviour of flux along the null ray straddling the event horizon just inside, but
remaining outside matter at late times is shown in the top-right figure. This null ray
hits the singularity in a finite proper time and the flux diverges. The bottom figure
shows the divergent nature of the flux for null rays inside the dust sphere. The flux
diverges near the singularity as expected.
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diagnostic of the quantum effects. The stress-energy tensor, in turn, leads to two scalar
observables – energy density and flux in the normal direction – related to an observer
at any point in the spacetime. The key results obtained through this analysis are
summarized below:

• Let us first start with the radially in-falling observers inside the dust sphere and
the invariant observables they measure along their trajectory.

1. In (1+1) spacetime dimensions the radially in-falling observers inside the
dust sphere find that the corresponding energy density and flux becomes
arbitrarily large as they approach the singularity (arbitrarily close) in a
finite proper time. Even though the energy density of the dust ball (ρ) itself
diverges as the singularity is approached, scalar field energy density (U)
diverges faster. The same conclusion holds for the total energy within an
infinitesimal volume as well. Hence in (1+1) spacetime dimensions the scalar
field dominates over the classical source.

2. In (3+ 1) spacetime dimensions also the energy densities of both the scalar
field and classical matter becomes arbitrarily large close to the singularity.
Just as in (1+1), in (3+ 1) as well the scalar field energy density dominates
over the classical source. Thus backreaction is important inside the dust
sphere.

• The second class of observers we consider are the radially in-falling observers
outside the dust sphere. For them, we arrive at the following conclusions for the
invariant observables:

1. In (1+1) spacetime dimensions, radially in-falling observers outside the dust
sphere find that the energy density of the scalar field becomes arbitrarily
large near the singularity. The same is also true for fluxes measured by these
radially in-falling observers near the singularity. Since there is no classical
matter present in this region this divergent energy of the scalar field has the
potential to alter the singularity structure.

2. The corresponding situation in the (3 + 1) spacetime dimensions is similar
and both the energy density and flux diverge as the singularity is approached.
The divergence in the energy density of the scalar field can prohibit the
formation of singularity itself due to existence of back-reaction near the
singularity.

Thus, the energy density in the scalar field dominates over the classical back-
ground energy density making the backreaction important both inside and out-
side the dust sphere. All these conclusions hold for energy density and flux as
measured along the events in the null rays hitting the singularity either inside
the dust sphere or outside.

• The radially in-falling observers outside the dust sphere observe that there is
nothing peculiar at the event horizon; neither the energy density nor the flux
diverges there.

• The study of the events along the null ray straddling on the outside of the event
horizon leads to the standard Hawking energy density and flux at late times,
while the events along the ray inside the horizon sees an increase of both energy
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density and flux to arbitrarily high values as it approaches near the singularity.
Even though derived in (1+1) spacetime dimensions, the same results hold in
(3 + 1) spacetime dimensions as well, with milder divergences.

In addition to the above main results, we have also obtained several results for the
observers on the outside of the event horizon which agree with the previous studies
and expectations. Also, for completeness, we have studied the effective temperature
formalism and observed similar effects of divergence at the singularity in this case as
well.



10
INFORMATION RETRIEVAL FROM BLACK HOLES

10.1 introduction : black hole information paradox

Evaporation of black holes threatens the most basic and fundamental feature of the
standard quantum theory, namely unitary evolution if one tries extrapolating the results
obtained at the semi-classical level [106]. Existence of black hole entropy [26, 234] along
with evaporation of black holes by emission of a (nearly) thermal radiation of positive
energy due to quantum effects [106] leads to a thermodynamical description of black
holes. Further the flux of negative energy flowing into the black hole decreases its mass
and the mass lost by the black hole appears in the form of energy of the thermal
radiation. Even though this is essential for the celebrated thermodynamic description
of black holes, such a process, together with other properties of black holes, appears to
violate the standard unitary quantum mechanics leading to information loss paradox
[158]. The crux of the paradox can be summarized as follows — as the black hole
evaporates completely without leaving any remnant behind, one can assume that the
entire information content of the collapsing body is either destroyed or must be encoded
in the resulting radiation. However, residual radiation in this process being (dominantly)
thermal, is unable to contain much of the information and hence incapable of making
the theory unitary. Therefore, most of the information content of the matter which
forms the black hole becomes unavailable to the future asymptotic observers.

In this chapter, we will argue that the version of the paradox concerning the information
content of the initial data originates from a hybrid analysis of a process which should
be fully quantum mechanical in nature. The matter which forms a black hole in the
first place, should also be treated as fundamentally quantum mechanical and hence
must follow a quantum evolution. We expect that the classical description at lowest
order leads to formation of an event horizon but the information about the quantum
nature of the collapsing material must not be completely ignored while studying this
process. The quantum matter forming the black hole will populate its modes at future
asymptotia non-thermally and the presence of this effect can be felt even in semi-
classical level.

Previously it has been shown that the particle content of the ingoing field modes makes
the resulting Hawking radiation to be supplemented by a stimulated emission. There-
fore, the radiation profile becomes non-thermal and thus capable of storing information.
There have been studies (see e.g., [242, 199, 223, 19, 197, 217, 169, 2]) regarding in-
formation content of corrected spectrum, form the point of view of information theory
(Von Neumann entropy, channel capacity, etc.). We, however, do not commit to a par-
ticular specification of the information content but concentrate on the possibility of
explicit reconstruction of the initial state of the field from the resultant radiation in a
collapse process. Neither do we make an attempt to restore unitarity by such a stimu-

127



128 information retrieval from black holes

lated emission process. Our focus will be to reconstruct the initial data to the extent
possible when the Hawking radiation has a non-thermal part.

We will see that the symmetry characteristics of the initial state will determine whether
asymptotic observers can reconstruct the initial state completely or partially. Therefore,
analysis of the allowed set of symmetries present in the characterization of the initial
state will play a pivotal role in the recovery of the initial information content, just from
the spectrum function when the black hole is evaporated completely. Recently, it has
been shown [63] how to reconstruct a qubit state which is thrown into a black hole
by measuring changes in the black hole characteristics in such a process. Our scheme
is somewhat similar in spirit, but calculates the projection of states in an infinite
dimensional Hilbert space.

In the semi-classical approximation, the formation of the classical event horizon is
unavoidable, since the part forming the black hole follows classical equations of motion.
With the presence of the horizon, pure to mixed state transition is also imminent. Thus
a part of the field modes always remain hidden from the asymptotic observer, giving
rise to a mixed state description. We show that, at the semi-classical level itself, there
are additional quantum hairs in the resulting radiation profile. At this stage we should
emphasize that we are not focusing on the non-thermal distortions originating from
the vacuum itself, but on the part which is originating from non-vacuum component of
the quantum state. As discussed earlier [241, 101], there can be various sources of non-
thermal corrections, even when the initial state is a vacuum. We dub the total Hawking
radiation endowed with all these corrections, as the vacuum response. We show that if
there are corrections over and above the vacuum response, information regarding the
initial sector of Hilbert space, which formed the black hole, can be extracted.

Information in an initial state of a collapsing field carrying non-zero stress energy can
be stored using a superposed state in the Hilbert space. We will be using initial non-
vacuum state of the form:

|Ψ〉in =
∫ ∞

0

dω√
4πω

f(ω)â†(ω)|0〉in. (319)

This is an excited state which is a superposition of one-particle states. The function
f(ω) completely encodes the information about the initial state and the idea is to
reconstruct this function from the spectrum of the black hole radiation received by
asymptotic observers.

We will first show how this reconstruction of initial state works, for a collapse model
forming Schwarzschild black hole in (3 + 1) dimension as a quasi-static process. Thus,
we first consider the case in which a spherically symmetric scalar field is undergoing a
collapse process to form a black hole. The complete quantum analysis of this process
will require the study of the quantum evolution of the field as well as that of the
“quantum geometry” and the back-reaction. However, lack of good control over either
the quantum sector of the geometry or the back-reaction in (3+ 1) dimension, compels
us to adopt a semi-classical approach, where we take the matter field to be described
by:

φ̂(x) = φ0I + δφ̂, (320)
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where φ0 is the part which dominantly describes the evolution of geometry. That
is,

〈Ψ|Tµν [φ]|Ψ〉 ∼ 〈Ψ|Tµν [φ0]|Ψ〉,

will act as the source for the geometry and will lead to the gravitational collapse. We
can, alternatively, think of a process in which some of the highly excited modes φ0 of the
field, acting as classical matter, collapse to form a black hole, while some other modes δφ̂
evolve quantum mechanically as a test field in this background. These quantum modes
are populated, i.e., such modes will be in a non-vacuum state of the field and carry
some small amount of energy into the black hole. Classically, the test field modes, once
they cross the horizon, will make the black hole larger and then will become inaccessible
to future asymptotic observers. However, quantum mechanically, we show that such a
process will lead to a non-vacuum distortion in the late time Hawking radiation which
will make the recovery of information about the initial quantum state possible. The
late time radiation will have a frequency space correlation which becomes non-zero if
the initial state was not a vacuum.

We will also discuss a (1+ 1) dimensional dilatonic black hole solution which is known
as the CGHS model. This model includes the effect of the back-reaction, in which the
problem of forming a black hole with quantum matter as source can be solved exactly.
Therefore, in this model, we will be able to not only account for the back-reaction of the
test field modes δφ̂ but also recover the information about the field φ0 which forms the
black hole itself. Further, being a conformally flat spacetime, the Bogoliubov coefficients
can be calculated exactly and hence the information content in the out-going modes
can be obtained at any stage of evolution, not only at late times. Thus, we can track
the loss of information, if any, during the course of evolution and evaporation.

In Section 10.2 and Section 10.3, we discuss the characterization of the initial state
we will be dealing with in this chapter. We will also briefly discuss quantum field
modes in a spherically symmetric black hole collapse scenario. These modes will be
used to specify the non-vacuum state of the test field in the spherically symmetric case.
In Section 10.4, we discuss the resulting correlation spectrum from such non-vacuum,
single particle states. Since accommodating the back-reaction in the (3+ 1) black hole
formation is technically very difficult, we go to lower dimensions to get a handle on the
back-reaction analytically. For this purpose we consider the evaporation of a (1 + 1)
dimensional dilatonic black hole solution. We will briefly describe this model in Section
10.5, and shall connect up with the (3 + 1) results. In Section 10.6, we will show how
the concept of the non-vacuum distortion can be utilized to harness information about
the matter falling into the black hole, which normally would have been invisible to the
asymptotic (left-moving) observer. We discuss the class of symmetry characteristics of
the initial state, for which such an asymptotic observer can reconstruct the initial data.
In Section 10.7, we will discuss the implication of our scheme of retrieval of information
and the scope for further generalization. The detailed calculations have been presented
in Appendix G.

10.2 initial state of spherical collapse

The case we discuss first is that of a real scalar quantum field living in a collapsing
spacetime, which eventually would harbor a black hole. The initial state of the field is
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specified at the past null infinity (J −). The geometry at J − is Minkowski-like and the
corresponding modes describing the quantum field will be the flat spacetime modes. For
the flat spacetime free-field theory, the in-falling field decomposition is given as

φ̂(x) =
∫

d3k√
2ωk

(âke
ik·x + â†ke

−ik·x), (321)

=
∫
d3kφ̂k(t)e

ik·x, (322)

where

φ̂k(t) =
(âke

−iωkt + â†−ke
iωkt)

√
2ωk

, (323)

satisfying φ̂k = φ̂∗−k for a real field. We further define ˆ̄φk = âke
−iωkt, such that,

√
2ωkφ̂k = ˆ̄φk + ˆ̄φ†−k. (324)

Therefore, specifying ˆ̄φk is equivalent to specifying φ̂k. This operator describes the field
configuration in terms of the Fourier momentum modes at J −. We define an observable
of the momentum correlation by introducing the Hermitian operator:

N̂k1k2 ≡ ˆ̄φk1
ˆ̄φ†k2

+ ˆ̄φk2
ˆ̄φ†k1

= âk1 â
†
k2
e−i(ωk1−ωk2 )t + âk2 â

†
k1
ei(ωk1−ωk2 )t. (325)

For a massless field in a spherically symmetric configuration, this operator can also
measure the frequency correlation if we suppress the angular dependence. We will
later concentrate on these cross-correlators in order to retrieve the information about
what went into the black hole. In this section, we will study a field which undergoes

i+

i−

i0

d

J +

J −

Figure 16: Penrose Diagram For Schwarzschild collapse

spherically symmetric (s-wave) collapse, slowly [241, 101] to form a large mass black
hole. The relevant positive frequency modes describing the initial state will be

uω(t, r, θ,φ) ∼
1

r
√
ω
e−iω(t+r)S(θ,φ) (326)

where S(θ,φ) gives a combination of spherical harmonics Ylm(θ,φ). For this collapsing
case we take the initial state to be in-moving at J − which is totally spherically sym-
metric, i.e., l = 0. Once an event horizon is formed through the collapse process, the
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full state can again be described using a combined description at the event horizon H
and on the future null infinity (J +) [185, 204], i.e., the field configuration of spacetime
can also be described using positive and negative frequency modes compatible to J +

as well as on the horizon H. For an asymptotic observer, the end configuration of the
field will be the out-state, described using modes at J +, which are again flat spacetime
modes owing to the asymptotic flatness of the model. The field content of the out-state
can be obtained using the Bogoliubov coefficients between the modes at J − and J +

[185, 204]. The asymptotic form of these Bogoliubov coefficients are given as [106]

αΩω =
1

2πκ

√
Ω
ω

exp
[
πΩ
2κ

]
exp [i(Ω− ω)d] exp

[
iΩ
κ

log ω
C

]
Γ
[
− iΩ
κ

]
,

βΩω = − 1
2πκ

√
Ω
ω

exp
[
−πΩ

2κ

]
exp [i(Ω + ω)d] exp

[
iΩ
κ

log ω
C

]
Γ
[
− iΩ
κ

]
. (327)

where Ω is the frequency of the out-modes at J +, the parameter κ is the surface
gravity of the black hole, while C is a product of affine parametrization of incoming
and outgoing null rays [185, 204] and d is an arbitrary constant marking the last null
ray reaching J +.

We can set d = 0 through co-ordinate transformations on J −. These Bogoliubov coeffi-
cients are accurate for large values of ω. At small ω values, the expressions in Eq. (327)
will receive corrections. However, when we are interested in the late-time radiation at
future null infinity (J +), one can show that the dominating spectra will come from
those modes which have just narrowly escaped the black hole, i.e., which were scat-
tered just before the formation of the event horizon. Such modes are the ones with
high frequencies at the past null infinity. So the calculations done with Eq. (327) will
be accurate to the leading order. We will consider states which are eigenstates of the
number operator defined with the help of the in-modes, but are not the energy or
momentum eigenstates. Let the state of the field undergoing collapse in a black hole
spacetime, be a (superposition of) single particle excitation state

|Ψ〉in =
∫ ∞

0

dω√
4πω

f(ω)â†(ω)|0〉. (328)

(We will generalize the analysis for higher excited states in the appendices, see Appendix
G) We define a new function g(z), using a dimensionless variable z, which is related to
the frequency ω of mode functions at J −, as

log ω̃
C

= z ⇒ f(Cez) = g(z), (329)

to re-write the state as

|Ψ〉in =
∫ ∞
−∞

dz√
4π
g(z)â†(z)|0〉. (330)

In order to specify the state we need to specify f(ω) in Eq. (328) or equivalently g(z)
in Eq. (330). We will see how much of information about this function can be retrieved
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from the outgoing modes. Before proceeding to the black hole emission spectra, we
introduce the function

F (y) =
∫ ∞
−∞

dzg(z)eiyz, (331)

which will be used to characterize the initial state in Eq. (328) or Eq. (330). This is
an equally good measure for encoding the information about the state, as it is just a
Fourier transform of an L2 function. It is useful to construct yet another function

F̃

(
Ω
κ

)
= exp

[
πΩ
2κ

]
F

(
Ω
κ

)
, (332)

from Eq. (331). Then one can obtain the distribution g(t) from Eq. (332) as

g(z) =
1

2π

∫ ∞
−∞

d

(
Ω
κ

)
F̃

(
Ω
κ

)
e−i

Ω
κ
ze−

πΩ
2κ . (333)

We note again that the one particle state is completely specified once we have complete
knowledge of the function F̃ (Ω/κ). We will discuss the information about F̃ (Ω/κ)
available in the out-going modes, by analyzing the frequency space correlations. Such
correlations turn out to be definitive tools for the recovery of the information. We will
first discuss these correlations briefly in the next section and then go on to study a
special case of this correlation, the self-correlation, which gives the emission profile
of the black hole, and we will show that the emission profile develops a non-vacuum,
non-thermal, part capable of storing information.

10.3 information of black hole formation : correlation func-
tion

We wish to obtain the information regarding the quantum states falling into the black
hole, or more elaborately, regarding the quantum states which formed the black hole
itself. For this purpose, we consider an observable which measures the frequency space
correlation in the out-going modes. The annihilation operator b̂Ω associated with the
outgoing modes is related to the creation and annihilation operator âω and â†ω of the
ingoing mode as,

b̂Ω =
∫
dω
(
α∗Ωωâω − β∗Ωωâ†ω

)
(334)

where, αΩω and βΩω are the Bogoliubov coefficients. Now following Eq. (325), the
frequency space correlation for the outgoing modes turns out to yield

N̂Ω1Ω2 = b̂†Ω1
b̂Ω2e

−i(Ω1−Ω2)t + b̂†Ω2
b̂Ω1e

i(Ω1−Ω2)t (335)

Recently, an analogous operator was used in [5] for studying the growth of loop correc-
tions in an interacting theory. For the initial state (in-state) of the field, being vacuum
|0〉 or one with a definite momentum |k〉 (and hence for all the Fock basis states), the
expectation value of this correlation operator vanishes. We now consider this quantum
correlation of the field in the out-going modes. The correlation operator N̂Ω1Ω2 defined
in Eq. (335) for the out-going modes is related to those for in-moving modes through
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Bogoliubov transformations, as presented in Eq. (334). If the test field δφ̂ starts in
the in-vacuum state |0〉in, then the expectation value of the frequency correlation be-
comes,

in〈0|N̂Ω1Ω2 |0〉in = δ(Ω1 −Ω2)× e
−π(Ω1+Ω2)

2κ

√
Ω1Ω2

4π2κ2

×
{

Γ
[
−iΩ1

κ

]
Γ
[
i
Ω2
κ

]
e−i(Ω1−Ω2)t + c.c.

}
(336)

which vanishes identically for the off-diagonal elements and hence the asymptotic fu-
ture observer will also measure no frequency correlation in the out-going modes. The
diagonal elements of this observable gives the number spectrum. Such an observer mea-
sures the out-going spectrum to be a thermal one which can be verified by taking
Ω1 = Ω2.

However, when the test field starts in a non-vacuum state, the out-going modes will
develop a frequency correlation and the expectation of Eq. (335) will become non-zero.
The correction to the expectation of the frequency correlator N̂Ω1Ω2 in a non-vacuum
in-state leads to,

in〈ψ|N̂Ω1Ω2 |ψ〉in =

(∫ dω√
4πω

f(ω)α∗Ω2ω

)

×
(∫

dω̄√
4πω̄

f∗(ω̄)αΩ1ω̄

)
+

(∫
dω√
4πω

f∗(ω)β∗Ω2ω

)

×
(∫

dω̄√
4πω̄

f(ω̄)βΩ1ω̄

)e−i(Ω1−Ω2)t + c.c (337)

Using the expressions for αΩω and βΩω from Eq. (327), we obtain,

in〈ψ|N̂Ω1Ω2 |ψ〉in =
1

4π [A(Ω1)A(Ω2)
∗ + c.c.]

+
1

4π [B(Ω1)B(Ω2)
∗ + c.c.] . (338)

with

A(Ω) = e−
πΩ
2κ

√
Ω

2πκΓ
[
−iΩ

κ

]
F

(
Ω
κ

)
e−iΩt, (339)

and

B(Ω) = e
πΩ
2κ

√
Ω

2πκΓ
[
−iΩ

κ

]
F ∗
(
−Ω
κ

)
e−iΩt (340)

expressed in terms of the time co-ordinate of out-going observers. The frequency cor-
relation for two distinctly separated frequencies (i.e., Ω1 6= Ω2), as discussed above,
remains zero for all the field configurations which were in the vacuum (incidentally, also
for configurations in individual Fock basis elements) in the in-state. However, as for the
out-state, the frequency correlation remains zero only if the in-state was a vacuum. The
out-going modes develop frequency correlation, even if the in-state was a non-vacuum
Fock basis state with zero correlation. Alternatively, those fields which carried some
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amount of stress energy into the black hole definitely develop some non-zero correlation
at late times, while only those fields which were in a vacuum state develop no late time
frequency correlation. Therefore, by just measuring this operator, a late time observer
will be able to tell if some non-zero stress-energy has entered the black hole.

Further the observer can decipher the state that entered into the black hole, by recon-
structing F (Ω/κ) from this non-zero expectation value of the correlation. We demon-
strate the technique below. We can also consider a special case of this correlation, i.e.,
the self-correlation for simplicity. We measure the change in self-correlation, which is
just the spectrum operator [147], once a non-vacuum state perturbs the black hole
configuration and we will see that this change encodes information of interest (see Ap-
pendix G). Expectedly, other correlations carry information about the in-going states
much more efficiently.

10.4 radiation from black hole: information about the initial
state

We show that Eq. (338) can be used by out-moving observers for retrieving information
regarding F (Ω) and thus for reconstructing the state presented in Eq. (319). From the
off-diagonal elements of Eq. (338) we construct a complex quantity

DΩ1Ω2 ≡ NΩ1Ω2 +
i

∆Ω
∂

∂t
NΩ1Ω2 , (341)

where ∆Ω = Ω1 −Ω2. In terms of the function F (Ω/κ), the above expression can be
re-written as

DΩ1Ω2 =
1

2π

√
Ω1Ω2

4π2κ2 Γ
[
−iΩ1

κ

]
Γ
[
i
Ω2
κ

]eπ(Ω1+Ω2)
2κ F

(
−Ω2
κ

)
F ∗
(
−Ω1
κ

)

+ e−
π(Ω1+Ω2)

2κ F

(
Ω1
κ

)
F ∗
(

Ω2
κ

)e−i(Ω1−Ω2)t.

(342)

For a real initial state, we have F (Ω/κ) = F ∗(−Ω/κ) and therefore, Eq. (342) can be
used to extract the function F (Ω/κ) as,

SΩ1Ω2 ≡
4π3κ2
√

Ω1Ω2

DΩ1Ω2e
i(Ω1−Ω2)t

Γ
[
−iΩ1

κ

]
Γ
[
iΩ2
κ

]
cosh

(
π(Ω1+Ω2)

2κ

)
= F

(
Ω1
κ

)
F ∗
(

Ω2
κ

)
. (343)

Clearly, left hand side of Eq. (343) can be determined by observing the emission spec-
trum. Therefore, left hand side is under our control completely. From the above relation,
we see that this quantity has to be separable as a product in terms of the frequencies Ω1
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and Ω2. Using this property, we can obtain the function F (Ω/κ), upto an irrelevant
constant phase, from the symmetric sum

logSΩ1Ω2 = logF
(

Ω1
κ

)
+ logF ∗

(
Ω2
κ

)
, (344)

or, alternatively, by fixing one of the frequencies and varying the other. Therefore, for
the real initial state, the state can be identically and completely reconstructed from
correlations in the out-going modes.

In [146], we devised a formalism to deal with the analysis of field content of a non-
vacuum pure state corresponding to a particular observer with respect to another set of
observers, using the correlation functions. The information about the state through the
function f(ω), together with the Bogoliubov coefficients, completely characterize the
deviations form the standard vacuum response. The analysis of the spectrum operator
[197, 32] also captures this distortion. The extraction of information about initial data
using the spectral distortion N̂Ω = 〈Ψ|b̂†Ωb̂Ω|Ψ〉 − 〈0|b̂†Ωb̂Ω|0〉, as reported in [147] is
presented in detail in Appendix G.1. In Appendix G.2, we show that for a particular
class of symmetric initial states, interesting quantities can be obtained from the out-
states. Higher order correlation functions will give the information regarding the many
particle sectors subsequently. However, in this chapter, we only focus on the single
particle case, for simplicity.

We have thus demonstrated the existence of semi-classical hairs in the case of the
spherically symmetric collapse which would have formed a Schwarzschild black hole
classically. We learn that if we are aware of the symmetries of the system which is
going to form a black hole, from some general principles, we will know how the non-
vacuum response would look like. We can measure particle content for different test
fields. The test field which contributes infinitesimal energy to the formation will reflect
its non-vacuum character in the late time radiation. That is to say, its spectra will show
deviations from the expected vacuum response, corresponding to the symmetries of
initial data. Measurements of such non-vacuum distortion will reveal partial or complete
character of the state of the field depending on the knowledge of the symmetry of initial
profile.

The cases discussed above were all based on test field approximations. We can extrap-
olate this idea to conjecture that if we have correct account of the back-reaction, or
quantum gravity corrected Bogoliubov coefficients, they will still provide a handle for
initial data as in Eq. (342) (see also Eq. (645) in Appendix G). It will be worthwhile to
demonstrate these ideas for a set-up including the back-reaction. In a general (3 + 1)
collapse scenario the precise handling of back-reaction remains an open problem. Even
for the spherical collapse case, which we discussed above, accounting for the back-
reaction is a tedious task. We will instead be looking at a (1+ 1) dimensional dilatonic
CGHS black hole model. In this case the issue of back-reaction can be exactly han-
dled and even the full quantum gravity calculation can be implemented perturbatively.
However, in this chapter, we will be content with the semi-classical scheme wherein
the back-reaction of the test field has been accounted for. We will see how the non-
vacuum distortions lead to additional quantum hairs, which would have been missed
classically.
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10.5 cghs model: introduction

The CGHS black hole solution [44, 86] is a (1 + 1) dimensional gravity model of a
dilatonic field φ (along with possibly other matter fields). The theory is described by
the action,

A =
1

2π

∫
d2x
√
−g

[
e−2φ

(
R+ 4(∇φ)2 + 4λ2

)
− 1

2

N∑
i=1

(∇fi)2
]

(345)

where λ2 is the cosmological constant and fi stands for i− th matter field; N such
total fields may be present. Since all two dimensional space-times are conformally flat
the metric ansatz will involve a single unknown function, the conformal factor, which
is written in double null coordinates as,

ds2 = −e2ρdx+dx−. (346)

For the matter fields, the classical solutions are those in which, fi(x+,x−) = fi+(x+) +
fi−(x−). Then, given some particular matter fields, one can obtain corresponding so-
lutions for φ and ρ respectively. The simplest among all of them corresponds to the
vacuum solution in which e−2ρ = e−2φ = (M/λ)− λ2x+x−. This represents a black
hole of mass M , with line element,

ds2 = − dx+dx−

M
λ − λ2x+x−

, (347)

while in absence of any mass, i.e.,M = 0 we obtain the linear dilatonic vacuum solutions
as

ds2 = − dx+dx−

−λ2x+x−
. (348)

A more realistic and dynamical situation corresponds to the case when an in-coming
matter forms a singularity. If the matter starts at x+i and extends up to x+f , then the
line element turns out to be,

ds2 = − dx+dx−

M(x+)
λ − λ2x+x− − P+(x+)x+

, (349)

where M(x+) and P+(x+) correspond to the integrals,

M(x+) =
∫ x+

x+i

dy+y+T++(y
+), (350)

P+(x+) =
∫ x+

x+i

dy+T++(y
+). (351)

The region outside x+f is a black hole of mass M ≡ M(x+f ). One can check that there
is a curvature singularity where the conformal factor diverges.

The singularity hides behind an event horizon for future null observers receiving the out-
moving radiation. The location of the event horizon can be obtained starting from the
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location of the apparent horizon. This can, in turn, be obtained using ∂+A ≤ 0, where
A stands for the transverse area. Using the four dimensional analog we end up getting,
∂+e

−2φ ≤ 0. Here the equality would lead to the location of the event horizon beyond
x+f , which happens to be at x−h = −P+/λ2. Thermodynamics, as well as Hawking

J +
R

J −R
x+i

x−

J +
L

J −L x+f

x+

i+L i+R

i−

Figure 17: A CGHS black hole

evaporation of such a black hole solution (also with different matter couplings), have
been extensively studied [86, 31, 97, 7, 8]. Even higher loop corrections to the thermal
character of vacuum response have been studied [161]. We will demonstrate our ideas
for the simplest coupling as shown in Eq. (345).

We first study the genesis of Hawking radiation in such a black hole formation. The
field equations for this action, at the classical level are written as

− ∂+∂−e−2φ − λ2e2ρ−2φ = 0, (352)
2e−2φ∂+∂−(ρ− φ) + ∂+∂−e

−2φ + λ2e2ρ−2φ = 0, (353)

since the stress energy tensor decouples into left-moving and right-moving parts. Fur-
ther, the two constraint equations involve the energy momentum tensor components
on both the initial slices and lead to,

∂2
+e
−2φ + 4∂+φ∂+ (ρ− φ) e−2φ + T++ = 0, (354a)

∂2
−e
−2φ + 4∂−φ∂− (ρ− φ) e−2φ + T−− = 0. (354b)

Solving the equations of motion Eq. (352), Eq. (353), we obtain the conformal gauge
ρ = φ, where the constraint equations are expressed as

∂2
+e
−2φ + T++ = 0, (355a)

∂2
−e
−2φ + T−− = 0. (355b)

The solution of these equations provide the classical geometry which is depicted in
Fig. 17. The spacetime prior to x+i is flat while the spacetime beyond x+f is described
by the black hole geometry.

For carrying out the semi-classical analysis on this spacetime, we introduce co-ordinate
systems suited for J −L and J +

R respectively. We have the co-ordinate set z±

± λx± = e±λz
± , (356)
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which maps the entire J −L into z− ∈ (−∞,∞). We obtain another co-ordinate system
suited for J +

R as σ±out. Let us first discuss the transformation between (z+, z−) and
(σ+out,σ−out) defined as

z+ = σ+out; z− = − 1
λ

ln
[
e−λσ

−
out +

P+

λ

]
. (357)

The horizon, located at x− = −P+/λ2, will get mapped to z− = z−i = − 1
λ log (P+/λ)

in these co-ordinates. ‘In’ state modes are defined on the asymptotically flat region J −L
moving towards J +

R and the convenient basis modes can be taken to be,

uω =
1√
2ω
e−iωz

− , (358)

where ω > 0. The ‘out’ region corresponds to J +
R which receives the state from J −L

after the black hole has formed. The basis modes in the out region at J +
R are

vω =
1√
2ω
e−iωσ

−
out Θ(z−i − z

−), (359)

where Θ is the usual step function arising from the fact that the out modes are sup-
ported by states on J −L only in the interval (−∞, 0). Again the field can be specified
fully on J −L or jointly on J +

R and on the event horizon HR. Since the mode functions
at HR correspond to part of the field falling into the singularity, which cannot be de-
tected by observers at J +

R , they need to be traced over. Thus, the precise form of mode
decomposition on HR does not affect physical results for J −L . Therefore, we can expand
the dilaton field in a different mode basis as,

f =
∫ ∞

0
dω

[
aωuω + a†ωu

∗
ω

]
, (in) (360)

=
∫ ∞

0
dω

[
bωvω + b†ωv

∗
ω + b̂ωv̂ω + b̂†ωv̂

∗
ω

]
, (out) (361)

where a†ω corresponds to creation operator appropriate for the ‘in’ region. Similarly b†ω
and b̂†ω stand for the creation operators for the ‘out’ region and the black hole interior
region respectively. The inner product between vΩ and u∗ω corresponds to,

αΩω = − i
π

∫ z−i

−∞
dz−vΩ∂−u

∗
ω

=
1

2π

√
ω

Ω

∫ z−i

−∞
dz− exp

[
iΩ
λ

ln
{(

e−λz
− − P+

λ

)}
+ iωz−

]

=
1

2πλ

√
ω

Ω

(
P+

λ

)i(Ω−ω)/λ
B

(
− iΩ
λ

+
iω

λ
, 1 + iΩ

λ

)
, (362)
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while the inner product between vΩ and uω gives

βΩω =
i

π

∫ z−i

−∞
dz−vΩ∂−uω

=
1

2π

√
ω

Ω

∫ z−i

−∞
dz− exp

[
iΩ
λ

ln
{(

e−λz
− − P+

λ

)}
− iωz−

]

=
1

2πλ

√
ω

Ω

(
P+

λ

)i(Ω+ω)/λ

B

(
− iΩ
λ
− iω

λ
, 1 + iΩ

λ

)
, (363)

whereB(x, y) is the Beta function. The vacuum response can be obtained from Eq. (363),
which has a thermal profile in the limit of large frequencies, which will be the late time
limit for observers at J +

R . In general the vacuum response also comes with a non-
thermal part. This late-time thermal response originates from the vacuum state at J −L .
But, due to asymmetry in the left- and right-moving modes, the modes which form
the black hole, originate only from J −R , rather than from J −L . If one has to retrieve
the information regarding the quantum states that formed the black hole in the first
place, the observers moving left are the relevant ones. Therefore, we will concentrate
on the future, left moving, observers who are moving in the flat spacetime throughout.
We want to study the black hole evaporation at the semi-classical level for one such
observer, which we will do in the next section.

10.6 information regarding the collapsing matter

The left-moving matter is introduced for x+ ≥ x+i and hence the spacetime is in a
vacuum configuration prior to it. The spacetime, in the region x+ < x+i is flat and the
metric is given as in the Eq. (348), which, on using the co-ordinates

x+ = − 1
λy+

; x− = − 1
λy−

, (364)

remains the same

ds2 = − dy+dy−

−λ2y+y−
. (365)

The location x+i is marked by y+i = −1/λx+i . Using another set of co-ordinate trans-
formation the metric on J −R can be brought into the flat form. A left-moving observer
who completely stays in the region in the past of J +

L remains in flat spacetime.
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However, such an observer is able to access only portion of initial data on J −R . Therefore,
the Bogoliubov coefficients between a complete set of mode functions uω defined on J −R
and the complete set of mode functions vω defined on J +

L , are given as

αΩω = − i
π

∫ χ+
i

−∞
dχ+vΩ∂−u

∗
ω

=
1

2π

√
ω

Ω

∫ χ+
i

−∞
dχ+ exp

[
iΩ
λ

ln
{(
e−λχ

+ − |y+i |
)}

+ iωχ+
]

=
1

2πλ

√
ω

Ω
|y+i |

i(Ω−ω)
λ B

(
− iΩ
λ

+
iω

λ
, 1 + iΩ

λ

)
, (366)

and

βΩω =
i

π

∫ χ+
i

−∞
dχ+vΩ∂+uω

=
1

2π

√
ω

Ω

∫ χ+
i

−∞
dχ+ exp

[
iΩ
λ

ln
{(
e−λχ

+ − |y+i |
)}
− iωχ+

]
=

1
2πλ

√
ω

Ω
|y+i |

i(Ω+ω)
λ B

(
− iΩ
λ
− iω

λ
, 1 + iΩ

λ

)
. (367)

Thus, as before, the observer at J +
L will observe Bogoliubov coefficients similar to the

ones observed by their right counterparts but with the parameter exchange |y+i | ↔
P+/λ [143]. However, these nontrivial Bogoliubov coefficients are totally due to the
tracing over of the modes which lie in the future of J +

L and not due to any geometry
change. One can check that if the fraction of the tracing over vanishes, which corre-
sponds to the limit |y+i | → 0, the Bogoliubov coefficients will assume a trivial form.
Along identical lines, the Bogoliubov coefficients in Eq. (362) and Eq. (363) assume
a trivial form in the limit P+ → 0. For these observers the effect of tracing over is
indistinguishable from that of geometry change. Both these effects vanish simultane-
ously in the above limit. However, the vacuum response for both these observers is
indistinguishable. Late time radiation for such observers on J +

L for the vacuum state
(of a test field) on J −R is also thermal with the same temperature as measured by their
right-moving counterparts !

Further, any non vacuum state on J −R will lead to non-vacuum distortions in the radia-
tion. We will now use the Bogoliubov coefficients for extracting information regarding
the matter that formed the black hole.

10.6.1 Test Field approximation

To start with, we can first do a quick demonstration, under the test field approximation,
in order to connect up with the earlier case of the Schwarzschild black hole, by assuming
that the matter φ forming the black hole is classical. Then we add a little more matter
δφ̂ to the black hole perturbatively. That is to say, we add another small matter pulse
to the collapse with support in the region x+ > x+f . This small chunk is to be treated
perturbatively as quantum matter. Given the form of the Bogoliubov coefficients as in
Eq. (366) and Eq. (367), we note that they remain independent of the matter content
in the region x+ > x+i and solely depend on the co-ordinate at which the first matter
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shell was introduced, which serves as a horizon for the left-moving observers. Therefore,
an asymptotically left-moving observer will use Eq. (366) and Eq. (367) to compute
the spectral distortion and reconstruct the state of the test matter which is thrown in,
through a procedure similar to what was done for the Schwarzschild black hole. Then,
for asymptotic observers at late times, the high frequency approximation of Eq. (366)
and Eq. (367) leads to a form exactly as in Eq. (327). Thus, for such observers, the
results developed in Section 10.4 and Appendix G.2 are exactly applicable.

10.6.2 Adding back-reaction: Extracting information about the matter form-
ing the black hole

In the CGHS case, we can do away with the high frequency approximation to exactly
calculate the results for observers at any finite time (not necessarily at late times) as
well. Moreover, the results derived for the left-moving asymptotic observers remains
oblivious to the matter introduced beyond their perceived horizon and hence does not
care about the geometry beyond the horizon as well. Therefore, all the back-reaction of
the collapsing matter can now be accounted for, since they do not change the geometry
profile of left-moving observers at all. Being a conformally flat spacetime, we know the
exact mode functions irrespective of the back-reaction in the entire spacetime as well
as in the relevant left portion. Therefore, the form of Eq. (366) and Eq. (367) are exact,
even in the presence of back-reaction of the field, or even when we take the collapsing
matter φ itself to be quantum matter, which we will do next.

For a complete semi-classical treatment, we take the field φ̂ to be quantum mechanical.
At the semi-classical level, the stress energy tensor components are replaced by their
expectation values 〈T±±〉 and 〈T+−〉. Being a two dimensional spacetime the expecta-
tion values get an additional contribution from the conformal anomaly. Therefore, the
classical equations (for N = 1) are modified to

− ∂+∂−e−2φ − λ2e2ρ−2φ =
1

12π∂+∂−ρ, (368)

2e−2φ∂+∂−(ρ− φ) + ∂+∂−e
−2φ + λ2e2ρ−2φ = 0, (369)

whereas the constraint equations also pick up conformal anomaly corrections as

∂2
+e
−2φ + 4∂+φ∂+ (ρ− φ) e−2φ + 〈T++〉 = 0, (370a)

∂2
−e
−2φ + 4∂−φ∂− (ρ− φ) e−2φ + 〈T−−〉 = 0. (370b)

In order to remain true to the classical geometry, the state of the matter field should
be one in which the classical flat geometry is realized prior to x+i . Thus, we require
exp(ρ) = exp(ρflat) = 1/λ2x+x− in that region suggesting that the matter support
is only in the region x+ > x+i . Therefore, the classical values of the T±± are realized
by 〈T±±〉. We can also judiciously choose the boundary conditions for the set of initial
states such that the contribution due to conformal anomaly can be canceled in the
region of interest, giving rise to a flat spacetime semi-classically, see for instance [236,
18, 109]. We define I+L as the line x+ = x+i . For our consideration, we will need the part
of the spacetime in the causal past of I+L , which remains unaffected by the conformal
anomaly with such a judicious choice of family of quantum states.
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Supported by such quantum states, the geometry of the spacetime remains as discussed
above and we can use the expressions for the Bogoliubov coefficients as earlier. The
asymptotic expressions for the Bogoliubov coefficients as in Eq. (366) and Eq. (367)
resemble those of the spherical collapse model Eq. (327). Therefore, the spectral dis-
tortion for the late time observers will be exactly as discussed in Section 10.4 and
Appendix G.2.

We can now obtain the exact expression and the symmetry profile of the initial data
required for the information retrieval by a generic observer on J +

L . Using the Bogoliubov
coefficients in Eq. (366) and Eq. (367) we can obtain the non-vacuum correction to the
correlator and the vacuum spectrum through Eq. (325) (see also Eq. (645)). Again,
we will first consider the case of a single particle state as in Eq. (319), which has the
stress energy support as discussed above. The symmetry profile required in the initial
state, for the retrieval of information about the initial state by the late time observers,
remains exactly the same as that for the spherically symmetric Schwarzschild model.
Therefore, such symmetry profiles appear uniquely for all late time observers and any
real initial data can be uniquely reconstructed by the late time observers.

However, since we have exact expressions for the Bogoliubov coefficients, we can also
obtain symmetry condition for all observers on J +

L and not only for the late time ob-
servers. This will demonstrate the ability to reconstruct the information at any stage of
evolution, which can be used to track the information content throughout the evolution
and quantify whether there is any information loss for a more general initial data. We
define another function g̃(ω), as

f(ω̄′) = ω̄′g̃(ω̄′)e−
π
2 ω̄
′
Γ[−iω̄′]

∣∣y+i ∣∣−iω̄′ . (371)

The transformation presented in Eq. (371) relates the correlation to the symmetries of
g̃(ω̄). The scheme of information retrieval from the frequency correlator can be imple-
mented exactly as before, for g̃(ω̄). Reconstruction of g̃(ω̄) is equivalent to reconstruc-
tion of f(ω̄). (Analysis for the self-correlator, i.e., the spectrum operator is discussed in
Appendix G.4.) Different set of observers require different set of symmetries in order to
extract maximum amount of information from the non-vacuum correlator. For a given
initial state we can also follow the information content during the course of evaporation,
which culminates in the late time result.

Thus, using a consistent semi-classical treatment we could recover the matter quantum
state using the distortion of the thermal radiation as detected by the asymptotic ob-
servers. However any asymptotic observer would have measured a thermal radiation
which is independent of the black hole’s mass — and decided entirely by the cosmo-
logical constant — in the model. This remains true throughout, while the black hole
evaporates. For the left moving asymptotic observer, the black hole region does not
shrink as an outcome of this radiation emission, since the location of horizon is not
decided by the mass content inside the horizon. Still such an observer may be able
to reconstruct all the information about the mass/energy content beyond her horizon.
Therefore, it is reasonable to expect that such observers associate a notion of entropy to
the black hole which is significantly different from what a right moving observer will do.
Hence it is expected that the notion of entropy for left-moving observers should also sub-
stantially differ from the standard black hole entropy expression. In the Schwarzschild
black hole formation on the other hand, due to spherical symmetry, left-moving or
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right moving observers not only measure the same temperature, but witness an identi-
cal geometry change during the formation or evaporation of the black hole. Therefore,
unlike the current case, they should be associating the same entropy expression for the
hole.

10.7 conclusions

In this chapter, we have focused on the reconstruction of initial data which formed the
black hole by observing a particular kind of distortion to the Hawking radiation. For
some matter to end up inside the horizon (carrying some energy, charge etc. with it), the
state of the matter field should be non-vacuum. Moreover, the non-vacuum nature of
the state manifests itself in the correlation between the modes escaping the capture by
the black hole and the modes entering the horizon and eventually hitting the singularity.
Observing the portion which escaped the horizon, we can re-construct the correlation
and hence the state of the field at the initial slice. We construct an observable, which can
capture this correlation. Using this observable judiciously, one can extract information
pertaining to the initial condition, which remains otherwise hidden from the asymp-
totic observers. The diagonal elements of this correlation matrix give the distortion
of the emission spectrum, which becomes non-thermal for non-vacuum in-states. It is
noteworthy that the non-vacuum distortions will always be present in the most general
case including quantum gravity, back-reaction etc. Only the corresponding Bogoliubov
coefficients will be generalized for the particular case under consideration.

In (3 + 1) dimensional spacetime, the inclusion of semiclassical back-reaction is not
under control. For the purpose of demonstration of our ideas we first discussed a semi-
classical case of a spherical collapse which forms a black hole through a slow, s-wave
process. On top of this evolving geometry we introduced another test field, described
by a massless scalar field, initially set in a particular field configuration at asymptotic,
past, null infinity. The complete recovery of the initial data corresponds to the deci-
phering of the quantum state of the field unambiguously. For this simplified set up, the
vacuum response is thermal, and the non-vacuum response corresponds to non-thermal
distortions of the Hawking radiation. Such distortions constrain some operators acting
on the conjugate space of the frequency representation of the quantum field. Typi-
cally such operators provide information about the single particle sectors of the Hilbert
space. Since the spectral distortion is just a single function of the frequency, it is ex-
pected to capture the finite correlations of an arbitrary, general, initial state. Higher
order correlations may be required to obtain additional information about the initial
state.

If (i) the state of the field corresponds to a single particle state and (ii) we have access
to the symmetries of the distribution in the frequency space, we can recover a lot more
information about the initial state through such non-vacuum distortions. In particular,
we show that the existence of a class of symmetries of non-zero measure will encode
all the information about the initial state in the non-vacuum distortion. In particular,
for real initial data, we can recover the state of a single excitation, completely, using
frequency correlation in the out-going modes. Although the non-vacuum distortions do
not make the out-state a pure one, there are enough correlations available even in the
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mixed state, to reconstruct the initial state. Also we did not need to study higher order
correlations to obtain further information about the initial state.

The simple case we discussed first, was without the back-reaction in a non-vacuum con-
figuration. More generally, we need to account for the back-reaction as well, howsoever
small they might be. The Bogoliubov coefficients incorporating the back-reaction will
be obtained through the mode functions of in- and out- configurations in such a modi-
fied geometry. In general it is a very difficult job. However, since addressing the issue of
back-reaction in some simplified scenarios should throw some light on the concepts in-
volved, we considered the case of back-reaction in a (1+ 1) dimensional dilatonic black
hole solution, viz., the CGHS model. A dilatonic vacuum solution is perturbatively un-
stable towards forming a black hole if the perturbation is around the in-moving modes.
Even at the classical level the exact Hawking radiation of this model is thermal at the
high frequency regime with corrections at low energies. We call such a radiation pro-
file collectively as the vacuum response. We showed that the non-vacuum distortions
for the left-moving observers reveal information about initial left-moving distribution
which collapsed to form the black hole. There is always a part of past null infinities,
which is causally disconnected to the asymptotic future observers. Classically no infor-
mation pertaining to the matter field configuration in this disconnected sector will ever
be available to such observers. However, we see that the non-vacuum distortions are
capable of revealing the information about such configurations through correlations.
The modes appearing as distortions at J + did have, in the past, some correlations,
with the modes which enter the horizon, at J −. Measurement of such distortions can,
in principle, also tell us about the white hole region if it were accompanying the black
hole region as suggested in some papers [227, 17, 102]. A simple extrapolation from
this idea can also be used to study the fate of such information regarding the matter
field which formed the black hole. The retrieval process for the late time observers is
exactly the same as the Schwarzschild late time observers, yielding the same result. We
also discuss how the information about the in-state can be tracked throughout during
evolution, and not only at late times, for the CGHS case.



11
DYNAMIC REAL IZAT ION OF THE UNRUH EFFECT FOR A
GEODES IC OBSERVER

11.1 introduction

Hawking radiation from a black hole [106, 105, 32, 111, 86, 167, 204, 232, 240, 229]
and the Unruh radiation [70, 233, 232, 32, 204, 167] in the Rindler frame have very
similar mathematical properties. In the context of an eternal black hole, the Hartle-
Hawking vacuum state of a quantum field leads to a thermal density matrix for static
observers in the right wedge. This arises because the modes of the quantum field in the
region inaccessible to the observer are traced out. Similarly, a uniformly accelerated
observer in the right wedge of the flat spacetime will describe her observations using a
thermal density matrix, obtained by tracing out the modes inaccessible to her (on the
left wedge) when the field is in the global, inertial, vacuum state. Both situations are
time-reversal invariant; while the relevant observers see an ambient thermal radiation,
they do not associate a flux of particles with this radiation.

A somewhat different situation arises in the case of a black hole formed by collapsing
matter, with the quantum state being the Unruh vacuum (also known as the “In-
vacuum”) at very early times. In this case, at late times, observers far away from the
collapsing body detect a flux of particles with a spectrum which is thermally populated.
The energy carried away by the particles is ultimately obtained from the mass of the
collapsing body and this leads to the concept of black hole evaporation. The mathe-
matical description of this process takes into account; (i) the change in geometry due
to the collapse process and (ii) the formation of event horizon leading to inaccessibility
of a region from future asymptotic observers. With future applications in mind, let us
briefly recall the key concepts.

In standard (3 + 1) dimensional collapse, in which classical matter collapses to form
a black hole, an apparent horizon is formed, which grows and — at a certain stage
— an event horizon is formed thereby producing a black hole region. The last null
ray originating from the past null infinity J − at the null co-ordinate u = d, in the
double null co-ordinate system [106, 232, 32, 167, 204], reaching future null infinity
J + defines the location of the event horizon. An asymptotic observer on J + has no
causal connection with events inside the event horizon. Further, whole of J + derives its
complete causal support (e.g., the thick orange line in Fig. 18) from only a part of J −,
which lies prior to the ray forming event horizon. A wave mode which originates from
J − and reaches J + also experiences a change in background geometry in the process.
In order to obtain the Bogoliubov coefficients between the asymptotic observers on J −
and J +, we need to re-express a set of complete mode functions vω suited to observers
on J + in terms of complete set of mode functions uω, defined equivalently on J −.
When we trace back the out-going modes vω on J + through the center, (i.e., through
r = 0 with r being the Schwarzschild radial co-ordinate) onto J −, we see that the
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Figure 18: Penrose Diagram For Schwarzschild collapse

mode functions suited to J + have support only on the portion of mode functions uω
on J −.

Therefore the Bogoliubov coefficients are obtained by taking inner products of uω and
vω on a portion of J −, i.e., below the line u = d [106, 32, 204, 232]. (This has an
effect similar to that of partial tracing out of modes in the case of eternal black hole.)
Furthermore, we now also have to take into account the change of geometry experienced
by the mode function uω when we trace it back to the past null infinity. However, if we
are interested only in the late time behavior of uω, we can use ray-optics approximation
[106, 32, 204, 232] for tracing back the mode functions. Thus, the late time behavior
of the out going asymptotic future modes is essentially controlled by the tracing over
of portion of J −, rather than the change in the geometry. This is the mathematical
reason why the dynamics of the collapse is irrelevant to obtain the temperature and
one obtains the same result as in the case of an eternal black hole and Hartle-Hawking
vacuum state. The exact Bogoliubov coefficients, obtained by going beyond the ray
optics, will, of course, be sensitive to the geometry change as well. Further, it is the
loss of time reversal invariance during the collapse which leads to a non-zero flux of
energy, which is absent in the case of an eternal black hole and Hartle-Hawking vacuum
state.

It turns out that a combination of these effects arise in the case CGHS black hole in
(1+ 1) dimension [44, 86]. The collapse of quantum matter leads to the standard black
hole evaporation scenario with observers at future right asymptotic J +

R (t → ∞,x →
+∞) detecting a flux of thermal radiation, which is well-known in the literature. This
situation is mathematically identical to what happens in the case (3 + 1) spherically
symmetric collapse. But it turns out that there is another effect in the same spacetime
which is very similar to Unruh effect: Observers at future left asymptotic J +

L (t →
∞,x→ −∞) detect a thermal spectrum (at the same temperature as seen by observers
at J +

R ) but without any associated flux! This result is surprising because these are
geodesic observers in a flat region of the spacetime who see no change in geometry. The
effect arises due to the necessity of tracing over part of the modes for describing the
physics of the observers at J +

L and the mathematics closely parallels standard Unruh
effect. But in this case, the necessity to trace over modes arises due to the dynamics
of collapse, which takes place in a different region of the spacetime though. This effect
(which, as far as we know, has been missed in the CGHS literature) constitutes a
dynamic realization of Unruh effect.
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11.2 a picture book representation

In order to explain the concepts involved in this, rather peculiar result, we will first
provide a picture-book description of how the result arises, which should demystify
it.

We start with the Minkowski spacetime, for which the Penrose diagram corresponds
to Fig. 19. The full spacetime is bounded by four null lines depicting future and past
left or right null infinities, viz J +

R , J −R , J +
L and J −L . In this spacetime any inertial

(geodesic) observer will start from past timelike infinity i− at t = −∞ and would reach
future timelike infinity i+ at t =∞. Two such geodesic observers moving leftwards and
rightwards respectively, are shown by dashed curves in Fig. 19. In addition, there can
also be some accelerated observers. An important set of such accelerated observers is the
eternally accelerating Rindler observer. The trajectory of the Rindler observer starts
on J −L and accelerates along a hyperbolic path to reach J +

L (shown in the thick green
curve in Fig. 19). Let us consider the causal support of the trajectories of the Rindler
observer vis-á-vis the inertial observer. The inertial observer has causal access to the full
spacetime, whereas the spacetime region accessed by the Rindler observer is only a part
of the full Minkowski spacetime. Thus the vacuum state for the inertial observer (who
can access the full spacetime) would be different from that of the Rindler observer
(for whom only a part of the spacetime is allowed) leading to non zero Bogoliubov
coefficients. Alternatively, the observations carried out by the Rindler observer can be
described using a density matrix obtained by tracing out modes inaccessible to her. If
the field is in the inertial vacuum state, the resulting density matrix will be thermal.
This property will hold whenever an observer has a causal access of only a part of the

J +
L′

J −R

J +
L

J −L

J +
R

i+

i−

Figure 19: Rindler trajectory in Minkowski spacetime

spacetime and the reduced density matrix she uses will be thermal. As an illustration
let us consider Fig. 20, where three observers are shown. The dashed observer is an
inertial observer and, as in the earlier figure, has access to the full spacetime; the dotted
trajectory is that of the standard, eternally accelerating Rindler observer; the third
trajectory (represented by thick magenta line) represents an observer who originally
started as inertial but then changed her mind and accelerates uniformly to end up on
J +
L just like the Rindler observer. This observer also has causal connection only to the

past domain of dependence of J +
L′ , which being only a portion of the full manifold, will
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lead to thermal density matrix. Let us now consider a hypothetical scenario in which

J +
L′

J −R

J +
L

J −L

J +
R

i+

i−

Figure 20: Non-geodesic Observer in Minkowski spacetime

some portion of Minkowski spacetime becomes dynamically inaccessible, as shown in
Fig. 21 by the dashed triangular region. (Right now this is the Penrose diagram of
some hypothetical spacetime; we will soon see how it actually arises in the CGHS
case.) Further, we assume this truncation of spacetime is such that it requires left-
moving geodesic observers to terminate on i+L instead of i+ as in Fig. 20. Since these

J −R

S

J +
RJ +

L′

J −L

i+R

i−

i+L

Figure 21: Observers in a hypothetical spacetime

observers derive their causal support only from the past of J +
L′ , they are compelled to

trace over a portion of field configuration on J −R and hence they will end up using a
density matrix which is thermal. Whenever any observer, geodesic or not, who derives
her causal support from a subset of the full spacetime, the global vacuum state will
appear to be a thermal state.

The geodesic part of the above statement might appear perplexing. One may wonder
how a geodesic observer can ever experience such a nontrivial effect usually associated
with accelerated observers. The role of acceleration is only to make part of the spacetime
region inaccessible; if we can achieve this by some other means, we will still have the
same result. The situation as depicted in Fig. 21 appears unphysical as presented —
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because we have artificially removed part of the spacetime, but we will later discuss a
situation in which a portion of spacetime is indeed dynamically denied to a geodesic
observer, very much like in the spirit of the observer in Fig. 21 (shown in thick magenta
curve).

But before we do that, we will consider another example in the next section which might
make all these less surprising. This will involve the collapse of a null shell forming a
black hole (see Fig. 22). In this case, a timelike geodesic observer at r = 0, will remain
entirely in the flat spacetime until being eaten up by the singularity and receives causal
signals only from a part of J − (see Fig. 22 below). This study will provide us useful
insights towards the constructs to be used in the later sections of the chapter.

11.3 a null shell collapse

For a closer look at the above mentioned features, we will first consider a null shell
collapsing to form a Schwarzschild hole [32, 204, 185, 221, 222] (see Fig. 22). In this
case, the singularity gets originated from the co-ordinate u = ui, the co-ordinate point
of introduction of the null-shell. (This collapse model will be relevant for comparison
with the null shell collapse in (1 + 1) dimensional dilatonic gravity, forming a black
hole, which is discussed later on.) The singularity starts forming from the co-ordinate

i+

i−

i0

d

ui
uf

J +

J −
r=0

Figure 22: Penrose Diagram For Schwarzschild null shell collapse

u = ui, while the event horizon is located at r = 2M , with M being the mass of the
shell. The co-ordinate r = 2M can be reflected back through r = 0 on to J − at u = d.
As discussed previously, the out-going modes vω on J + derive their causal support
completely from the portion u < d on J −. Therefore the Bogoliubov coefficients of
mode transformation, should be evaluated through the portion of mode functions uω
in the regime u < d. Further, all the null rays emanating from J − region u < ui
also experience a change of geometry, i.e., they start moving in flat spacetime inwards,
get reflected at the origin (r = 0) and then encounter the collapsing shell to feel the
geometry changed into a Schwarzschild one.

This can be more clearly seen in an isotropic co-ordinate system (see Fig. 23) which uses
a Cartesian x coordinate with −∞ < x < ∞ instead of the usual radial coordinate r
with 0 < r <∞. The relevant Penrose diagram is shown in Fig. 23. In these coordinates,
(see Fig. 23) there will be two past null infinities, namely left (J −L ) and right (J −R ),
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Figure 23: Schwarzschild in isotropic co-ordinates

as well as two future null infinities J +
L and J +

R . The location of event horizon in these
co-ordinates is marked to (say) ∆M , which corresponds to r = 2M in Schwarzschild
co-ordinates. It is usual to define the modes as left moving or right moving in these
co-ordinates. A right moving mode originates from J −L and ends up on J +

R and vice
versa for the left-moving modes. Due to spherical symmetry, consideration of any set of
past and future asymptotic observer pairs will be equivalent to any other. A time-like
observer (thick green curves in Fig. 23), similarly starting from past time like infinity
and escaping the black hole region, either end up on i +

L or on i +
R depending upon

whether the observer moves leftwards or rightwards.

Let us consider a set of modes moving rightwards. Any null ray originating from J −L
and ending up on J +

R will experience a change of geometry after it crosses the collapsing
null shell. For observers on J +

R , the isotropic co-ordinate |x−| = ∆M marks the location
of event horizon. Therefore, the modes reaching J +

R derive their causal support from
the region I in Fig. 23. No event in the region II is connected to J +

R . An exactly similar
picture is there for the left-moving modes.

In the standard black hole analysis, the out-going mode functions on J +
R are given

as

vω =
1√
2ω
e−iωu; u ∈ (−∞,∞). (372)

These mode functions provide an orthonormal basis across complete J +
R . Similarly the

right-moving modes on J −L are spanned by

uω =
1√
2ω
e−iωv; v ∈ (−∞,∞). (373)

The Bogoliubov transformation coefficients between these modes can be evaluated by
taking the covariant inner products on J −L . However, in order to do that we need to
express mode functions vω on J −L in terms of uω. For that purpose we need to track
the out-going modes at J +

R all the way down to J −L . In principle, this a formidable
job, since the exact form of modes in the whole spacetime is complicated at best, if
obtainable in closed form. However, appealing to ray-optics approximation [106, 204]
for modes very close to the horizon, we in a sense, avoid this issue. This approximation
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gives us the expression of modes vω close to |x−| = ∆M , i.e., u = d in terms of uω. We
obtain the Bogoliubov coefficients readily as

αωω′ = −2i
∫ 0

−∞
dx−uω∂−u

∗
ω′ ,

βωω′ = 2i
∫ 0

−∞
dx−uω∂−uω′ . (374)

However, as we discussed, this integration has to be truncated to within the region
u < d, which gives it a Rindler kind of appearance, making it [106, 32, 204]

αΩω =
1

2πκ

√
Ω
ω

exp
[
πΩ
2κ

]
exp [i(Ω− ω)d] exp

[
iΩ
κ

log ω
C

]
Γ
[
− iΩ
κ

]
,

βΩω = − 1
2πκ

√
Ω
ω

exp
[
−πΩ

2κ

]
exp [i(Ω + ω)d] exp

[
iΩ
κ

log ω
C

]
Γ
[
− iΩ
κ

]
. (375)

where C = C1C2 is a product of affine parameters for in-going (C1) and out-going (C2)
null geodesics. From the rather general nature of the analysis we expect this result to
give the Bogoliubov coefficients for the timelike geodesic observer stationary at r = 0
if we replace d by ui. Such an observer is engulfed by a true singularity when the shell
collapse to r = 0, it results in geodesic incompleteness, something we will come back
to, in the last section.

In the limitM → 0, the portion being traced over becomes small. Further the geometry
change as well as the formation of the singularity does not occur, making J + a Cauchy
surface, which is not the case whenM 6= 0. Since the effect of tracing over is intimately
tied with the effect of geometry change, it is difficult to account for these effects indi-
vidually in a general case in (3 + 1) dimension. Nevertheless, one can argue that the
tracing over of modes alone leads to Unruh effect with zero flux, whereas the geometry
change makes the thermal radiation more ‘real’ with a non-zero flux [71, 87, 88, 89].
The non vanishing of flux can be associated with moving of the geometry away from
being a flat one. We will see below that these two effects can nicely be segregated in a
(1 + 1) dimensional collapse model in dilaton gravity.

11.4 dynamical unruh effect in cghs black hole spacetime

The CGHS black hole [44, 86] is a (1 + 1) dimensional gravitational collapse model of
a dilatonic field φ interacting with gravity in the presence of cosmological constant λ
and matter fields fi. A basic introduction about the model has already been given in
Section 10.5 of Chapter 10 and shall not be repeated here.

The CGHS model is not symmetric under left-right exchange, and hence the experiences
of null ray originating from J −R or a timelike trajectory moving leftwards, will be
different from what we discussed above. Such trajectories do not suffer any change in
geometry in their course, hence, as we will see, the only effect a late time observer
(the dotted curve in Fig. 24) on J +

L finds, is rooted only in the tracing over a part of
Cauchy surface J −R . Therefore, these observers will also obtain a thermal expectation
value, but there will be no associated flux for these thermal spectrum. The spacetime
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Figure 24: Left moving modes in a CGHS black hole

metric in the region x+ < x+i is flat and given by Eq. (349) with M ,P+ → 0, which on
using the co-ordinates

x+ = − 1
λy+

; x− = − 1
λy−

, (376)

can be written as

ds2 = − dy+dy−

−λ2y+y−
. (377)

The singularity curve originates from the co-ordinate of the point of matter introduction,
i.e., from x+i which is marked through Eq. (376) as y+i = −1/λx+i . Under another set
of co-ordinate transformations, the metric on J −R can also be brought into flat form.
On J −R we adopt

e−λχ
+

= −y+,
eλχ

−
= y−, (378)

such that the metric becomes

ds2 = −dχ+dχ−, (379)

with χ± ∈ (−∞,∞). Therefore the complete set of left-moving mode functions corre-
sponding to the field f+(χ+) can be written in these co-ordinates as

u+ω (χ
+) =

1√
2ω
e−iωχ

+ . (380)

Whereas on J +
L we adopt to

e−λχ̃
+

= −(y+ − y+i ),
eλχ̃

−
= y−, (381)
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such that these new co-ordinates range in χ̃± ∈ (−∞,∞) in the region x+ < x+i . The
metric in these new co-ordinates becomes

ds2 = − dχ̃+dχ̃−

1− y+i eλχ̃
+ . (382)

The metric Eq. (382) is in a conformally flat form in these co-ordinates, hence the
complete set of left-moving modes corresponding to f+(χ̃+) are again given as

v+ω (χ̃
+) =

1√
2ω
e−iωχ̃

+ , (383)

since a minimally coupled scalar field is conformally invariant in (1 + 1) dimensions.
Clearly, on J −R , v+ω has support only in the region x+ < x+i . The point x+i is mapped
to χ+ ≡ χ+i = − 1

λ log (−y+i ). Therefore, the Bogoliubov transformation coefficients
between these two set of observers can be obtained exactly as in Eq. (362), Eq. (363)
but with the replacement |y+i | ↔ P+/λ as

αΩω = − i
π
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, (384)

while

βΩω =
i

π

∫ χ+
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. (385)

This form of Bogoliubov coefficients results from the tracing over of a portion of J −R ,
which is causally disconnected from J +

L . The horizon for J +
L is given as y+ = y+i ,

which also marks the point of singularity. More importantly, if one is interested in the
late time response, i.e., the observers reaching i+L , we need to take the high frequency
behavior (ω/λ � 1) of the Bogoliubov coefficients which are exactly the same as for
the Rindler observer [167].

This effect can be more clearly understood using non-availability of Cauchy surfaces
for future asymptotic observers. Let us consider a left moving timelike or null tra-
jectory. Due to conformal flatness, a complete set of orthonormal mode functions on
any surface orthogonal to them, can always be obtained as plane waves under a proper
co-ordinatization (which extends as (−∞,∞)) of that surface. If we consider an orthog-
onal null surface for the left moving modes, before the formation of singularity (the
red surface labeled ‘2’ in Fig. 25), the Bogoliubov transformation coefficients between
that surface and J −R will be trivial, i.e., (αΩω = δ(Ω− ω),βΩω = 0). However, once
the singularity forms, any null surface relating a point on J −L to the singularity (e.g.,
green surface labeled ‘1’ in Fig. 25), fails to causally connect with the entire spacetime.
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Figure 25: Unavailability of Cauchy surface for left-moving modes

Also, any timelike observer has a domain of dependence, which is not the full space-
time. A portion of J −R (right to the dashed green line) is causally denied to the past
of such surfaces. Therefore, the Bogoliubov coefficients assume a non-trivial form, such
as in Eq. (362), Eq. (363) or Eq. (384), Eq. (385), with a phase factor capturing the
information about the region of the traced over modes. This is dynamically similar to a
Rindler trajectory in a Minkowski spacetime, see Fig. 19, where an accelerated observer
(thick green curve) reaches the future null infinity rather than future timelike infinity.
For such observers too, the domain of dependence is only a part of the full spacetime.
There is a horizon masking a portion of spacetime and hence the Bogoliubov trans-
formation coefficients between J −R and J +

L′ (rather than the full J +
L ) is non-trivial

[232, 32, 167] and the accelerated observers obtain a thermal spectrum for a vacuum
state defined on J −R . However, there is no flux associated with this spectrum as the
stress tensor remains identically vanishing in the flat spacetime.

Similarly in the CGHS model, the region of spacetime y+ > y+i is dynamically made
inaccessible to any left-moving time-like or null trajectories, which also is the case
with such trajectories in the null collapse forming a Schwarzschild black hole (see for
example, Fig. 23). However, in contrast to the Schwarzschild case, such observers in the
CGHS model, do not see any change of geometry hence they do not associate any mass
to the “black hole region” as seen by them. The spacetime, they move in, throughout, is
flat and such observers do not receive any flux of radiation, as the vacuum expectation
value of the stress energy tensor which was vanishing on J −R , stays put on zero, in
the region y+ < y+i . As we discussed previously, the right moving observers tuned to
right moving modes, witness a thermal radiation flux at a temperature 1/λ which is
independent of the matter content of the forming black hole and depends only on the
other dimensionful parameter in the theory.

Similarly, the observers at J +
L coupled to left-moving modes, observe a similar kind of

Bogoliubov coefficients as their right-moving counterparts Eq. (362), Eq. (363) but with
the parameter exchange |y+i | ↔ P+/λ which mark the corresponding event horizons for
such observers and appear as overall phases in the transformation coefficients. Hence,
we see that such form of Bogoliubov coefficients Eq. (384), Eq. (385) are entirely due
to tracing over of modes which lie in the causally denied region of spacetime, to I+L
and not due to any geometry change. One can check that if the fraction of tracing over
vanishes, which is marked by |y+i | → 0, the Bogoliubov coefficients assume a trivial
form, i.e., αΩω → δ(Ω− ω) while βΩω → 0. Similarly, the Bogoliubov coefficients for
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Figure 26: Freely falling observers in CGHS black hole spacetime

the right-moving observers Eq. (362), Eq. (363), assume a trivial form in the limit
P+ → 0, marking the vanishing of event horizon, as well as, the amount of change of
geometry suffered by such observers. Hence, for such observers effects of tracing over
is indistinguishable from geometry change. Both these effects vanish simultaneously in
that limit. Therefore, we see that the vacuum response for both left-moving or right-
moving observers is indistinguishable from each other. Late time radiation for such
observers on J +

L or on J +
R for vacuum state (of a test field) is thermal. However,

unlike the left-moving observers, the right moving observers associate a flux also with
the radiation and hence the black hole region shrinks as a result of the evaporation.
While left-moving observers do not associate any mass to the region beyond their
horizon, the location of their horizon does not shrink and the “black hole region” does
not evaporate for them.

All the geodesic observers moving rightwards or remaining stationary at any finite value
(with the exception of stationary observer at left infinity) end up in singularity and in
this process have to undergo a geometry change (thick cyan curves in Fig. 26), so they
witness a combined effect and hence a flux of radiation, as in the Schwarzschild scenario
[222, 221, 60]. Whereas the left-moving timelike observers who end up at i+L , do not
see any geometry change but encounter flux-free thermal radiation due to a dynamical
emergence of a horizon, which traces out information of a section of field configuration,
exactly in the spirit of the Rindler observer, as discussed previously.

Finally, we will comment on the back-reaction due to black hole evaporation and its
implications for our result. To compute any kind of back-reaction in the spacetime in
Einstein gravity, one needs to use an equation of the form Gab = 〈Tab〉. Neither side of
this equation can be handled without additional assumptions and, obviously, the result
will depend on the additional assumptions! The left-hand-side identically vanishes in
D = 2 because Einstein tensor identically vanishes in two dimensions. The right hand
side is: (i) divergent and needs to be regularized and (ii) depends on the chosen quantum
state. The best we can do, therefore, is to give prescriptions to define both sides and
the results will obviously depend on these prescriptions. We discuss our set of choices
while describing the pertinent issues in two-dimensional gravity below.

To get a non-zero left hand side, one postulates some non-Einsteinian form of the gravity
action (like the CGHS action in Eq. (345)) and vary the metric to get the equations of
motion. Obviously, this is not Gab (which, of course, is zero) but can possibly act as a
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proxy for the same. We stress the fact that we are trying to model some gravitational
features by some suitable dilatonic action and one cannot ignore the implicit ad-hocness
in the procedure. For example, in such an approach, one also often takes the normal
ordered, non-covariant, expectation value of the stress energy tensor as the classical
source. However, in a two-dimensional spacetime, the expectation value of the stress
energy tensor comes with a conformal anomaly term [86] as well. The anomaly term can
then act as an extra source of stress energy and may lead to an evolution different from
the classical case, if not accounted for properly. A prescription used in the literature
is to add some extra terms (e.g., Polyakov action, RST action terms) to the standard
CGHS action corresponding to the conformal anomaly terms and obtain these modified
equations of motion, as a result of the variational principle. But this new action will
correspond to a different physical system, though one which can also be thought of as
a proxy for gravity. But in this prescription, flat spacetime will not be a solution to
the vacuum state for the semiclassical equations due to the anomaly, which we consider
somewhat unphysical. There is no unique way of handling this issue because, as we
stressed before, Gab = 0 in D = 2 and the left hand side which we work with to mimic
Gab = 〈Tab〉 depends crucially on the model we use, with the hope that it can mimic
aspects of D = 4 gravity. We have chosen simple, physically well-motivated choices to
do this as we describe next.

To analyze the right hand side, we need a scheme for defining a c−number stress tensor
from the quantum operator and the vacuum state has to be motivated from some
specific (geometric) considerations. We have defined the vacuum state by a natural
assumption: viz. that the geometry must remain flat when sourced by such a (vacuum)
state. This is important because as we discussed, in two-dimensional spacetime, the
expectation value of the stress energy tensor has a conformal anomaly term which can
violate this criterion in general, if this term is not accounted for in the source terms
in the right hand side. However, there exists a family of such states [144] which take
care of the conformal anomaly terms and ensure that the geometry remains flat when
the state is a vacuum from this family. Therefore the results discussed in this chapter,
use stability of the solution under these class of states. A more detailed analysis of
conformal anomaly modified evaporating black holes can be found in [86]. Our scheme
to deal with such terms will be reported in details elsewhere [145]. At last, we discuss
the response of an Unruh-DeWitt detector carried by such a geodesic observer.

11.5 unruh-dewitt detector response

To confirm the fact operationally, that an observer who entirely stays in the left block
of spacetime and has access to only a portion of full spacetime, truly finds the vacuum
state of a field defined/supported in the full spacetime as an excited state on her
Hilbert space defined in the portion of spacetime, we turn to analysis of response of an
Unruh-DeWitt detector carried by a left-moving inertial observer.

Such an observer describes the spacetime metric as in Eq. (379). We construct a co-
ordinate system {x ≡ (T ,X)}

χ+ = T +X

χ− = T −X (386)
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to write Eq. (379) as

ds2 = −dT 2 + dX2 (387)

such that the Wightman function, corresponding to the vacuum defined in full space-
time, in (1 + 1) dimension assumes the form

W(x,x′) = −1
2 log |x− x′|2 = −1

2 log ∆χ+∆χ−. (388)

A left moving inertial observer is given by the trajectory

dT

dτ
= γ; dX

dτ
= −vγ,

where v is the inertial velocity and γ is the corresponding Lorentz factor. If the space-
time were flat throughout, i.e., no matter shell had collapsed, the inertial observer, car-
rying the detector, would have exhausted the full range of proper time τ ∈ (−∞,∞).
The appearance of singularity due to collapse of the matter shell leads to geodesic in-
completeness and hence regulate the proper time interval of the geodesic observer to
(−∞, τf ), with τf marking the location i+L (see the left curve in Fig. 25).

In (1+ 1) dimension, the response of a monopole detector coupled to a (test) field Φ(x)
is ambiguous [148]. Therefore, we work with derivative field detector with interaction
Hamiltonian

Hint = cµ(τ )
d

dτ
Φ(x(τ )), (389)

where c is a coupling constant, µ(τ ) is detector’s monopole moment operator and τ
is the proper time detected by observer carrying the detector. The detector response
function [148], for a two level detector, with level separation ω, will be given for this
case as

F (1)(ω) =
∫ τf

−∞
dτ

∫ τf

−∞
dτ ′e−iω(τ−τ

′)∂τ∂τ ′W(τ , τ ′). (390)

In flat portion of the spacetime, on any trajectory, if the test field Φ(x) is in the vacuum
state,

∂τ∂τ ′W(τ , τ ′) = 1
(τ − τ ′)2 , (391)

becomes solely a function of ∆τ = τ − τ ′. Had the spacetime been geodesically complete,
τf → ∞ and the detector would not have clicked. However, due to collapsing matter
field and the subsequent removal of a portion of spacetime, the spacetime becomes
geodesically incomplete. In such a case, the detector response will be analogous to a
finite time inertial detector [225], which indeed registers clicks. However, notice that
here we have not introduced any artificial switching function, but it is the inextendibility
of the geodesic, which leads to the non-zero response function. In the case there is no
black hole collapse, the detector will fall silent.
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We can now transform to co-ordinates ∆τ and a mean proper time τ̄ = (τ + τ ′)/2 to
re-write Eq. (390) as

F (1)(ω) =
∫ τf

−∞
dτ̄

∫ (2τf−2τ̄ )

−(2τf−2τ̄ )

d∆τ
(∆τ )2 e

−iω∆τ . (392)

Therefore, the detection rate becomes time dependent as fit for a detector moving
through an excited state [146], i.e., at different points on the trajectory the detector
will click differently. Hence, we show that the detector also conforms to the notion that
the state as measured by the left moving geodesic observer is non-vacuum. With a bit
of exercise [225], one can evaluate the clicking rate of the detector at any general point
of time as well. The detector clicks with a non-zero rate and the left-moving observer
concludes that there are particles in her patch of the spacetime.

It is important to note that this detector is constructed in a manner such that it
will not register any clicking, if the quantum field resides in the vacuum state of the
observer carrying the detector along (e.g., Inertial observer in Minkowski spacetime
in regular (3 + 1) dimensional gravity). Therefore, the global vacuum defined on J −R
fails to be a vacuum state for left-moving geodesic observers. Further, the detector
does not click in a steady fashion at a thermal detection rate, but this is due to the
fact that the detector response depends hugely on the trajectory unlike the Bogoliubov
transformation. For instance, it is easy to demonstrate that in Fig. 20 the non-geodesic
observer (thick magenta curve) and the Rindler observer (dotted trajectory) obtain the
same Bogoliubov coefficients as they derive the casual support from the same patch, yet
Unruh-DeWitt detectors carried by them behave differently. Still both such observers
agree that the state they measure is non-vacuum.
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12
SPACETIME WITH ZERO POINT LENGTH IS
TWO-D IMENS IONAL AT THE PLANCK SCALE

12.1 introduction and motivation

The existence of a fundamental length scale, which provides an ultimate lower bound to
measurement of spacetime intervals, is a model-independent feature of quantum gravity,
since various approaches to quantum gravity lead to this result. The appearance of such
a minimum length scale actually derives from basic principles of quantum mechanics,
special and general relativity, and hence is often considered as a robust feature of
quantum gravity. This result can have important consequences, e.g., notions of causality
or distance between two events cannot be expected to have a continuous behaviour at
this length scale [74, 173, 172, 174, 94, 93].

It seems, therefore, natural to look for a description of spacetime at the mesoscopic
scales which interpolate between Planck scale and low energy scales, by incorporating
the effect of introducing a zero point length to the spacetime through modification
of the spacetime metric gab to some suitable object qab, which we shall refer to as
the qmetric. The qab must be constructed such that the geodesic distance between
two points computed using qab acquires a lower bound [135]. If we can determine the
qmetric in terms of gab, then we can compute all other geometrical variables (like,
for e.g., curvature tensor) by using the qmetric in the place of gab in the relevant
expressions. Such a procedure is necessarily approximate — compared to a fully rigorous
non-perturbative quantum gravitational approach — but will surely capture some of
the effects at the mesoscopic scales which interpolate between Planck scale and low
energy scales at which the classical metric provides an adequate description.

Unfortunately, we cannot use perturbation techniques to compute qab for a given classi-
cal geometry described by a gab. In fact, we would expect it to be non-local and singular
at any given event. In the absence of explicit computability, we need a physically moti-
vated ansatz to relate qab to gab. Such an ansatz was introduced and described in fair
detail in [135]. The essential idea was to recognize that a primary effect of quantum
gravity will be to endow spacetime with a zero-point length [74, 173, 172, 174, 94, 93]
by modifying the geodesic interval σ2(x,x′) between two events x and x′ in a Euclidean
spacetime to a form like σ2 → σ2 + `20 (here `0 ∼ LP , the Planck length). More gen-
erally, we will assume that a key effect of quantum gravity is to modify σ2 → F(σ2)
where the function F(σ2) satisfies the constraint F(0) = `20. While most of our results
are insensitive to the explicit functional form of F(σ2), for illustration, we will use
F(σ2) = σ2 + `20.

This approach essentially treats the σ2(x,x′) as more fundamental than the metric
gab(x) itself. As we have already emphasized, there is considerable amount of evidence
for the existence of such a zero-point-length of spacetime; there have also been argu-
ments in the literature suggesting that gab may not be the most primitive variable to
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use while studying quantum gravitational effects (see e.g., [114]). The key claim being,
while we may not know how quantum gravity modifies the classical metric a priori,
we do have an indirect handle on it, if we assume that quantum gravity introduces a
zero-point length to the spacetime in the manner described above.

One can determine [133, 226] the form of qab for a given gab by using the requirements
that

1. It should lead to a spacetime interval with a zero-point-length.

2. The two-point function describing small perturbations of the metric should have
a regularized non-singular coincidence limit.

It was shown in the earlier works [133, 226] that these conditions allow us to determine
qab uniquely in terms of gab (and its associated geodesic interval σ2). We find that

qab = Ahab +Bnanb; qab =
1
A
hab +

1
B
nanb (393)

where hab = gab − nanb, and

B =
σ2

σ2 + `20
; A =

(
∆
∆F

)2/D1 σ2 + `20
σ2 ; na =

∇aσ2

2
√
σ2

(394)

with ∆ being the Van Vleck determinant related to the geodesic interval σ2 by

∆(x,x′) = 1√
g(x)g(x′)

det
{1

2∇
x
a∇x

′
b σ

2(x,x′)
}

(395)

∆F is defined by replacing σ2 with F(σ2) in the series expansion of ∆ (see [226]). We in-
terpret qab as the effective spacetime metric incorporating some of the non-perturbative
effects of quantum gravity at Planck scales. As described in detail in the previous works
[135, 136] the qmetric has the following properties:

• Unlike gab(x), the qmetric qab(x,x′) is a bi-tensor depending on two events x,x′
through σ2. It is easy to show that this non-locality is essential if spacetime has
to acquire a zero-point length. Almost by definition, any local metric will lead to
a geodesic interval which vanishes in the limit of x→ x′.

• qab reduces to the background metric gab in the limit of `20 → 0. That is, in the
classical limit of h̄ → 0, qmetric reduces to the standard metric as we would
expect.

• In the opposite limit of (σ2/`20)→ 0 the qmetric is singular at all events. This is
natural when we interpret qmetric as the metric of the mesoscopic spacetime; we
would not expect it to be well defined at any given event and will require some
kind of smearing over Planck scales for it to be meaningful.

• If the background metric is flat, then the qmetric is also flat, i.e., there exists a
coordinate mapping from qab → ηab. This is, however, rather subtle because the
coordinate transformation is, in fact, singular in the coincidence limit in (regular)
Cartesian coordinates, and the mapping effectively removes a geodesic region of
size `0 from the spacetime around all events.
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• Let Φ[gab(x)] be a scalar constructed from the background metric and possibly
several of its derivatives, like, for example, the Ricci scalar R[gab(x)].

We can now compute the corresponding (bi)scalar Φ[qab(x,x′); `20] for the qmetric by
replacing gab by qab in Φ[gab(x)] and evaluating all derivatives at x keeping x′ (“base
point”) fixed. We interpret the value of this scalar by taking the limit x → x′ in this
expression keeping `20 non-zero. As noted in [135, 136], several useful scalars like R, K
etc. remain finite and local in this limit even though the qmetric itself is singular when
x → x′ with non-zero `20. This arises from the algebraic fact that the following two
limits do not commute:

lim
`20→0

lim
x→x′

Φ[qab(x,x′); `20] 6= lim
x→x′

lim
`20→0

Φ[qab(x,x′); `20] (396)

All these computations are most easily performed [58] by choosing a synchronous co-
ordinate system for the background metric which can always be done in a local region.
In this coordinate system, the equi-geodesic surface σ = constant, which is at a con-
stant geodesic distance from the base point, has a simple description. These facts show
that we have a well-defined procedure for doing the computations in the mesoscopic
spacetimes using the qmetric. More details regarding this approach will be presented
elsewhere [58].

12.2 volume and area in presence of zero point length

In this chapter, we will concentrate on one key effect of introducing such a zero point
length to the spacetime metric. This relates to the volume of the geodesic ball:

VD(`, `0) ≡
∫
σ≤`

dσdΩD−1
√
q (397)

enclosed by an equi-geodesic surface of size σ = ` in the D-dimensional Euclidean
spacetime. Here, q is the determinant of the qmetric with

√
q =

(
∆
∆F

)(
σ2 + `20
σ2

)D2/2√
g; D2 ≡ (D− 2) (398)

Classically we would expect the scaling VD(`) ∝ `D for sufficiently small ` when we can
ignore the scales involved in spacetime curvature. Let us now evaluate the same quantity
for the mesoscopic spacetime. Using the synchronous coordinates, a straightforward
(though lengthy) calculation, gives the following result:

√
q = σ

(
σ2 + `20

)D2/2
(

1− 1
6S(x

′)
(
σ2 + `20

)
+ · · ·

)
(399)

where S ≡ Rabn
anb is a scalar constructed from the background gab and is evaluated

at base point x′. (Though we only need the leading order term, we have displayed next
order term in the expansion which contribute in the limit of `20/σ2 → 0.) Here na is
the tangent to the geodesic and hence depends on the geodesic that connects the base
point x′ to the point x on the equi-geodesic surface. Thus integrating over the angular
coordinates on the equi-geodesic surface amounts to averaging na over the solid angle.
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[Such an angular integral over nanb leads to, (Ω/D)gab, where Ω = 2πD/2Γ(D/2)−1

(see e.g., [100])]. A straightforward integration now gives the result, to the same order
of accuracy, as:

VD(`, `0) =
Ω
D

{(
`2 + `20

)D/2
− `D0

}
− Ω

6D(D+ 2)R(x
′)

{(
`2 + `20

)(D+2)/2
− `D+2

0

}
(400)

where R is the Ricci scalar for the background metric gab.

Let us now consider the two relevant limits of this expression. First, when (`0/`)→ 0,
we get

lim
`0→0

VD(`, `0) =
Ω
D
`D
[
1− 1

6(D+ 2)R(x
′)`2

]
(401)

which shows that the volume scales as `D except for curvature induced corrections
captured by the second term. This correction is a standard result known in differential
geometry [100]. What is more interesting is the limit of (`/`0)→ 0, when we get

lim
`→0

VD(`, `0) =
Ω
2 `

D
0

(
`2

`20

)[
1− 1

6DR(x
′)`20

]
→ Ω

2 `
D
0

(
`2

`20

)
∝ `2 (402)

This suggests the remarkable possibility that the existence of zero-point-length makes
the physical spacetime essentially 2-dimensional near Planck scale. A convenient mea-
sure of such a dimensional reduction is provided by the quantity

Deff = D+
d

d ln `

{
ln
(

VD(`, `0)
VD(`, `0 = 0)

)}
(403)

which, using the above expressions, decreases from Deff = D for large ` to Deff = 2
as ` → 0. It might seem that a simpler definition is just Deff = (d lnVD(`, `0)/d ln `).
However, in any D-dimensional curved space with a smooth metric gab, this definition
will give D only for R`2 � 1; that is at scales small compared to curvature scale. The
role of VD(`, `0 = 0) in the definition is to remove the contribution from the background
curvature to Deff thereby ensuring that Deff = D when `0 = 0. So any deviation of D
from Deff arises only due to the existence of the zero-point-length.

There have been several indications from various approaches to quantum gravity that
spacetime might “look” two dimensional when probed at extremely small scales (most
of these arguments refer to the so called spectral dimension defined via the process of
random walk). Carlip [52, 50, 49, 41] has given several independent set of arguments
suggesting that such a dimensional reduction may be an inevitable feature of quantum
gravity. Somewhat closer in spirit to the ideas presented here seems to be the results of
[11, 10], where the authors argue that dimensional reduction to D = 2 might provide
a mechanism by which quantum gravity “self-renormalizes” at Planck scale. A geo-
metrically similar approach (but based on quantization of area) in the context of loop
quantum gravity and spin-foam models, was discussed in [164, 42, 43], while similar
result was obtained in the context of generalized uncertainty principle in [120]. The
current study links such a dimensional reduction to the existence of zero-point-length
in spacetime, independent of any specific model of quantum gravity.
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To understand the algebraic origin of this result, one could study the case of a flat
spacetime in synchronous coordinates in which σ denotes the radial geodesic distance
from a chosen origin. In this case, the qmetric leads to the line element of the form
(when D = 4)

ds2 =
1

A(σ)
dσ2 +A(σ)σ2dΩ2

3; A = 1 + `20
σ2 (404)

which transforms to ds2 = dσ̄2 + σ̄2dΩ2
3 with σ̄ =

√
σ2 + `20. In regular Cartesian coor-

dinates, this transformation is singular in the coincidence limit (see Appendix A of [133])
and is equivalent to removing a “hole” of radius `0 from the manifold in a specific man-
ner. In fact, in flat spacetime, we will get the result VD(`, `0) = (Ω/D)[

(
`2 + `20

)D/2−
`D0 ] which clearly has the limits VD(`, `0) ∝ `D (when (`0/`) → 0) and VD(`, `0) ∝ `2

(when (`/`0)→ 0). This clarifies the algebraic origin of the result.

12.3 conclusions

We believe the conjecture, that the mesoscopic spacetime is described by the qmetric, is
a powerful and useful one. It is well motivated by the existence of the zero-point-length
in the spacetime and leads to well defined computation rules which can incorporate
the effects of quantum gravity at mesoscopic scales without us leaving the comfort of a
continuum differential geometry (albeit one involving a singular and non-local metric).
Its power is seen once again in the current chapter, where it leads to a definite conclusion
that the effective dimensionality of the spacetime at Planck scales is Deff = 2. This
opens up useful further avenues of exploration.





Part VI

SUMMARY AND OUTLOOK





13
SUMMARY AND OUTLOOK

In this last chapter, we shall present a concise summary of the results we have obtained
in this thesis as well as future directions of exploration.

As emphasized in the introduction, general relativity is the strongest candidate for de-
scribing gravity and has passed all the experimental tests, starting from bending of
light in 1920 to detection of gravitational waves in 2015, with flying colors. Despite
its outstanding successes general relativity is not a complete theory. This has to do
with two facts — (i) general relativity leads to existence of singularities, where pre-
dictability, essential for being a complete theory, breaks down and (ii) being a classical
theory it cannot explain the universe at sufficiently small length scales (equivalently at
sufficiently high energies). It is often postulated that the two issues are interrelated, as
soon as one has a “quantum theory of gravity” one would achieve a possible resolution
of singularity. There are many candidates for the yet-to-be-built theory of quantum
gravity, but they all lack in one perspective or another and no unique description has
emerged till date.

This motivates a fresh look at the problem, which started after Bekenstein and Hawking
discovered that one can associate an entropy and a temperature [27, 106] with black
holes. Soon after it was shown that black holes obey the laws of thermodynamics
as well [107, 23]. In 1995, Jacobson was able to show that, starting from Clausius
relation one can arrive at Einstein’s field equations [122], which was complemented
in 2002 by Padmanabhan, who showed that Einstein’s equations can be written in a
thermodynamic language [176].

This brings out a paradigm shift suggesting that gravity may not be a fundamental
interaction, but is an emergent phenomenon, like elasticity of a fluid body. There have
been several works exploring this possibility in the past, in this thesis we have been
partly engaged in extending these results further by appropriately generalizing them,
as well as discovering new geometrical quantities that have nice thermodynamic inter-
pretation. We have reviewed some of these ideas in the context of general relativity
(essential for latter parts of the thesis) as well as have reviewed Lanczos-Lovelock mod-
els of gravity in Part II besides obtaining alternative geometrical variables to describe
them. Thermodynamic interpretation of these variables as well as other geometrical
constructs, e.g., Noether current, gravitational momentum have been presented in Part
III. Related results arise even when one considers quantum fields in curved spacetime,
which we have explored in Part IV. Using a covariant, but observer dependent notion
of energy density and flux, we have explored the behaviour of quantum fields inside the
event horizon, near the singularity using appropriate observers. We have also shown
that choosing the observer and the quantum field under investigation wisely one can
have a possible resolution of the information loss paradox. Further in the case of dilaton
gravity it has been noticed that there are flat spacetime, inertial observers who experi-
ences Unruh effect! In the penultimate part, Part V we have explored some interesting
features that a spacetime acquires on introduction of a zero point length, in particular
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the spacetime becomes effectively two-dimensional near the Planck scale — a distinc-
tive feature of quantum gravity. Having summarized a broad overview of the results
presented in each of the individual parts of this thesis, we will now explore possible
future directions.

In the case of general relativity the conjugate variables (fab,N c
ab) lead to Einstein’s

equations, besides having thermodynamic significance. The variables introduced for
Lanczos-Lovelock gravity have similar properties, their variations have thermodynamic
significance (see Chapter 4) and also they lead to vacuum gravitational field equations.
Thus it is clear from the above discussion that metric is not the only available choice
for the dynamical variable, there can be other variables which can describe geometrical
aspects of gravity as well as have interesting thermodynamic interpretation.

This raises an interesting question : What corresponds to a true dynamical variable of a
gravity theory in higher spacetime dimensions? This question can have profound impli-
cations in our search for quantum gravity. For general relativity and in four spacetime
dimensions it is well known that the quantum version of the Hamiltonian and momen-
tum constraints become ill-posed with metric as the dynamical variable and one has
to introduce suitably defined variables, e.g. tetrad and their conjugate momentum to
make them well-posed. These variables, known in the literature as Ashtekar variables
are the cornerstones in the loop quantum gravity formalism. However it is well known
that these variables do not work in higher dimensions and also not for higher curvature
theories. Thus it is not at all clear what should be the correct geometrical variables
if one wants to quantize Lanczos-Lovelock gravity. Thus one needs to understand the
structure of constraint equations and possible generalization of the tetrad variables to
the premise of Lanczos-Lovelock gravity. Some preliminary steps in this direction have
been taken recently [34, 35, 36] but much more needs to be done. The variables intro-
duced in this thesis might play a pivotal role to simplify the constraint equations in
general relativity and Lanczos-Lovelock gravity and worth pursuing in future.

In Chapter 5, Chapter 6 and Chapter 7 we have discussed various thermodynamic
properties of geometrical variables associated with both general relativity and Lanczos-
Lovelock gravity. All the results derived in these chapters are mainly formal, with
a few simple examples. It would be instructive to understand the results and their
thermodynamic significance in more realistic situations. For example, null surfaces of
Friedmann-Lemaitre-Robertson-Walker spacetime would be a very good test bed for
the results obtained. It would be nice if one can provide a natural thermodynamic
meaning to the evolution of the universe. Further, all the results have been derived
assuming affine connection, i.e., the torsion has been assumed to be vanishing. It would
be interesting to check whether the thermodynamic properties enlisted in this thesis
hold even with torsion (note that entropy of a null surface gets modified in presence
of torsion), which would span a vast landscape of gravitational theories. Further, there
are a few results, namely the equivalence of gravitational field equations with Navier-
Stokes equation, which have been derived within the premise of general relativity alone.
An important future project could be to show the equivalence of field equations in
Lanczos-Lovelock gravity to that of Navier-Stokes.

In Chapter 8, using a local version of Cardy’s formula we have derived the entropy area
relation for a null surface, whose surface gravity and surface two-metric are indepen-
dent of time and an angular coordinate. These two criteria are very important, since
without them the Virasoro algebra is not closed. Hence when these two criteria are not
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satisfied one does not obtain the entropy area relation. It is not clear whether this is a
fundamental restriction or merely a limitation of this approach.

We also want to comment on the remarkable robustness of Cardy’s formula in this
context. The relation between the Virasoro algebra and the entropy (through Cardy
formula) was originally derived in the context of flat spacetime physics [45, 33]. It is not
obvious that the result should generalize to curved spacetime and black hole horizons,
which was a bit of a surprise in Carlip’s approach [46]. (This is possibly related to
local nature of the result and the fact that, in the local inertial frame, we can use
the special relativistic physics.) In this thesis we have extended the applicability of
Cardy’s formula even further. As we have shown, working with densitized objects, one
can reproduce the entropy area relation correctly. It is important to understand why
this approach works and whether it can be derived from a more local procedure. This
might, in turn, throw more light on the applicability of Cardy’s formula in the context
of curved geometry.

Chapter 9 shows a peculiar feature — the energy density of a quantum field near the
singularity diverges much faster compared to the matter energy density that forms the
black hole. This signals that effect of backreaction due to the quantum fields would
be significant and can potentially alter the classical picture. This effect can be un-
derstood in more detail if one considers the effect of back reaction, i.e, the Einstein’s
equations with the right hand side being replaced by vacuum expectation value of the
stress energy tensor of the quantum field. Further in this thesis we have considered a
simple collapse model, it would be interesting to see if such features persist in more
general inhomogeneous collapse models, e.g., Lemaitre-Tolman-Bondi collapse model
as well.

There are many interesting future implications of the ideas we have presented in Chap-
ter 10. Study of such non-vacuum distortions could be undertaken for more general
set ups, which will involve computation of Bogoliubov coefficients for a more realistic
scenario involving angular momentum, charge etc. Even at the vacuum level, there are
different sources of non-thermal vacuum response as suggested in [241]. A realistic situ-
ation encompassing all such distortions will involve Bogoliubov coefficients modified in
a precise manner. Therefore, even at the classical level, there should be a more realistic
assessment of the allowed symmetry of the initial data viz-á-viz the information encryp-
tion in the distorted spectrum. It is also worthwhile to study the field configurations
corresponding to states which encode maximal information and their field theoretic
interpretations.

Apart from dealing with the more generalized situations and the Bogoliubov coefficients
therein, a rigorous analysis has to be done for different kinds of initial data. For instance,
in Chapter 10 our discussion was limited to pure states which are eigenstates of the
number operator. Analysis regarding the most general set of initial data — such as one
which is not an eigenstate of the number operator — will be required to exhaust the full
Hilbert space. A classical initial data, after all, might correspond to a coherent state-
like description. Similarly, the analysis could be translated to the language of wave
packets for a realistic physical response in the out-configuration. Further, analogous
field theoretic analysis has to be done for a mixed state description, e.g., a thermal
initial data. In these cases, the analysis of higher order correlation will certainly become
more important. In any case, we need to study the resulting non thermal spectra from
the point of view of various aspects in unitary evolution of the black hole such as
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strength of the correction, first bit release time etc. and its potential to make the
evolution unitary in the spirit of [79]. Lastly, a truthful implementation of back-reaction
in realistic collapse scenarios in higher dimensions remains due. Recently, ’t Hooft has
proposed a model [116], which potentially captures the information about back-reaction
through a shift in a null geodesic due to discontinuity across a matter field geodesic.
Supplementing the effect of non-vacuum distortion with the shift arising from the back-
reaction is expected to reveal more aspects of issues related to information accessible
by future asymptotic observers. Further the results derived in Chapter 10 and Chapter
11 can be applied in a broader context as well. In both these cases we have been dealing
with a situation where the initial data on a full Cauchy surface can be derived from the
knowledge of the data on a smaller portion of a later Cauchy surface. This can have
interesting consequences in algebraic quantum field theory.

Finally, the results regarding qmetric as one introduces a zero point length in the space-
time immediately suggest some interesting future avenues to explore. For example, using
the qmetric if one derives the curvature tensor components and take the coincidence
limit, it will lead to curvature tensors for the background metric with O(`0) corrections.
These corrections will modify the background geometry at the Planck scale, e.g., this
will lead to a modification of the horizon structure for black holes. Further introduc-
tion of zero point length in principle should eliminate all the singularities from the
background spacetime. However the Hamilton-Jacobi and other differential/integral
relations becomes inapplicable near the singularity, which might modify the near singu-
larity structure of the qmetric. Further exploration of black hole entropy in the context
of qmetric and possible Planck length correction to it would be of much interest.

It should be evident from the above discussions that we are, in all likelihood merely
exploring the tip of an iceberg. The actual theory of quantum gravity is buried deep
within. In this thesis we have used a three step ladder to quantum gravity. First, from
the classical viewpoint we have made quiet a bit of progress by identifying natural
dynamical variables in general relativity and also to its higher curvature cousin, the
Lanczos-Lovelock gravity. On the other hand, the reinterpretation of classical gravity as
an emergent phenomenon has been put on a firm ground by showing the thermodynamic
structure in the most general scenario possible, which might imply that quantization
of gravity by standard means is futile, since gravity is like elasticity. Going one step
further we have introduced quantum fields but have kept the gravitational interaction
to be classical. There we have demonstrated the importance of back reaction, tried to
provide a resolution to the information loss paradox, a long standing puzzle in semi-
classical gravity and have explored some puzzling features of dilaton gravity. As the
final frontier we have explored possible consequences of a zero point length, a generic
quantum gravity effect. The lessons learnt and results obtained in this thesis if pursued
carefully might shed some light to the ongoing search for quantum gravity. Thus the
end is not really an end, but the beginning of new ideas, new physics and possibly a
theory of quantum gravity.



Part VII

APPENDIX





A
APPENDIX FOR CHAPTER 3

In this appendix, we shall present the supplementary material for Chapter 3.

a.1 identities regarding lie variation of P abcd

In this section we shall derive some identities related to Lie variation of the entropy
tensor, P abcd. For that purpose we first consider Lie variation of the Lagrangian treated
as a scalar function of the metric gab and Rabcd leading to

£ξL (gab , Rij kl ) = ξm∇mL (gab , Rij kl )

=
∂L

∂gab
ξm∇mgab +

∂L

∂Rij kl
ξm∇mRij kl

= P ij klξm∇mRij kl (405)

where we have used the fact that covariant derivative of metric tensor vanishes. Then
for the Lagrangian which is homogeneous function of degree m we get

£ξL = ξm∇m

( 1
m
P ij klRij kl

)
(406)

Then using Eq. (405) we readily obtain

Rabcdξ
m∇mP

abcd = (m − 1)P abcdξm∇mRabcd (407)

We also have the following relation:

P ij kl£ξRij kl = P ij kl

ξm∇mRij kl + Rajkl∇iξ
a + Riakl∇j ξ

a

+ Rijal∇k ξ
a + Rij ka∇ lξ

a


= P ij klξm∇mRij kl + 4∇iξmR

i
j klP

mjkl

= P ij klξm∇mRij kl + 4∇iξmRim (408)

Again we can also write, m£ξL = P ij kl£ξRij kl + Rij kl£ξP
ij kl . Then we ob-

tain:

Rij kl£ξP
ij kl = m£ξL − P ij kl£ξRij kl

= m£ξL − P ij klξm∇mRij kl − 4∇iξmRim

= (m − 1)P abcdξm∇mRabcd − 4∇iξmRim (409)
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This equation can also be casted in a different form as

Rabcd

(
£ξP

abcd − ξm∇mP
abcd

)
= −4∇iξmRim (410)

Now we can rewrite the metric as a function of gab and Rabcd, in which case the Lie
variation leads to

£ξL (gij ,Rabcd) = P jkl
i ξm∇mRijkl (411)

With the Lagrangian as homogeneous function of curvature tensor to mth order leads
to

Rabcd£ξP
bcd
a = (m− 1)P jkl

i ξm∇mRijkl (412)

Then we arrive at the following identity

P abcd£ξ (gamR
m
bcd) = P bcd

a ξm∇mRabcd + 4∇iξmRim (413)

or

P bcd
a £ξR

a
bcd = P bcd

a ξm∇mRabcd + 4∇iξmRim −RamLξgam
= P bcd

a ξm∇mRabcd + 2∇iξmRim (414)

This leads to the following relation:

Rabcd

(
£ξP

bcd
a − ξm∇mP bcd

a

)
= −2∇iξmRim (415)

If we proceed along the same lines we readily obtain another such relation given
as:

Rijkl

(
£ξP

kl
ij − ξm∇mP klij

)
= 0 (416)

These relations illustrate the Lie variation of P abcd when contracted with the curvature
tensor.

a.2 derivation of various identities used in text

We will consider the p∂q and q∂p structure arising from the identification of f̃ab as
coordinate and Ñ c

ab as momentum in Lanczos-Lovelock gravity. For the calculation, the
following identity will be used here and there:

0 = ∇cQcdab = ∂cQ
cd
ab + ΓcckQ

kd
ab

− ΓkcaQ
cd
kb − ΓkcbQ

cd
ak + ΓdckQ

ck
ab (417)

However Qcdab being antisymmetric in (c,d) while Γcab being symmetric in (a,b) the last
term in the above expansion vanishes. Thus ordinary derivative of the quantity Qcdab has
the following expression

∂cQ
cd
ab = −ΓcckQ

kd
ab + ΓkcaQ

cd
kb + ΓkcbQ

cd
ak (418)
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Note that we can include √−g in the above expression leading to:

∂c
(√
−gQ bcd

a

)
=
(√
−gQ bcd

p

)
Γpac −

(√
−gQpcda

)
Γbcp (419)

Thus we get the following expression from Eq. (418):

∂cÑ
c
ab = ∂c

[
QcqbpΓpaq +QcqapΓpbq

]
=

(
∂cQ

cq
bp

)
Γpaq +Qcqbp∂cΓ

p
aq +

(
∂cQ

cq
ap

)
Γpbq +Qcqap∂cΓ

p
bq

= QcqkpΓkcbΓ
p
aq +QcqbkΓkcpΓpaq −Q

kq
bpΓpaqΓ

c
ck +QcqkpΓkcaΓpbq

+ QcqakΓkcpΓpbq −Q
kq
apΓcckΓpbq +Qcqbp∂cΓ

p
aq +Qcqap∂cΓ

p
bq (420)

where in order to arrive at the last equality Eq. (418) has been used. Now contracting
the above expression with f̃ab we readily obtain

f̃ab∂cÑ
c
ab =

√
−ggab

[
2Qcqap∂cΓ

p
bq + 2QcqkpΓkcaΓpbq + 2QcqakΓkcpΓpbq − 2QkqapΓcckΓpbq

]
= −2

√
−gQ bcq

p

(
∂cΓ

p
bq + ΓpckΓkbq

)
+ 2

√
−gQ bkq

p ΓcckΓpbq + 2
√
−ggabQcqkpΓkcaΓpbq

= −
√
−gQ bqc

p Rpbqc + 2
√
−gQ bkq

p ΓcckΓpbq + 2
√
−ggabQcqkpΓkcaΓpbq. (421)

Note that in the Einstein-Hilbert limit the last two terms adds up to yield −√−gLquad.
Then consider the other combination which can be expressed as

Ñ c
ab∂cf̃

ab =
(
QcqapΓpqb +QcqbpΓpqa

)
∂c
(√
−ggab

)
=
√
−g

(
QcqapΓpqb +QcqbpΓpqa

) (
∂cg

ab + gabΓpcp
)

= 2
√
−gQcqapΓpqb∂cg

ab + 2
√
−gQ bqc

p ΓpqbΓ
m
cm

= 2
√
−gQ bcq

p ΓlbcΓ
p
ql + 2

√
−gQ bqc

p ΓpqbΓ
m
cm − 2

√
−ggbmQcqapΓpqbΓ

a
cm

=
√
−gLquad + 2

√
−gQ bqc

p ΓpqbΓ
m
cm − 2

√
−ggbmQcqapΓpqbΓ

a
cm. (422)

In the Einstein-Hilbert limit the above term leads to 2√−gLquad. Next we will derive
similar relations which actually behaves as conjugate variables, with the identification,
p ≡ 2√−gQ bcd

a and q ≡ Γabc. Then the respective p∂q and q∂p expressions are given in
the following results:

2
√
−gQ bdc

e ∂cΓebd =
√
−gQ bdc

e (∂cΓebd − ∂dΓebc)
=
√
−gQ bdc

e Rebcd − 2
√
−gQ bdc

e ΓemcΓ
m
bd

= −
√
−gQ abc

e Reabc −
√
−gLquad (423)

and

Γdbe∂c
(
2
√
−gQ bec

d

)
= 2
√
−gΓdbe∂cQ

bec
d + 2ΓdbeQ

bec
d ∂c

√
−g

= 2
√
−gΓdbe

(
ΓacdQ

bec
a − ΓbcaQ

aec
d − ΓccaQ

bea
d

)
+ 2ΓdbeQ

bec
d ∂c

√
−g

= 2
√
−gLquad (424)
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Finally we will explicitly demonstrate the result of one derivative used in the text for
Lanczos-Lovelock Lagrangian:

∂ (
√
−gL)

∂ (∂lΓuvw)
= m

√
−gδaba2b2...ambm

cdc2d2...cmdm

∂Rcdab
∂ (∂lΓuvw)

Rc2d2
a2b2

. . . Rcmdmambm

= m
√
−gδaba2b2...ambm

cdc2d2...cmdm

[
gdpδcuδ

v
p

(
δlaδ

w
b − δlbδwa

)]
Rc2d2
a2b2

. . . Rcmdmambm

= 2m
√
−ggdvQlwud = mU vlw

u (425)
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In this appendix, we shall present the supplementary material for Chapter 5.

b.1 derivation of noether current from differential identities
in lanczos-lovelock gravity

In this section the Noether current for Lanczos-Lovelock gravity will be derived starting
from identities in differential geometry without using any diffeomorphism invariance
of action principles. The conceptual importance of this approach has already been
emphasized in [190], in the context of Einstein gravity, and we shall generalize the result
for Lanczos-Lovelock models. We start with the fact that the covariant derivative of
any vector field can be decomposed into a symmetric and an antisymmetric part. From
the antisymmetric part we can define another antisymmetric tensor field as,

16πJaj = 2P ajki∇kvi = P ajki (∇kvi −∇ivk) (426)

It is evident from the antisymmetry of P abcd that a conserved current exists such that,
Ja = ∇jJaj . We recall the identities:

(∇j∇k −∇k∇j) vi = Ricjkv
c (427)

and,

LvΓijk = ∇j∇kvi −Rikjmvm (428)

and use them in the definition in Eq. (40) to get:

Rabvb = P aijkRbijkvb = −P aijk (∇j∇k −∇k∇j) vi
= P aijk∇k∇jvi +

(
P akij + P ajki

)
∇j∇kvi

= P aijk∇k∇jvi + P akij∇j∇kvi +∇j
(
P ajki∇kvi

)
(429)

where in the second line we have used the identity, P a(bcd) = 0. Then from Eq. (426)
we obtain:

16πJa = 2Rabvb − 2P aijk∇k∇jvi − 2P akij∇j∇kvi
= 2Rabvb + 2P ajk

i ∇k∇jvi − 2P jak
i ∇j∇kvi

= 2Rabvb + 2P ajk
i

(
LvΓikj +Rijkmv

m
)
− 2P jak

i

(
LvΓijk +Rikjmv

m
)

= 2Rabvb + 2P jka
i LvΓijk (430)
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while arriving at the third line we have used Eq. (428) and for the last line we have
used the fact that, P ijakRikjm = P akijRikjm = −P kaijRikjm = P kaijRkijm. Thus
Eq. (51) can be derived without any reference to the diffeomorphism invariance of
the gravitational action, using only the identities in differential geometry and various
symmetry properties.

b.2 projection of noether current along acceleration and new-
tonian limit

The analysis in [190] uses the fact that uaJa(ξ) is a 3-divergence, so that the spatial
volume integral of uaJa(ξ) can be converted to a surface integral. In this case, it is
natural to interpret uaJa(ξ) as a spatial density, viz., charge per unit volume of space.
It turns out that similar results can be obtained even for the component of Ja(ξ) in
the direction of the normal to the equipotential surface along the following lines. It can
be easily shown that

âpJ
p(ξ) = −

(
gij − âiâj

)
∇i (2Nauj) = −gij⊥∇i (2Nauj) (431)

where the tensor gij⊥ acts as a projection tensor transverse to the unit vector âi. How-
ever in order to define a surface covariant derivative we need âi to foliate the space-
time, which in turn implies ui∇iN = 0. In this case Eq. (431) can be written as
âpJ

p(ξ) = −Di(2Naui), where Di is the covariant derivative operator corresponding to
the induced metric gij⊥ on the N = constant surfaces with normal âi. (When ui∇iN = 0,
we have aj = ∇j lnN .) To obtain an integral version of this result, let us transform from
the original (t,xα) coordinates to a new coordinate system (t,N ,xA) using N itself as
a “radial” coordinate. In this coordinate we have ai ∝ δNi and thus uN = 0, thanks to
the relation uiai = 0. Thus Di(2Naui) will transform into Dᾱ(2Nauᾱ), where ᾱ stands
for the set of coordinates (t,xA) on the N = constant surface. Integrating both sides
âpJ

p(ξ) = −Dᾱ(2Nauᾱ), over the N = constant surface will now lead to the result
(with restoration of 1/16π factor):

∫
d2xdt

√
−g⊥ âpJp(ξ) = −

∫
d2x
√
qN

(
Na

8π

)
ut =

∫
d2x

(
Na

2π

)(√
q

4

) ∣∣∣∣∣∣
t1

t2

(432)

where we have used the standard result √−g⊥ = N
√
q, with q being the determinant

of the two-dimensional hypersurface. The right hand side can be thought of as the
difference in the heat content Q(t2)−Q(t1) between the two surfaces t = t2 and t = t1
where:

Q(t) ≡
∫
d2x

(
Na

2π

)(√
q

4

)
=
∫
d2x(Ts) (433)

This looks very similar to the result we obtained in the case of the integral over uiJ i
earlier (see Eq. (117) with aα = rα on the N = constant surface), but there is a
difference in the interpretation of the left hand side. While uiJ i can be thought of as
the charge density per unit spatial volume, the quantity âpJp(ξ) represents the flux of
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Noether current through a time-like surface; therefore, âpJp(ξ) should be thought of as
a current per unit area per unit time. We will see later that the flux of Noether current
through null surfaces leads to a very similar result.

We conclude this section with a discussion of the Newtonian limit of general relativity
using the Noether current which has some amusing features. The Newtonian limit is
obtained by setting N2 = 1 + 2φ, g0α = 0 and gαβ = δαβ, where φ is the Newtonian
potential [232]. Then the acceleration of the fundamental observers turn out to be
aα = ∂αφ. Since the spatial section of the spacetime is flat, the extrinsic curvature
identically vanishes and so does the Lie variation term. Also 2T̄abuaub = ρKomar = ρ,
which immediately leads to (with G inserted, see Eq. (118)):

∇2φ = 4πGρ (434)

the correct Newtonian limit. The same can also be obtained using the four velocity
ua. The Noether charge associated with ua turns out to have the following expression
[190]

Dαa
α = 16πuaJa(u) = 16πT̄abuaub + uag

bc£uN
a
bc (435)

In the Newtonian limit the following results hold 2T̄abuaub = ρ and uag
bc£uN

a
bc =

−Dαa
α (which follows from the Newtonian limit of the result uagbc£ξN

a
bc = NDαa

α +
2aαDαN −Nuagij£uN

a
ij and the fact that in spacetime with flat spatial section the

term uag
bc£ξN

a
bc identically vanishes). This immediately leads to Eq. (434).

We also see that the Noether charge is positive as long as ρ > 0 in the Newtonian
limit. In fact, the Noether charge contained inside any equipotential surface is always
a positive definite quantity as long as rα and aα point in the same direction (which
happens when T̄abuaub > 0). To prove this we can integrate the Noether charge over a
small region on a t = constant hypersurface to obtain,∫

t=constant
d3x
√
huaJ

a(u) =
1

8π

∫
N ,t=constant

d2x
√
q2Naαrα

=
∫
N ,t=constant

d2x

(
Na

2π

)(√
q

4

)
(436)

Since ρ is positive definite in this case the fundamental observers are accelerating
outwards and thus rαaα = a. The temperature as measured by these fundamental
observers is a positive definite quantity and so is the entropy density and hence the
positivity of Noether charge follows.

b.3 identities regarding noether current in lanczos-lovelock
action

The Noether potential Jab is antisymmetric in (a, b) and from its expression given by
Eq. (50) it is evident that Jab(q) would identically vanish for qa = ∇aφ. We will use
the above fact in order to obtain a relation between the Noether current for two vector
fields qa and va connected by va = f(x)qa. This result, in the case of general relativity
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is detailed in [190]. While in the case of Lanczos-Lovelock gravity the Noether current
for a vector field va = f(x)qa can be decomposed as:

16πJab(v) = 2P abcd∇c (fqd)
= 2P abcdqd∇cf + 2fP abcd∇cqd (437)

Then the corresponding Noether current has the following expression:

16πJa(v) = 2P abcd∇b (qd∇cf) + 2P abcd∇b (f∇cqd)
= 2P abcdqd∇b∇cf + 2P abcd∇cf∇bqd
+ 2P abcd∇bf∇cqd + 2fP abcd∇b∇cqd (438)

From the above equation we readily arrive at:

16π {Ja(v)− fJa(q)} = 2P abcdqd∇b∇cf + 2P abcd∇cf∇bqd + 2P abcd∇bf∇cqd
= P abcd∇bAcd + 16πJab(q)∇bf (439)

where we have defined the antisymmetric tensor Acd as Acd = qd∇cf − qc∇df . Now
consider the following result: qa∇bAcd = ∇b (qaAcd)−Acd∇bqa which leads to:

P abcdqa∇bAcd = ∇b
(
P abcdqaAcd

)
− 2P abcdqd∇cf∇bqa

= ∇b
(
P abcdqaAcd

)
− 16πqaJab (q)∇bf (440)

Then Eq. (439) can be rewritten in the following manner:

16π {qaJa(fq)− fqaJa(q)} = 16πJab(q)∇bfqa +∇b
(
P abcdqaAcd

)
− 16πqaJab(q)∇bf

= ∇b
(
2P abcdqaqd∇cf

)
(441)

It can be easily verified that in the Einstein-Hilbert limit P abcd = Qabcd = (1/2)
(
gacgbd − gadgbc

)
,

under which the above equation reduces to the respective one in general relativity.

Applying the above equation to ua = −N∇at with qa = ∇at = −ua/N and f = −N
we arrive at:

16πuaJa (u) = 2N∇b
(
P abcduaud

∇cN
N2

)
(442)

In order to proceed we define a new vector field such that:

χa = −2P abcdubud
∇cN
N

= −2P abcdubud
(
ac −

1
N
ucu

j∇jN
)

= −2P abcdubacud (443)

Note that in the Einstein-Hilbert limit this vector reduces to the acceleration four
vector as follows:

χa = −2P abcdubacud = −
(
gacgbd − gadgbc

)
ubacud = −ububaa+ ubabu

a = aa (444)
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Also just as in the case of acceleration for the vector χa as well we have:

uaχ
a = −2aP abβduaubrβud = 0 (445)

where antisymmetry of P abcd in the first two components has been used. We can also
have the following relation for the vector field χa:

Nabχ
b = χb∇bN + χbubu

j∇jN = χb∇bN (446)

where we have used the relation uaχ
a = 0 from Eq. (445). Thus Eq. (442) can be

written in terms of the newly defined vector field χa in the following way:

16πuaJa (u) = N∇b

(
χb

N

)

= ∇bχb −
∇bN
N

χb

= Dαχ
α (447)

The last relation follows from the fact that:

Dαχ
α = Dbχ

b = ∇bχb − abχb = ∇bχb −
∇bN
N

χb (448)

Then it is straightforward to get the Noether current for ξa by using qa = ua and
f = N in Eq. (441) with Eq. (447) as:

16πuaJa (ξ) = 16πNuaJa(u) +∇b
(
Nχb

)
= NDαχ

α +∇b
(
Nχb

)
= Dα (2Nχα) (449)

Here also we have used the following identity:

Dα (Nχ
α) =

(
gij + uiuj

)
∇i (Nχj)

= ∇i
(
Nχi

)
+ uiuj∇i (Nχj)

= N∇iχi +Nχiai −Nχj
(
ui∇iuj

)
= N∇iχi (450)

Thus we have derived the desired relation for the Noether current of the vector field ξa
and it turns out to have identical structure as that of Einstein-Hilbert action with χa
playing the role of four acceleration.
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APPENDIX FOR CHAPTER 6

In this appendix, we shall present the supplementary material for Chapter 6.

c.1 detailed expressions regarding first law

Let us start with evaluating the following expression in GNC coordinates introduced
in the main text, which leads to

1
2

(
Euu +Err

)
= Euu = Err

= −1
2

1
16π

1
2m δ

ra1b1...ambm
rc1d1...cmdm

Rc1d1
a1b1

. . . Rcmdmambm

= − m

16π
1

2m−1 δ
ruPA1B1...Am−1Bm−1
ruQC1D1...Cm−1Dm−1

RuQuPR
C1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

− m(m− 1)
16π

1
2m−1 δ

ruPA1B1...Am−1Bm−1
ruQC1D1...Cm−1Dm−1

RQC1
uP RuD1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

− 1
16π

1
2m+1 δ

rA1B1...AmBm
rC1D1...CmDm

RC1D1
A1B1

. . . RCmDmAmBm
(451)

Then we obtain:

T rr = 2Err = −
m

8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RuQuPR
C1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

− m(m− 1)
8π

1
2m−1 δ

PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RQC1
uP RuD1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

− 1
16π

1
2m δ

A1B1...AmBm
C1D1...CmDm

RC1D1
A1B1

. . . RCmDmAmBm
(452)

Now we have the following expression for components of Riemann tensor as:

RuQuP = −1
2q

QE∂u∂rqPE −
1
2q

QE∂PβE −
1
2αq

QE∂rqPE −
1
4β

QβP

+
1
4
(
qQE∂rqPF

) (
qFL∂uqEL

)
+

1
2q

QEβAΓ̂AEP (453a)

RAMCD = R̂AMCD −
1
4q

AEqMB
{
∂uqCE∂rqBD + ∂rqCE∂uqBD − (C ↔ D)

}
(453b)

RuNCD = −1
2q

MN∂r∂CqMD −
1
4βCq

MN∂rqMD −
1
2
(
qMN∂rqCE

)
Γ̂EMD − (C ↔ D)

(453c)

RABuC = qBD
[
∂uΓ̂ADC −

1
2q

AE∂C∂uqDE −
1
2∂Cq

AE∂uqDE +
1
4β

A∂uqCD

+
1
2q

AF∂uqEF Γ̂ECD −
1
4βDq

AE∂uqEC −
1
2q

EF∂uqFDΓ̂ACE

]
(453d)
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where Â denotes an object A constructed solely from the transverse metric qAB. Note
that for ∂ugAB = 0, we have:

RuQuP = −1
2q

QE∂PβE −
1
2αq

QE∂rqPE −
1
4β

QβP +
1
2q

QEβAΓ̂AEP (454a)

RAMCD = R̂AMCD (454b)

RuNCD = −1
2q

MN∂r∂CqMD −
1
4βCq

MN∂rqMD −
1
2
(
qMN∂rqCE

)
Γ̂EMD − (C ↔ D)

(454c)
RABuC = 0 (454d)

Thus we finally arrive at the following expression:

T rr = −m8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

(
−1

2αq
QE∂rqPE

)
RC1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

− m

8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

[
− 1

2q
QE∂u∂rqPE −

1
2q

QE∂PβE −
1
4β

QβP

+
1
4
(
qQE∂rqPF

) (
qFL∂uqEL

)
+

1
2q

QEβAΓ̂AEP

]
RC1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

− m(m− 1)
8π

1
2m−1 δ

PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RQC1
uP RuD1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

− 1
16π

1
2m δ

A1B1...AmBm
C1D1...CmDm

RC1D1
A1B1

. . . RCmDmAmBm
(455)

which can be simplified and finally leads to the following expression:

T rr = 2Err = (Euu +Err )

=
m

8
1

2m−1

(
α

2π

)(
δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RC1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

) (
qQE∂rqPE

)
− m

8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

[
− 1

2q
QE∂u∂rqPE −

1
2q

QE∂PβE −
1
4β

QβP

+
1
4
(
qQE∂rqPF

) (
qFL∂uqEL

)
+

1
2q

QEβAΓ̂AEP

]
RC1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

− m(m− 1)
8π

1
2m−1 δ

PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RQC1
uP RuD1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

− 1
16π

1
2m δ

A1B1...AmBm
C1D1...CmDm

RC1D1
A1B1

. . . RCmDmAmBm
(456)

This is the expression used in the text. We also have entropy density to be:

s = 4πm√qL(D−2)
m−1

= 4πm√q
( 1

16π
1

2m−1 δ
A1B1...Am−1Bm−1
C1D1...Cm−1Dm−1

RC1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

)
(457)
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Then under variation along the radial coordinate i.e. along ka parametrized by λ we
have:

δλs = 4πm
(1

2q
ABδλqAB

)√
qL(D−2)

m−1

− 4πm√q
(
m− 1
16π

1
2m−1 δ

A1B1...Am−1Bm−1
C1D1...Cm−1Dm−1

RC1A
A1B1

qD1BδλqAB . . . R
Cm−1Dm−1
Am−1Bm−1

)
= −4πm√qδλqAB

(
− 1

2q
ABL(D−2)

m−1

+
m− 1
16π

1
2m−1 q

BD1δ
A1B1...Am−1Bm−1
D1C1...Cm−1Dm−1

RAC1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

)
= −4πm√qEABδλqAB (458)

where we have:

EAB = −1
2δ

A
BL

(D−2)
m−1 +

m− 1
16π

1
2(m−1) δ

A1B1...Am−1Bm−1
BC1...Cm−1Dm−1

RAC1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

= −1
2

1
16π

1
2m−1 δ

AA1B1...Am−1Bm−1
BC1D1...Cm−1Dm−1

RC1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

(459)

Hence we obtain:

δλs = −4πm√qδλqAB
(
− 1

2
1

16π
1

2m−1 δ
AA1B1...Am−1Bm−1
BC1D1...Cm−1Dm−1

×RC1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

)
=

m

82m−1
√
q
(
δ
AA1B1...Am−1Bm−1
BC1D1...Cm−1Dm−1

RC1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

)
qBCδλqAC (460)

Finally using Eq. (460) in Eq. (456) we obtain the most general expression for energy
as

δλE = δλ

∫
dΣ
{
m

8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

[
− 1

2q
QE∂u∂rqPE −

1
2q

QE∂PβE −
1
4β

QβP

+
1
4
(
qQE∂rqPF

) (
qFL∂uqEL

)
+

1
2q

QEβAΓ̂AEP

]
RC1D1
A1B1

. . . R
Cm−1Dm−1
Am−1Bm−1

+
m(m− 1)

8π
1

2m−1 δ
PA1B1...Am−1Bm−1
QC1D1...Cm−1Dm−1

RQC1
uP RuD1

A1B1
. . . R

Cm−1Dm−1
Am−1Bm−1

+
1

16π
1

2m δ
A1B1...AmBm
C1D1...CmDm

RC1D1
A1B1

. . . RCmDmAmBm

}
(461)

where dΣ = dD−2x
√
q is the integration measure on the null surface.

c.2 various identities used in the text regarding lanczos-lovelock
gravity

In this subsection we will collect derivation of important identities used in the text while
describing the generalization to Lanczos-Lovelock gravity. We will order the derivations
as in text.
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c.2.1 Gravitational Momentum and related derivations for Einstein-Hilbert
Action

In this section we provide derivation to various identities used in Section 6.4.1. We start
by giving the result for variation of Lanczos-Lovelock Lagrangian:

δ (
√
−gL) =

√
−gEabδgab − ∂c

(
2
√
−gP qrc

p δΓpqr
)

(462)

The Noether current can be written as:

Ja(q) = 2Rabqb + 2P qra
p £qΓpqr

= 2Eab qb + 2P qra
p £qΓpqr + Lqa

= 2Eab qb − P a(q) (463)

Then multiplying both sides by the four velocity ua and taking qa = ξa we readily
obtain:

−uaP a(ξ) = uaJ
a(ξ)− 2Eabξaub

= Dα (2Nχα)− 2NEabuaub (464)

Let us now consider the variation of the gravitational momentum corresponding to qa.
This has the following expression:

−δ (
√
−gP a) = qaδ (

√
−gL) + δ

(
2
√
−gP qra

p £qΓpqr
)

= qa (
√
−gEpqδgpq)− qa∂c

(
2
√
−gP qrc

p δΓpqr
)

+ £q

(
2
√
−gP qra

p δΓpqr
)

+ δ
(
2
√
−gP qra

p

)
£qΓpqr −£q

(
2
√
−gP qrap

)
δΓpqr

=
√
−gEpqδgpqqa +

√
−gωa + ∂c

(
2
√
−gP qr[a

p qc]δΓpqr
)

(465)

where in arriving at the last line we have used the following relation:

£qQ
a − qa∂cQc = ∂c

(
q[cQa]

)
(466)

for the tensor density Qc = 2√−gP qrc
p δΓpqr. Also since qa is a constant vector δ and

£q are assumed to commute. Also the object ωa is defined as,
√
−gωa (δ, £q) = δ

(
2
√
−gP qra

p

)
£qΓpqr −£q

(
2
√
−gP qra

p

)
δΓpqr (467)

This is the result used in Eq. (184). Then we can write the above relation in terms of
the Noether current as:

δ (
√
−gJa − 2

√
−gEab qb) =

√
−gEpqδgpqqa +

√
−gωa

+ ∂c
(
2
√
−gP qr[a

p qc]δΓpqr
)

(468)
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The above relation can also be written using the Noether potential as:

∂b

δ (√−gJab)− 2
√
−gP qr[a

p qb]δΓpqr

 =
√
−gEpqδgpqqa +

√
−gωa

+ 2δ
(√
−gEabqb

)
(469)

While for on-shell (i.e., when Eab = 0) we have the following relations:

−δ (
√
−gP a) =

√
−gωa + ∂c

(
2
√
−gP qr[a

p qc]δΓpqr
)
(470)

∂b
{
δ
(√
−gJab

)
− 2
√
−gP qr[a

p qb]δΓpqr
}
=
√
−gωa + 2δ

(√
−gEabqb

)
(471)

Then integrating the second equation over volume R with dD−1x
√
h as integration

measure and qa = ζa = Nua +Na we arrive at:

δ

∫
R
dD−1x

√
h
(
2uaEabζb

)
=
∫
R
dD−1x∂b

{
δ
[√
huaJ

ab(ζ)
]
− 2
√
hua

(
NP qr[a

p ub] + P qr[a
p N b]

)
δΓpqr

}
−
∫
R
dD−1x

√
huaω

a (δ, £q)

=
∫
R
dD−1x∂b

{
δ
[√
huaJ

ab(ζ)
]
− 2
√
h
(
NhbaP

qra
p + P qr[a

p N b]
)
δΓpqr

}
−
∫
R
dD−1x

√
huaω

a (δ, £q) (472)

Then we want the variation of the Hamiltonian obtained by contracting the momentum
along the four velocity ua, such that:

−
√
huaP

a(ξ) = ta
√
−gP a(ξ) (473)

where the vector ta = −ua/N in the coordinate system under consideration. Then
varying the above expression (noting that variation of ta vanishes) we obtain

−δ
[√
huaP

a(ξ)
]
= taδ [

√
−gP a(ξ)]

= −ta
[√
−gEpqδgpqξa +

√
−gωa + ∂c

(
2
√
−gP qr[a

p ξc]δΓpqr
)]

=
√
huaω

a −
√
−gEpqδgpq + ∂c

[
2
√
−guaP qr[a

p uc]δΓpqr
]

=
√
huaω

a −
√
−gEpqδgpq + ∂c

[
2
√
−ghcaP qra

p δΓpqr
]

(474)

where in the second line we have used the standard trick in order to get ua and in the
last line we have used the relation:

uaP
qr[a
p uc] = hcaP

qra
p (475)

Defining the gravitational Hamiltonian as:

Hgrav = −
∫
dD−1x

√
huaP

a(ξ) (476)
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its variation can be obtained readily from Eq. (474) as:

δHgrav =
∫
dD−1x

√
huaω

a−
∫
dD−1x

√
−gEpqδgpq+

∫
dD−2x 2rc

√
qP qrc

p δΓpqr (477)

where in order to obtain the last term we have used the result that rchca = ra and√
−g = N

√
h. The above results are true for arbitrary variations. Applying it to Lie

variation along ξa we arrive at the following form for Eq. (474) as:

−£ξ

[√
huaP

a(ξ)
]
= 2
√
−gEpq∇pξq + ∂c

[
2
√
−ghcaP qra

p £ξΓpqr
]

(478)

In arriving at the above result we have used the relations: £ξg
ab = −(∇aξb +∇bξa)

and ωa(£ξ, £ξ) = 0. Now using Bianchi identity ∇aEab = 0 we arrive at:

−£ξ

[√
huaP

a(ξ)
]
= ∂c

[
2
√
−g

(
Ecdξd + hcaP

qra
p £ξΓpqr

)]
(479)

This is the relation used to arrive at the results in the main text.

c.2.2 Characterizing Null Surfaces

Let us now try to generalize the result for null surfaces to Lovelock gravity with the
null vector `a such that `2 = 0 everywhere. For that purpose, we start with the combi-
nation:

Rab`a`b = RapqrP
pqr
b `a`b

= P bpqr`b (Rapqr`
a)

= −P bpqr`b (∇q∇r`p −∇r∇q`p)
= −2P bpqr`b∇q∇r`p
= ∇q

(
−2P bpqr`b∇r`p

)
−S (480)

where we have defined, the entropy density as:

S = −2P bpqr∇q`b∇r`p (481)

The Einstein-Hilbert limit can be obtained easily leading to:

16πS = −
(
gbqgpr − gbrgpq

)
∇q`b∇r`p

= ∇a`b∇b`a −
(
∇i`i

)2
(482)

as well as,

32πP bpqr`b∇r`p =
(
gbqgpr − gbrgpq

)
`b∇r`p

= `q∇r`r − `r∇r`q

= Θ`q (483)

However in Lanczos-Lovelock gravity, the combination, 2P bpqr`b∇r`p cannot be written
as, φ`q, for arbitrary φ, since 2P bpqr`q`b∇r`p 6= 0. Next let us consider the object,
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`aJ
a (`), for which we define, `a = A∇aB. Then in Lanczos-Lovelock gravity, we arrive

at:
1
A
`aJ

a (`) = ∇b
[
2P abcd`a`d∇cA

1
A2

]
=

1
A
∇b
[
2P abcd`a`d∇c lnA

]
− 1
A

[
2P abcd`a`d∇c lnA∇b lnA

]
(484)

Let us now expand ∇c lnA in canonical null basis, such that we obtain,

∇c lnA = −κkc +A`c +BAe
A
c (485)

Note that we obtain, `c∇c lnA = κ. In a similar fashion, we can expand, 2P abcd`a`d∇c lnA
in the following manner,

2P abcd`a`d∇c lnA = P`b +Qkb +RAebA (486)

It is evident that Q = −2P abcd`a`d`b∇c lnA = 0, due to antisymmetry of P abcd in the
first two indices. Then it turns out that,

P = −2P abcd`akb`d∇c lnA ≡ K (487)

It is obvious from the Einstein-Hilbert limit, that

16πK = −
(
gacgbd − gadgbc

)
`akb`d∇c lnA

= −
(
gacgbd − gadgbc

)
`akb`d

(
−κkc +BAe

A
c

)
= κ (488)

Also in the expansion for, ∇c lnA, we obtain, BA is completely arbitrary. Then we
can use BA such that the following relation: BQP abcd`a`deAb eQc = κP abcd`akc`de

A
b is

satisfied, such that, RA vanishes. Thus we obtain,

2P abcd`a`d∇c lnA = K`b (489)

Again, we get,

2P abcd`a`d∇c lnA∇b lnA = K`b∇b lnA = κK (490)

Thus, finally we arrive at the following result:

`aJ
a (`) = ∇a (K`a)− κK (491)

Again by considering derivative on the null surface, we obtain,

Da (K`a) =
(
gab + `akb + `bka

)
∇a (K`b)

= ∇a (K`a) + kb`a∇a (K`b)
= ∇a (K`a)− κK− `a∇aK (492)

Thus the Noether current contraction can also be written as:

`aJ
a (`) = Da (K`a) +

dK
dλ

(493)
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In this appendix, we shall present the supplementary material for Chapter 7.

d.1 general analysis regarding null surfaces

We will start with a null vector `a = A∇aB, which satisfies the condition `2 = 0
only over a single surface, which is the null surface under our consideration. Then we
obtain

`a∇a`b = κ`b (494)

where we have the following expression for κ

κ = `a∂a lnA+ κ̃; κ̃ = −1
2k

a∂a`
2 (495)

The last relation defining κ̃ can also be written as ∇a`2 = 2κ̃`a. The derivation of the
result goes as follows, let us expand ∇b`2 in canonical null basis, i.e., ∇a`2 = C`a +
Dka + EAe

A
a . Then both EA = eaA∇a`2 and D = −`a∇a`2 vanishes, since variation

of `2 along the null surface vanishes. This shows that the only non-zero component of
∇a`2 is along `a. Then it turns out that [202]

∇i`i = Θ + κ+ κ̃ (496)

where, Θ = qmaqmb∇a`b. Note that the term κ̃ enters the picture as `2 = 0 only on the
null surface. With this setup let us now find out Rab`a`b in detail, which leads to,

Rab`
a`b = `j

(
∇i∇j`i −∇j∇i`i

)
= ∇i

(
`j∇j`i

)
−∇j

(
`j∇i`i

)
−∇i`j∇j`i +

(
∇i`i

)2

= ∇i
(
`j∇j`i − `i∇j`j

)
−
(
∇i`j∇j`i −

(
∇i`i

)2
)

(497)

However in general, `j∇j`i = κ`i is not true, it only holds on the null surface (when `2 =
0 everywhere this relation is also true everywhere). Since we were doing the calculation
for the most general case, `2 6= 0 in the above expression we cannot substitute `j∇j`i =
κ`i, since it appears inside the derivative. Thus for the special case when `2 = 0
everywhere, we will arrive at the following result

Rab`
a`b = −∇i

(
Θ`i

)
−
(
∇i`j∇j`i −

(
∇i`i

)2
)

(498)
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In order to simplify things quiet a bit we will compute the last term
(
∇i`j∇j`i −

(
∇i`i

)2)
which we designate by S. Then we start by calculating the following object on the null
surface

Θab = qamq
b
n∇m`n

= (δam + `akm + ka`m)
(
δbn + `bkn + kb`n

)
∇m`n

= ∇a`b + `akm∇m`b + κka`b + `bkn∇a`n + `a`bkmkn∇m`n

− κka`b + κ̃`akb − κ̃`akb + κkakb`2

= ∇a`b + `akm∇m`b + `bkn∇a`n + `a`bkmkn∇m`n (499)

In arriving at the third line we have used the following results: `a∇a`i = κ`i and
`a∇b`a = κ̃`b. Then we can reverse the above equation leading to

∇a`b = Θab − `akm∇m`b − `bkn∇a`n − `a`bkmkn∇m`n (500)

From the above equation we can derive two very important identity:

(∇a`b)
(
∇a`b

)
= ΘabΘab + `a`bk

m∇m`bkn∇a`n + `a`
bkn∇a`nkm∇m`b

= ΘabΘab + 2 (κ̃km`m) (κ`nkn)
= ΘabΘab + 2κκ̃ (501)

In the same spirit we will arrive at

(∇a`b)
(
∇b`a

)
= ΘabΘab + `a`bkn∇a`nkm∇b`m + `a`

bkm∇m`akn∇n`b
= ΘabΘab + (κ̃km`m) (κ̃k

n`n) + (κ`nk
n) (κ`mk

m)

= ΘabΘab + κ2 + κ̃2 (502)

The extrinsic curvature for null surfaces, i.e., Θab can be given a very natural interpre-
tation. This essentially follows from [202]. There the expression for Θab in terms of Lie
variation of qab along the null generator `a was obtained as,

Θab =
1
2q

m
a q

n
b £`qmn (503)

Now expanding out the Lie derivative term we obtain,

£`qmn = `i∂iqmn + qma∂n`
a + qan∂m`

a (504)

Which on being substituted in Eq. (503) immediately leads to,

Θab =
1
2q

m
a q

n
b `
i∂iqmn +

1
2qaiq

n
b ∂n`

i +
1
2qbiq

m
a ∂m`

i (505)

Now on the null surface qab = qAB as the only non-zero component. Hence the above
equation can be written as,

Θab = ΘAB =
1
2
d

dλ
qAB +

1
2qAC∂B`

C +
1
2qBC∂A`

C (506)
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On the null surface qab `b = 0, which in this coordinate system leads to `A = 0 on the
null surface. Since ∂A`2 represent derivatives on the null surface it also vanishes. If
`2 = 0 everywhere, then also `A is identically zero everywhere. Hence we have

Θab =
1
2
d

dλ
qAB (507)

There is another way to get this result. If eaA are the basis vectors on the null surface
and if `a, eaA forms coordinate basis vectors, then qAB = qabe

a
Ae

b
B is a scalar under

4-dimensional coordinate transformation. This immediately leads to the previous ex-
pression. For more discussions along identical lines see [202].

Now the expression for the quantity S can be obtained as

S = ∇i`j∇j`i −
(
∇i`i

)2

= ΘabΘab + κ2 + κ̃2 − (Θ + κ+ κ̃)2

=
(

ΘabΘab −Θ2
)
− 2Θ (κ+ κ̃)− 2κκ̃ (508)

Using the general expression for Rab`a`b we obtain the following form:

Rab`
a`b = ∇i

(
`j∇j`i − `i∇j`j

)
−S

= ∇i
(
`j∇j`i − `i∇j`j

)
−
(

ΘabΘab −Θ2
)
+ 2Θ (κ+ κ̃) + 2κκ̃ (509)

For the situation where, `2 = 0 everywhere we finally arrive at the following simplified
expression

Rab`
a`b = −

(
ΘabΘab −Θ2

)
+ 2Θκ+∇i

(
κ`i − [Θ + κ] `i

)
= −

(
ΘabΘab −Θ2

)
+ Θκ− 1

√
q

d

dλ
(
√
qΘ) (510)

Let us now try to derive the Raychaudhuri equation starting from the basic properties
of null surfaces. We start with the following result

`a∇a (∇c`d) = `a∇a∇c`d
= Rdbac`

a`b + `a∇c∇a`d
= ∇c (`a∇a`d)−∇a`d∇c`a −Rbdac`b`a (511)

Then contraction of the indices c, d leads to the following result

`a∇a (∇c`c) = ∇c (`a∇a`c)−∇a`b∇b`a −Rab`a`b (512)

Otherwise we can rewrite it in a different manner which exactly coincide with Eq. (497).
On using Eq. (502) and the decomposition: Θab = (1/2)Θqab + σab + ωab we arrive
at

`a∇a (∇c`c)−∇c (`a∇a`c) = −ΘabΘab − κ2 − κ̃2 −Rab`a`b

= −1
2Θ2 − σabσab + ωabω

ab − κ2 − κ̃2 −Rab`a`b (513)



196 appendix for chapter 7

For the situation where, `2 = 0 the left hand side is just: d (Θ + κ) /dλ and the first
term on the right hand side is dκ/dλ+ κ(Θ + κ) the above equation leads to

dΘ
dλ

= κΘ + κ2 −∇a`b∇b`a −Rab`a`b

= κΘ−ΘabΘab −Rab`a`b

= κΘ− 1
2Θ2 − σabσab + ωabω

ab −Rab`a`b (514)

where to arrive at the last line we have used the following decomposition: Θab =
(1/2)Θqab+σab+ωab. This is precisely the one obtained in [232] though in a completely
different manner.

The next object to consider is the quantity `aJa(`). This can be obtained by using the
identity for Noether current leading to,

1
A
`aJ

a(`) = ∇b
({
`a`b − `2gab

} ∇aA
A2

)
= ∇b

[ 1
A
`b (κ− κ̃)

]
−∇b

(
`2
∇bA
A2

)

=
1
A
∇i
[
(κ− κ̃) `i

]
− 1
A
(κ− κ̃)2 − ∇

bA

A2 ∇b`
2

=
1
A
∇i
[
(κ− κ̃) `i

]
− 1
A
(κ− κ̃)2 − 2

A
κ̃ (κ− κ̃) (515)

This can be written in a slightly modified manner as,

`aJ
a(`) = ∇i

[
(κ− κ̃) `i

]
−
(
κ2 − κ̃2

)
= `i∇i (κ− κ̃) + (κ− κ̃) (Θ + κ+ κ̃)−

(
κ2 − κ̃2

)
=

d

dλ
(κ− κ̃) + Θ (κ− κ̃) (516)

The above expression can be simplified significantly by noting that Θ = d(ln√q)/dλ,
which leads to

`aJ
a(`) =

1
√
q

d

dλ
[(κ− κ̃)√q] (517)

Again, we have

Da [(κ− κ̃) `a] =
(
gab + `akb + `bka

)
∇a [(κ− κ̃) `b]

= ∇a [(κ− κ̃) `a] +
(
`akb + `bka

)
[(κ− κ̃)∇a`b + `b∇a (κ− κ̃)]

= ∇a [(κ− κ̃) `a]− κ (κ− κ̃)− κ̃ (κ− κ̃)−
d

dλ
(κ− κ̃) (518)

= (κ− κ̃) (Θ + κ+ κ̃)−
(
κ2 − κ̃2

)
= (κ− κ̃)

d ln√q
dλ

(519)



D.1 general analysis regarding null surfaces 197

Thus we arrive at

`aJ
a(`) = Da [(κ− κ̃) `a] +

d

dλ
(κ− κ̃) + (κ− κ̃) (κ+ κ̃)−

(
κ2 − κ̃2

)
= Da [(κ− κ̃) `a] +

d

dλ
(κ− κ̃) (520)

From the expression of the Noether current we get,

`aJ
a(`) = 2Rab`a`b + `ag

ij£`N
a
ij (521)

The above equation can be used to write, gab£`N
c
ab in terms of κ and Rab. For that

purpose we use Eq. (34) and insert Eq. (516) leading to

`ag
ij£`N

a
ij = `aJ

a(`)− 2Rab`a`b

=
d

dλ
(κ− κ̃) + Θ (κ− κ̃)− 2Rab`a`b

=
1
√
q

d

dλ
[
√
q (κ− κ̃)]− 2Rab`a`b

=
2
√
q

d

dλ
(
√
qκ)− 2Rab`a`b −

1
√
q

d

dλ
[
√
q (κ+ κ̃)] (522)

The above expression when integrated over the null surface with integration measure,√
qd2xdλ and then being divided by 16π leads to

1
16π

∫
d2xdλ

√
q

{
`ag

ij£`N
a
ij +

1
√
q

d

dλ
[
√
q (κ+ κ̃)]

}

=
1

8π

∫
d2x
√
qκ|21 −

1
8π

∫
d2xdλ

√
qRab`

a`b (523)

Then on using the field equation: Rab = 8π [Tab − (1/2)gabT ] = 8πT̄ab and then being
substituted in Eq. (523) we arrive at the following expression

1
4

∫
d2x
√
q

(
κ

2π

)
|21 −

∫
d2xdλ

√
q Tab`

a`b

=
1

16π

∫
d2xdλ

√
q

{
`ag

ij£`N
a
ij +

1
√
q

d

dλ
[
√
q (κ+ κ̃)]

}
(524)

where the last equality follows from the fact that `2 = 0 on the null surface. The above
equation can be written in a more abstract form as

1
16π

∫
d2xdλ

√
q`ag

ij£`N
a
ij =

[1
4

∫
λ2
d2x
√
q

(
κ

2π

)
− 1

4

∫
λ1
d2x
√
q

(
κ

2π

)]
−
∫
d2xdλ

√
q Tab`

a`b − 1
16π

∫
d2xdλ

d

dλ
[
√
q (κ+ κ̃)]

(525)
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As an illustration when `2 = 0 everywhere, we have κ̃ = 0, then Eq. (525) leads
to,

1
16π

∫
d2xdλ

√
q`ag

ij£`N
a
ij =

1
2

[∫
λ2
d2x

√
q

4

(
κ

2π

)
−
∫
λ1
d2x

√
q

4

(
κ

2π

)]
−
∫
d2xdλ

√
q Tab`

a`b (526)

We will now try to obtain an expression for the quantity `agij£`N
a
ij independently. For

that we start with the symmetric and anti-symmetric part of the derivative ∇a`b such
that:

Sab = ∇a`b +∇b`a, Jab = ∇a`b −∇b`a (527)

Then we have the following result:∇a`b = (1/2)(Sab+Jab), which on being substituted
in the identity:

∇b
(
∇a`b

)
−∇a

(
∇b`b

)
= Rab `

b (528)

leads to the following identification:

gab£`N
c
ab = −∇b

(
Sbc − gbcS

)
(529)

Hence we arrive at the following relation:

`ag
bc£`N

a
bc = −`a∇b

[
∇a`b +∇b`a − 2gab∇c`c

]
= −∇b

[
`a∇a`b + `a∇b`a − 2`b (∇c`c)

]
+∇a`b∇b`a +∇a`b∇a`b − 2 (∇c`c)2

= −∇b
[
`a∇a`b + `a∇b`a − 2`b (∇c`c)

]
+ 2ΘabΘab + (κ+ κ̃)2 − 2 (Θ + κ+ κ̃)2

= −∇b
[
`a∇a`b + `a∇b`a − 2`b (∇c`c)

]
+ 2

(
ΘabΘab −Θ2

)
− 4Θ (κ+ κ̃)− (κ+ κ̃)2 (530)

For the case `2 = 0 the term within bracket can be written in a simplified manner such
that Lie derivative term gets simplified leading to:

`ag
bc£`N

a
bc = 2

(
ΘabΘab −Θ2

)
− 4Θκ− κ2 +∇b

[
(2Θ + κ) `b

]
= 2

(
ΘabΘab −Θ2

)
− 4Θκ− κ2 + (2Θ + κ) (Θ + κ) +

d

dλ
(2Θ + κ)

= 2
(

ΘabΘab −Θ2
)
−Θκ+

d

dλ
κ+

2
√
q

d

dλ
(
√
qΘ) (531)

If the null generator is affinely parametrized then κ = 0 and Eq. (531) reduces to:

`ag
bc£`N

a
bc = 2

(
ΘabΘab −Θ2

)
+

2
√
q

d

dλ
(
√
qΘ) (532)
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While for the null generator `a in GNC we have (see Appendix D.3 Eq. (579)):

`ag
bc£`N

a
bc = 2

(
ΘabΘab −Θ2

)
+

2
√
q

d2√q
dλ2 + 2dκ

dλ
− 2
√
q

d

dλ
(
√
qκ) (533)

Through the above analysis we have obtained expressions for `aJa(`), Rab`a`b and
`ag

bc£`N
a
bc.

It turns out from the above analysis that ΘabΘab −Θ2 can be given a more physical
meaning by considering Lie variation of gravitational momentum. This can be obtained
by considering variation of the gravitational momentum first:

qabδΠab = qabδ
[√
q
(

Θab −Θqab
)]

= qab
√
qδΘab − 2√qδΘ−√qΘqabδqab −Θδ

√
q

=
√
qqabδΘab − 2√qδΘ + Θδ

√
q (534)

Now specializing to Lie variation we arrive at:

−qab£`Πab = −Θ£`
√
q−√qqab£`Θab + 2√q£`Θ

= −√q£`Θ +
√
qΘab£`qab −Θ£`

√
q+ 2√q£`Θ

= 2√q
(

ΘabΘab −Θ2
)
+ £` (

√
qΘ)

=
√
q`ag

bc£`N
a
bc −

d2√q
dλ2 (535)

where in the last line we have used Eq. (532). Here the quantities Θab and Θ can be de-
fined as: Θab = (1/2)£`qab and Θ = £` ln√q. In GNC parametrization: (1/2)£`qab =
(1/2)∂uqab and £` ln√q = ∂u ln√q. Thus the Lie variation of gravitational momentum
for affine parametrization is directly related to D, i.e. to (ΘabΘab −Θ2).

For non-affine parametrization the gravitational momentum associated with null sur-
faces can be taken as Πab =

√
q(Θab − (Θ + κ)qab). Then we readily arrive at the Lie

variation expression:

−qab£`Πab = 2√q
(

ΘabΘab −Θ2
)
+ £` (

√
qΘ) + 2√q£`κ (536)

Since κ is a scalar Lie variation term can be written as: £`κ = dκ/dλ, where λ is the
parameter along `a. If we consider the null generator `a from GNC then we arrive at
(see Eq. (533)):

−qab£`Πab =
√
q`ag

bc£`N
a
bc −

d2√q
dλ2 +

2
√
q

d

dλ
(
√
qκ) (537)

while if we have defined the conjugate momenta Πab as Πab =
√
q(Θab −Θqab), then

the above relation could have been written as,

−qab£`Πab =
√
q`ag

bc£`N
a
bc −

d2√q
dλ2 + 2κ d

dλ
(
√
q) (538)
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d.2 some useful results associated with null foliation

There are a few more geometrical quantities associated with the null vectors associ-
ated with GNC, which we will introduce for ready reference later on. The first one
corresponds to the induced metric qab on the null surface, defined as,

qab ≡ gab + `akb + `bka; qab ≡ δab + `akb + `bk
a (539)

Note that both `aq
a
b and kaq

a
b identically vanishes on the null surface, thanks to the

relation `aka = −1; we can think of qab as a projector on to the r = 0 surface, which
is two-dimensional. Using this projector, we can define extrinsic curvature on a null
surface:

Θab ≡ qma qnb∇m`n =
1
2q

m
a q

n
b £`qmn (540)

If λ is the parameter along the null generator `a on the null surface, the only nonzero
components of Θab are (see Eq. (507) of Appendix D.1),

ΘAB =
1
2
d

dλ
qAB (541)

The trace of Θab, is Θ = qabΘab and it is useful to define the trace free shear tensor
σab as,

σab ≡ Θab −
1
2qabΘ (542)

Then, as described in Ref. [131] we can introduce shear viscosity coefficient, η = (1/16π)
and the bulk viscosity coefficient ζ = −(1/16π) as well as the dissipation term by:

D ≡ 8π
(
2ησabσab + ζΘ2

)
= ΘabΘab −Θ2 (543)

The importance of σab and D — which will occur repeatedly in our discussion — arises
from the following fact: It turns out that Einstein’s equations, when projected on to any
null surface in any spacetime, takes the form of a Navier-Stokes equations [186] with
σab acting as a viscous tensor and η, ζ acting as bulk and shear viscosity coefficients,
In that case, the apparent viscous dissipation is given by D. (The conceptual issues
related to this ‘dissipation without dissipation’ since there can be no real, irreversible,
drain of energy are clarified in [186]). In the GNC, we have on the null surface,

D =
1
4q

acqbd∂uqab∂uqcd − (∂u ln√q)2 (544)

which vanishes when ∂uqab = 0 on the null surface. These results have been used in the
main text.

d.3 derivation of various expressions used in text

This appendix will contain derivations of most of the results that we have used in the
main text. The derivations will be arranged in the same order as that in the main text.
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First we will present derivations related to the Navier-Stokes equation and then we will
present the requisite derivations of subsequent sections.

d.3.1 Derivation Regarding Navier-Stokes Equation

The first thing to compute is the Lie derivative of the object N c
ab. This can be obtained

starting from the first principle, i.e., using expression for N c
ab in terms of Γabc and then

using Lie variation of the connection. This immediately leads to:

£vN
a
bc = Qadbe£vΓecd +Qadce£vΓebd
= Qadbe (∇c∇dve +Redmcv

m) +Qadce (∇b∇dve +Redmbv
m)

=
1
2
(
δab∇c∇dvd + δac∇b∇dvd

)
− 1

2 (∇b∇cva +∇c∇bva)

− 1
2 (Rabmc +Racmb) v

m (545)

In the above expression the second term in the last line can be written as:

(∇b∇cva +∇c∇bva) = 2∂b∂cva + 2Γabd∂cv
d + 2Γacd∂bv

d − 2Γdbc∂dv
a

+ vd (∂bΓacd + ∂cΓabd)− 2ΓdbcΓ
a
dev

e + ΓabdΓdcev
e + ΓacdΓdbev

e

(546)

In order to compute the Lie variation of N c
ab along the transverse direction we need the

two objects £`N
A
ur and £`N

A
BC . For the evaluation of £`N

A
ur the following identities

will be useful:

(∇b∇c`a +∇c∇b`a)Aur = 2∂u∂r`A + 2ΓAud∂r`
d + 2ΓArd∂u`

d − 2Γdur∂d`
A

+ vd
(
∂uΓArd + ∂rΓAud

)
− 2ΓdurΓ

A
de`

e + ΓAudΓdrev
e + ΓArdΓdue`

e

= 2∂uβA + 4αΓAur + 2βBΓAuB − 2βAΓrur + ∂uΓAru + ∂rΓAuu
− 2ΓdurΓ

A
du + ΓAudΓdur + ΓArdΓduu (547)

and

(∇b∇c`a +∇c∇b`a)Aur + [(Rabmc +Racmb) `
m]Aur

= 2∂uβA + 4αΓAur + 2βBΓAuB − 2βAΓrur
+ ∂uΓAru + ∂rΓAuu − 2ΓdurΓ

A
du + ΓAudΓdur + ΓArdΓduu +RAuur

= 2∂uβA + 2βBΓAuB + 2∂uΓAur
= ∂uβ

A + βBqAC∂uqBC (548)
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While for £`N
A
BC we have:

(∇b∇c`a +∇c∇b`a)ABC + [(Rabmc +Racmb) `
m]ABC

= −2βAΓrBC + ∂BΓAuC + ∂CΓAuB − 2ΓdBCΓAud
+ ΓABdΓduC + ΓACdΓduB + ∂uΓ̂ABC − ∂CΓABu + ΓAudΓdBC
− ΓACdΓduB + ∂uΓ̂ABC − ∂BΓACu + ΓAudΓdBC − ΓABdΓduC
= −2βAΓrBC + 2∂uΓ̂ABC (549)

These are the expressions used to get expressions in Section 7.4.1. From the vector Ωa

given in Eq. (222) we can calculate the Lie variation along `a leading to,

£`Ωn = `m∂mΩn + Ωm∂n`
m

=

(
0, 1

2βAβ
A, 1

2∂uβA
)

(550)

and equivalently,

£`Ωn = `m∂mΩn −Ωm∂m`
n

=

(
0, 0, 1

2∂uβ
A
)

(551)

Also,

DmΘm
a = ∂BΘB

A + ∂C ln√qΘC
A − Γ̂CABΘB

C

=
1
2∂B

(
qBC∂uqAC

)
+

1
2q

CD∂C ln√q∂uqAD −
1
2q

BD∂uqCDΓ̂CAB (552)

Using these results we finally obtain,

qna£`Ωn +DmΘm
a + ΘΩa −Da (Θ + α)

=
1
2∂uβA + ∂B

(1
2q

BC∂uqAC

)
+

1
2q

CD∂uqAD∂C ln√q

− 1
2q

BD∂uqCDΓ̂CAB + ∂u ln√q1
2βA − ∂A∂u ln√q− ∂Aα (553)

In raising the free index of the above equation the following identities can be use-
ful

−qCDqAB∂uqBC∂D ln√q = ∂u
(
qAD∂D ln√q

)
− qAD∂u∂D ln√q (554a)

∂u
(
qAD∂D ln√q

)
− qAB∂uqCF∂CqBF − qAB∂D

(
qCD∂uqBC

)
= −∂u

(
qBC Γ̂ABC

)
+ qCF∂uq

AB∂CqBF − qAB∂DqCD∂uqBC

= −∂u
(
qBC Γ̂ABC

)
(554b)

qABqCD∂uqEDΓ̂EBC = Γ̂AFC∂uq
CF − qAB∂CqBF∂uqCF (554c)
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Moreover we also have:

Rab`
aqbc = RuA = GuA

=
1
2∂uβA − ∂Aα+

1
2q

BC∂u∂BqCA +
1
2∂Bq

BC∂uqAC − ∂u∂A ln√q

+
1
2βA∂u ln√q+ 1

2q
BC∂uqAC∂B ln√q− 1

2q
BD∂uqCDΓ̂CAB (555)

It can be checked that this expression coincides exactly with Eq. (231) in Section 7.4.1
as it should.

To bring out the physics associated with Noether current and its various projections we
compute the Noether potential and hence the Noether current completely in GNC for
the vector ξa. To start with we provide all the components of the tensor ∇aξb, which
are:

(∇aξb)uu = −r∂uα; (∇aξb)ur = α+ r∂rα; (∇aξb)ru = −α− r∂rα (556)
(∇aξb)uA = r∂Aα− r∂uβA; (∇aξb)Au = −r∂Aα; (557)

(∇aξb)rA = −1
2βA −

1
2r∂rβA; (∇aξb)rr = 0; (∇aξb)Ar =

1
2βA +

1
2r∂rβA;

(∇aξb)AB =
1
2∂uqAB +

1
2r (∂AβB − ∂BβA) ;

(∇aξb)BA =
1
2∂uqAB −

1
2r (∂AβB − ∂BβA) (558)

Then components of Noether potential Jab = ∇aξb −∇bξa have the following expres-
sion:

Juu = 0; Jur = 2α+ 2r∂rα; JuA = 2r∂Aα− r∂uβA (559)
JrA = −βA − r∂rβA; JAB = r (∂AβB − ∂BβA) (560)

The upper components of Noether potential can be obtained as

Juu = 0; Jur = −2α− 2r∂rα− rβAβA − r2βA∂rβA (561)
JuA = −βA − rqAB∂rβB; Jrr = r3βAβB (∂AβB − ∂BβA) (562)
JrA = 2rqAB∂Bα− rqAB∂uβB − 2r2αqAB∂rβB − r3β2qAB∂rβB

− r2qABβC (∂BβC − ∂CβB) + 2r2βA∂rα− r3βAβB∂rβB (563)
JAB = −rβAqBC (βC + r∂rβC)

+ rβBqAC (βC + r∂rβC) + rqACqBD (∂CβD − ∂DβC) (564)

Using the above components of Noether potential the components of Noether current
can be obtained as

Ju(ξ) = −4∂rα− β2 − 2α∂r ln√q− 1
√
q
∂A
(√

qβA
)

(565)

Jr(ξ) = 2α∂u ln√q+ 2∂uα (566)

JA(ξ) =
1
√
q
∂u
(√

qβA
)
+ qAB∂uβB − 2qAB∂Bα (567)
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Note that kaJa(ξ) = −Ju(ξ), qabJb(ξ) = JA(ξ) and finally `aJa(ξ) = Jr(ξ). As we
will see all of them matches with our desired expressions. Also in the stationary limit
we have ∂uα = ∂uβA = ∂uqAB = 0, which in particular tells us that Jr = 0. Hence
in the static limit Noether current is on the null surface since its component along ka
(which is −`aJa(ξ)) vanishes. Also in this case we have:

(∇b∇cξa +∇c∇bξa)Aur + [(Rabmc +Racmb) ξ
m]Aur

= ∂uΓAru + ∂rΓAuu − ΓdurΓ
A
du + ΓArdΓduu +RAuur

= 2∂uΓAur = −∂uβA (568)

as well as,

(∇b∇cξa +∇c∇bξa)ABC + [(Rabmc +Racmb) ξ
m]ABC

= ∂BΓAuC + ∂CΓAuB − 2ΓdBCΓAud
+ ΓABdΓduC + ΓACdΓduB + ∂uΓ̂ABC − ∂CΓABu + ΓAudΓdBC
− ΓACdΓduB + ∂uΓ̂ABC − ∂BΓACu + ΓAudΓdBC − ΓABdΓduC
= 2∂uΓ̂ABC (569)

Using these two results we arrive at:

£ξN
A
ur =

1
2∂uβ

A (570)

£ξN
A
BC =

1
2δ

A
B∂CΘ +

1
2δ

A
C∂BΘ− ∂uΓ̂ABC (571)

These are the expressions used in Section 7.4.1.

d.3.2 Derivation Regarding Spacetime Evolution

We need to consider the object `agij£`N
a
ij in GNC. This in turn requires us to obtain

expressions for £`N
r
ur and £`N

r
AB. Then using the identity for Lie variation of N c

ab we
can obtain both the Lie variations. For that purpose we have:

1
2

(
δab∇c∇d`d + δac∇b∇d`d

)r
ur

=
1
2∂uΘ + ∂uα (572)(

∇b∇c`a +∇c∇b`a
)r
ur

= 2∂uα (573)[
− 1

2

(
Rabmc +Racmb

)
`m
]r
ur

= 0 (574)(
∇b∇c`a +∇c∇b`a

)r
AB

= α∂uqAB −
1
2q

CD∂uqAC∂uqBD (575)[
− 1

2

(
Rabmc +Racmb

)
`m
]r
AB

= −1
2α∂uqAB +

1
2∂

2
uqAB −

1
4q

CD∂uqAC∂uqBD

(576)
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This immediately leads to

£`N
r
ur =

1
2∂

2
u ln√q (577)

£`N
r
AB = −α∂uqAB +

1
2∂

2
uqAB (578)

Combining all the pieces and using the results Θ = ∂u ln√q and ΘAB = (1/2)∂uqAB,
which is the only non-zero component of Θab, [202] we finally obtain

`ag
ij£`N

a
ij = 2£`N

r
ur + qAB£`N

r
AB

= −2α∂u ln√q+ 2∂2
u ln√q− 1

2∂uqAB∂uq
AB

= 2∂uα+ 2
(

ΘabΘab −Θ2
)
+

2
√
q

d2√q
du2 −

2
√
q

d

du
(
√
qα) (579)

which can also be obtained from a completely different viewpoint. For sake of complete-
ness we will illustrate the alternative methods as well. For the null vector `a in the
adapted GNC system we have:

(`c∇c`a)u = α+ rβ2 +O(r2); (`c∇c`a)r = r∂uα+ 2rα2 +O(r2)

(`c∇c`a)A = rαβA + rqCA∂Cα+O(r2) (580)

Hence on r = 0 surface, we have κ = α, as well as, κ̃ = −(1/2)ka∇a`2 = α. Now we
will use the Raychaudhuri equation to get Rab`a`b and hence the Lie variation term. In
this case we have, du = dλ, thus Raychaudhuri equation reduces to the following form
(see Eq. (512))

`a∇a (Θ + 2α) = ∇c (`a∇a`c)−∇a`b∇b`a −Rab`a`b (581)

Where, the Θ + 2α term comes from ∇i`i. Then we have,

∇c (`a∇a`c) = ∂c (`
a∇a`c) + `a∇a`c∂c ln√q

= 2α2 + α∂u ln√q+ 2∂uα (582)

Thus non zero components of Bab = ∇a`b are as follows:

Bur = α; BrA =
1
2βA; BAC =

1
2∂uqAC (583)

From which it can be easily derived that, BabBba = 2α2− (1/4)∂uqAB∂uqAB. Thus we
obtain

Rab`
a`b = −∂uΘ + 2α2 + Θα−BabBba

= αΘ− 1
2q

AB∂2
uqAB −

1
4∂uqAB∂uq

AB

= αΘ− 1
√
q
∂2
u

√
q+ (∂u ln√q)2 −ΘabΘab (584)
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where Θab has the only non-zero component to be, ΘAB = (1/2)∂uqAB. For the GNC
null normal `a, the Noether current vanishes, such that Lie variation of Na

bc turns out
to have the following expression

`ag
ij£`N

a
ij = −2Rab`a`b

= 2∂uα+ 2
(

ΘabΘab −Θ2
)
+

2
√
q

d2√q
du2 −

2
√
q

d

du
(
√
qα) (585)

The components of Sab = ∇a`b +∇b`a In GNC are as follows:

Suu = 2r∂uα− 4rα2 +O(r2); Sur = 2α+ 2r∂rα+ rβ2 +O(r2)

SuA = −rβB∂uqAB + 2r∂Aα− 2rαβA +O(r2); Srr = 0
SrA = βA + r∂rβA − rβC∂rqCA +O(r2)

SAB = ∂uqAB + 2rα∂rqAB + r (DAβB +DBβA) +O(r2) (586)

Thus the trace at r = 0 leads to: S = 4α+ 2∂u ln√q. Thus we arrive at the following
expression (see Eq. (529) of Appendix D.1)

`ag
ij£`N

a
ij = 2∂u (Θ + 2α)− ∂bSrb − ΓrbcS

bc − Src∂c ln√q (587)

Then the upper components of Sab necessary for the above computation are the follow-
ings:

Sur = Sur + rβASrA = 2α+ 2r∂rα+ 2rβ2 +O(r2)

Srr = 2r∂uα+ 4rα2 +O(r2)

SrA = 4αrβA + 2rqAB∂Aα− 2rαβA +O(r2) (588)

The mixed components leads to nothing new so we have not presented them. From
Eq. (587) the expression for Lie derivative can be obtained as:

`ag
ij£`N

a
ij = 2∂u (Θ + 2α)− ∂uSru − ∂rSrr − ∂ASrA + 4α2 + 2ΘabΘab − 2αΘ

= 2
(

ΘabΘab −Θ2
)
+

2
√
q

d

dλ
(
√
qΘ)− 2αΘ + 4∂uα+ 4α2 − 4∂uα− 4α2

= 2
(

ΘabΘab −Θ2
)
+

2
√
q

d

dλ
(
√
qΘ)− 2αΘ (589)

which exactly matches with Eq. (585). The same can be ascertained for Eq. (584) by
computing Rab`a`b on the null surface i.e. in the r → 0 limit, directly leading to:

Rab`
a`b = Ruu = ∂aΓauu − ∂uΓaua + ΓauuΓbab − ΓaubΓ

b
ua

= ∂uΓuuu + ∂rΓruu + ∂AΓAuu − ∂2
u ln√q+ Γuuu∂u ln√q− ΓaubΓ

b
ua

= 2α2 − ∂2
u ln√q+ α∂u ln√q− ΓuubΓ

b
uu − ΓrubΓ

b
ur − ΓAubΓ

b
uA

= −∂2
u ln√q+ α∂u ln√q−ΘabΘab (590)
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which under some manipulations will match exactly with Eq. (584). Then in GNC we
obtain in identical fashion, the following expression for heat density,

S = ∇i`j∇j`i −
(
∇i`i

)2

=
(
2α2 − (1/4)∂uqAB∂uqAB

)
− (Θ + 2α)2

= −2α2 − 4αΘ−Θ2 + ΘabΘab (591)

This on integration over the null surface leads to,

1
8π

∫
dud2x

√
qS =

1
8π

∫
dud2x

√
q
(

ΘabΘab −Θ2
)

− 1
4π

∫
dud2x

√
qα2 − 4

∫
d2xTds (592)

Let us now write the integral form of Rab`a`b, for that we note the integration measure
to be dud2x

√
q. Thus on integration with proper measure and (1/8π) factor leads

to

1
8π

∫
dud2x

√
qRab`

a`b = − 1
8π

∫
dud2x

√
qD− 1

8π
dA⊥
dλ

∣∣∣∣2
1

+
∫
d2xTs|21 −

∫
d2xsdT (593)

which can be written in a slightly modified manner as:

1
8π

∫
dud2x

√
qRab`

a`b = − 1
8π

∫
dud2x

√
qD− 1

8π
dA⊥
dλ

∣∣∣∣2
1
+
∫
d2xTds (594)

Also the Lie variation term (with all the surface contributions kept) on being integrated
over the null surface we obtain

1
16π

∫
dud2x

√
q× `agij£`N

a
ij

=
1

8π

∫
dud2x

√
qD+

1
8π

dA⊥
dλ

∣∣∣∣2
1
−
∫
d2x

(
α

2π

)
d

(√
q

4

)
= −

∫
d2x Tds+

1
8π

∫
dud2x

√
qD+

1
8π

dA⊥
dλ

∣∣∣∣2
1

(595)

To calculate Lie variation for ξa we need to calculate ∇aξb +∇bξa = Sab. This tensor
has the following components:

Suu = −2r∂uα, Sur = 0
SuA = −r∂uβA, Srr = 0
SrA = 0. SAB = ∂uqAB (596)

Thus in the null limit obtained from the relation: r → 0 we arrive at the result that all
the components of Sab vanishes except for the SAB components. If we want to satisfy
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the Killing condition for ξa on the null surface we would require ∂uqAB = 0. From the
above relations it is clear that ∇aξa = Θ. Moreover we also have,

κ = −kbξa∇aξb = −Γbackbξ
aξc = Γuuu = α (597a)

κ̃ = −1
2kb∇

bξ2 =
1
2∂r (−2rα) = −α (597b)

which shows that for ξa, κ = κ̃. Thus even without the condition ∂uqAB = 0, we arrive
at the relation κ = −κ̃ = α. Moreover Lie variation of Na

bc along ξa can be obtained
by computing the following objects:

1
2

(
δab∇c∇dξd + δac∇b∇dξd

)r
ur

=
1
2∂uΘ (598)(

∇b∇cξa +∇c∇bξa
)r
ur

= −2∂uα (599)[
− 1

2

(
Rabmc +Racmb

)
ξm
]r
ur

= 0 (600)(
∇b∇cξa +∇c∇bξa

)r
AB

= −α∂uqAB −
1
2q

CD∂uqAC∂uqBD (601)[
− 1

2

(
Rabmc +Racmb

)
ξm
]r
AB

= −1
2α∂uqAB +

1
2∂

2
uqAB −

1
4q

CD∂uqAC∂uqBD

(602)

which can be used to obtain the Lie variation term associated with ξa as,

`ag
ij£ξN

a
ij = 2∂uα+ 2

(
ΘabΘab −Θ2

)
+

2
√
q
∂2
u

√
q

=
2
√
q
∂u (α

√
q) + `ag

ij£`N
a
ij (603)

Then using the momentum Πab =
√
q[Θab − qab(Θ + κ)] conjugate to the induced

metric qab from Eq. (536) we immediately arrive at,

−qab£ξΠab =
√
q`ag

ij£ξN
a
ij −

d2√q
dλ2 (604)

These expressions are used to obtain Eq. (218). Also the variational principles in this
context are:

Q1 =
∫
dλd2x

√
q

(
− 1

8πRab`
a`b + Tab`

a`b
)

=
∫
dλd2x

√
q

[ 1
8πD+ Tab`

a`b
]
−
∫
d2x Tds+

1
8π

dA⊥
dλ

∣∣∣∣2
1

(605a)

Q2 =
∫
dλd2x

√
q

[ 1
16π`ag

ij£ξN
a
ij + Tab`

a`b
]

=
∫
dλd2x

√
q

[ 1
8πD+ Tab`

a`b
]
+
∫
d2x sdT +

1
8π

dA⊥
dλ

∣∣∣∣2
1

(605b)

These are the expressions used in Section 7.4.3.
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For the sake of completeness, we derive the bracket for the Noether charge associated
with the vectors as given in Eq. (250).

The normalized normal to r = constant surface corresponds to,

Na =

(
0, 1√

2rα+ r2β2 , 0, 0
)

(606)

Na =

(
1√

2rα+ r2β2 ,
√

2rα+ r2β2, rβA√
2rα+ r2β2

)
(607)

The extrinsic curvature of the r = 0 surface can be computed easily using the above
normalized normal Na as,

K = −∇aNa = −∂aNa −Na∂a ln
√
−g

= −∂u

(
1√

2rα+ r2β2

)
− ∂r

√
2rα+ r2β2

= − α√
2rα+ r2β2 (608)

The corresponding non-zero component of the Noether potential associated with the
Noether charge on r = 0 surface yield,

Jur = Kξunr −Kξrnu

= −
(
α− ∂uα

2α

)(
F +

∂uF

2α

)
(609)

Finally the relevant component of the Noether current for calculation of the bracket
between Noether charges becomes

Jr = ∂uJ
ru + ∂AJ

rA + JrA∂A ln
√
−g

= ∂u

[
α

(
F +

∂uF

2α

)]
= α∂uF +

1
2∂

2
uF (610)

The other normalized vector (the time evolution vector) corresponds to,

Ma =

( 1√
2rα

, 0, 0, 0
)

(611)

Ma =

(
−
√

2rα, 1√
2rα

,− rβA√
2rα

)
(612)
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Hence one arrives at on the r = 0 surface,

dΣabJab = −d2x
√
q (naMb − nbMa) J

ab

= 2d2x
√
qα

(
F +

∂uF

2α

)
(613)

Thus the Noether charge becomes,

Q[ξ] =
1
2

∫
dΣabJab =

∫
d2x
√
qα

(
F +

∂uF

2α

)
(614)

The commutator reads,

[Q1,Q2] =
∫
d2x
√
q

{(
F1 +

∂uF1
2α

)(
α∂uF2

1
2∂

2
uF

)
− (1↔ 2)

}

=
∫
d2x
√
q

α (F1∂uF2 − F2∂uF1) +
1
2
(
F1∂

2
uF2 − F2∂

2
uF1

)

+
1

4α
(
∂uF1∂

2
uF2 − ∂uF2∂

2
uF1

) (615)

Then with the ansatz for F (u) as in Eq. (254) will lead to the Fourier space commutator
bracket Eq. (256).
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In this Appendix, we present the steps for deriving various results mentioned in Chapter
9.

f.1 stress-energy tensor: explicit derivation

f.1.1 Exterior Region

The various derivatives of the conformal factor in the exterior region have the following
expressions:

∂+C =
r− 1
2r3

dB/dU
dA/dU

; ∂2
+C =

(r− 1)(3− 2r)
4r5

dB/dU
dA/dU

(616)

∂−C =
r− 1
r

∂−

(
dB/dU
dA/dU

)
− r− 1

2r3

(
dB/dU
dA/dU

)2
(617)

∂2
−C = −3

2
r− 1
r3

dB/dU
dA/dU

∂−

(
dB/dU
dA/dU

)
+
r− 1
r

∂2
−

(
dB/dU
dA/dU

)
+

(3− 2r)(r− 1)
4r5

(
dB/dU
dA/dU

)3
(618)

∂−∂+C =
r− 1
2r3 ∂−

(
dB/dU
dA/dU

)
−
(
dB/dU
dA/dU

)2 (3− 2r)(r− 1)
4r5 (619)

With the following expressions for energy momentum tensor:

〈T++〉 =
κ2

48π

( 3
r4 −

4
r3

)
; 〈T+−〉 =

κ2

12π
r− 1
r4

dB/dU
dA/dU

(620)
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〈T−−〉 =
κ2

48π

(dB/dU
dA/dU

)2 ( 3
r4 −

4
r3

)

+ 16

1
2
∂2
−

(
dB/dU
dA/dU

)
dB/dU
dA/dU

− 3
4

∂−
(
dB/dU
dA/dU

)
dB/dU
dA/dU

2


=
κ2

48π

(
dB/dU
dA/dU

)2
( 3

r4 −
4
r3

)
+

16(
dB
dU

)2

×
[{1

2
∂2
U (dB/dU)
dB/dU

− 3
4

(
∂U (dB/dU)
dB/dU

)2}

−
{

1
2
∂2
U (dA/dU)
dA/dU

− 3
4

(
∂U (dA/dU)
dA/dU

)2}] (621)

these relations can be simplified to arrive at,

〈T+−〉 =
κ2

12π
r− 1
r4

cotχ0 + tan
(
U−χ0

2

)
cotχ0 − tan

(
U+χ0

2

)
 cos2

(
U+χ0

2

)
cos2

(
U−χ0

2

) (622)

〈T−−〉 =
κ2

48π

cotχ0 + tan
(
U+χ0

2

)
cotχ0 − tan

(
U+χ0

2

)
 cos2

(
U+χ0

2

)
cos2

(
U−χ0

2

)
2 [( 3

r4 −
4
r3

)

+

 amax cos2
(
U+χ0

2

)
sinχ0

(
cotχ0 − tan

(
U+χ0

2

))
−2

×
(
−15

[
tan2

(
U + χ0

2

)
− tan2

(
U − χ0

2

)]
− 6 cotχ0

[
tan

(
U + χ0

2

)
+ tan

(
U − χ0

2

)]

+
4 cotχ0
sin2 χ0

 1
cotχ0 − tan

(
U+χ0

2

)
− 1

cotχ0 + tan
(
U−χ0

2

)
+ amax

sinχ0

 1(
cotχ0 − tan

(
U+χ0

2

))2

− 1(
cotχ0 + tan

(
U−χ0

2

))2



 (623)

In arriving at the above relations we have used the following expressions for the various
derivatives dA/dU and dB/dU are respectively:

dA

dU
=

amax cos2
(
U−χ0

2

)
sinχ0

(
cotχ0 + tan

(
U−χ0

2

)) ; dB

dU
=

amax cos2
(
U+χ0

2

)
sinχ0

(
cotχ0 − tan

(
U+χ0

2

)) (624)
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d2A

dU2 = −1
2

[
1 + 2 sin2

(
U−χ0

2

)
+ cotχ0 sin (U − χ0)

]
sin4 χ0

(
cotχ0 + tan

(
U−χ0

2

))2 (625)

d2B

dU2 =
1
2

[
1 + 2 sin2

(
U+χ0

2

)
− cotχ0 sin (U + χ0)

]
sin4 χ0

(
cotχ0 − tan

(
U+χ0

2

))2 (626)

as well as the following derivatives:

1
2
∂2
U (dA/dU)
dA/dU

− 3
4

(
∂U (dA/dU)
dA/dU

)2
= − 1

16

[
15 tan4

(
U − χ0

2

)
+ 24 cotχ0 tan3
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and
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f.1.2 Interior Region

For the interior region the various derivatives of the conformal factors are:
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1
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1
C
∂2
−C =

1
(dA/dU)2

 1
a2
d2a2

dU2 −
3
a2
da2

dU

1
dA/dU

d2A

dU2 −
1

dA/dU
d3A

dU3

+ 3
(

1
dA/dU

d2A

dU2

)2
 (631)
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Then the components of the stress energy tensor in the inside region are:
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where various derivatives of the quantity A are given in Appendix F.1.1.

f.2 energy density and flux for various observers

f.2.1 Static Observer

Below we provide the full expressions for energy density and flux calculated for static
observer:
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and the expression for flux turns out to be:
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f.2.2 Radially In-falling Observers: Inside

The energy density for radially in-falling observer has the following expression:
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while the flux has the following expression:
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f.2.3 Radially In-falling Observers: Outside

For radially in-falling observer outside the dust ball has the following expression for
energy density:
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and the flux has the following expression:
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f.3 effective temperature for various observers

In this section we present the full expression for effective temperature measured by
detectors in various trajectories. For static observer the effective temperature turns out
to be:
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For radially in-falling observes inside the dust sphere the effective temperature turns
out to be:
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Finally, for radially in-falling observers in the Schwarzschild spacetime effective tem-
perature takes the following expression:
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g.1 spectrum operator

Using the expression for the correction term over the vacuum thermal spectrum, we
can obtain the distortion from thermal Hawking radiation for one particle initial state
of the field which is undergoing the collapse as,

NΩ =

[∣∣∣∣∫ ∞
0

dω̃′√
4πω̃′

α∗Ωω̃′f(ω̃
′)

∣∣∣∣2 + ∣∣∣∣∫ ∞
0

dω̃√
4πω̃

βΩω̃f(ω̃)

∣∣∣∣2
]

. (645)

It must be noted that the expression in Eq. (645) is general enough to include cases
when the Bogoliubov coefficients as in Eq. (327) are modified by back-reaction, angular
momentum, quantum gravity etc. In any case, the non-vacuum part of the radiation
spectra provides a constraint for f(ω) in form of Eq. (645). Using Eq. (332), we can
rewrite Eq. (645) as

NΩ =
1

4π
1

4πκ
1

sinh πΩ
κ

[∣∣∣∣F̃ (Ω
κ

)∣∣∣∣2 + ∣∣∣∣F̃ (−Ω
κ

)∣∣∣∣2
]

. (646)

We can decompose |F̃ (Ω/κ) |2 into symmetric S̃ (Ω/κ) and an anti-symmetric part
Ã (Ω/κ) ∣∣∣∣F̃ (Ω

κ

)∣∣∣∣2 = S̃

(
Ω
κ

)
+ Ã

(
Ω
κ

)
. (647)

With this decomposition, we realize from Eq. (646) that the symmetric part of |F̃ (Ω/κ) |2
is entirely characterized by the distribution function NΩ of the radiation,

S̃

(
Ω
κ

)
= 8π2κNΩ sinh πΩ

κ
. (648)

Further, if the in-state is normalized to unity, we have∫ ∞
−∞

d

(
Ω
κ

)
e−

πΩ
κ

[
S̃

(
Ω
κ

)
+ Ã

(
Ω
κ

)]
= 8π2, (649)

which together with Eq. (648) regulates the integral (and hence the asymptotic behav-
ior) of Ã (κ). Apart from this constraint, Ã (κ) is a completely arbitrary anti-symmetric
function. Therefore, the radiation spectra fixes the symmetric part of the probability
density in the Fourier space corresponding to z. However, the anti-symmetric part of
this probability density remains largely unspecified.

219



220 appendix for chapter 10

In terms of the function g(z) defined in Eq. (333), the symmetric part S̃
(

Ω
κ

)
can be

written as

eπ
Ω
κ ×

∫ ∞
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(
Ω
κ

)
. (650)

As, we see that F (κ) is “momentum space representation" conjugate to g(z), the above
expression can be written in terms of the Wigner function corresponding to the phase
space of (z, Ω/κ),
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where the Wigner function is defined as,

Wg
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)
=
∫ ∞
−∞

dyg(z − y/2)g∗(z + y/2)e−i
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κ
y. (652)

Also, with the relation ∣∣∣∣F (Ω
κ

)∣∣∣∣2 =
∫ ∞
−∞

dzWg

(
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)
, (653)

we obtain,
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which is an obvious illustration of Eq. (648). Therefore, integrating the relation Eq. (654)
over the frequency range at J + we obtain the relation
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dyeπy |F (y)|2 . (655)

Although, the state which would be completely specified, if we know F (y), remains
arbitrary apart form this constraint, the symmetric part S̃ (Ω/κ) which is completely
specified through the non-vacuum distortion, fixes the expectation of the exponentiated
momenta conjugate to z(= logω/C).

For a n-particle state

|Ψ〉 =
∫ ∞

0

n∏
i=1

dωi√
2πωi

f(ω1, ...ωn)â†(ωi)|0〉M , (656)
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the radiation profile over the thermal component fixes the expectation of a single par-
ticle exponentiated momentum, i.e.,

16
∫ ∞

0
d

(
Ω
κ

)
π2κ

(
sinh πΩ

κ

)
NΩ =

1
n
〈Ψ|e

πΩ̂
κ |Ψ〉. (657)

Additional information about the initial state can only be obtained from the spectrum if
the initial state has some symmetries. We will discuss few interesting cases below.

• If F (y) is a real and symmetric function, then we see from Eq. (654) that it gets
completely specified in terms of S̃(Ω/κ). As, a result the initial state also gets
completely specified as g(z) can be obtained by the inverse Fourier transform.
However, by virtue of the properties of Fourier transform, g(z) also happens to
be real and symmetric. This symmetry corresponds to a duality in the frequency
space distribution about the surface gravity parameter κ. These states are very
special class of initial states whose information get coded entirely in the radiation
from the black hole within the framework of standard unitary quantum mechanics.

• For a slightly more general case, the reality condition on g(z) can be traded for
by imposing relation between F (Ω/κ) and F (−Ω/κ), which is to specify the
symmetry of F (y) in the positive and negative half planes. Such a specification
of symmetry constrains the distribution F (y) to remain arbitrary in one of the
half planes and amounts to reducing the degrees of freedom by half. Let us assume
F (Ω/κ) is real, that means

g(z) = g∗(−z). (658)

Now additionally if we impose,

F (−y) = K (y)F (y) , (659)

for a specified function K(y), then∫ ∞
−∞

dzg(z)e−iyz =
∫ ∞
−∞

dzg(z)eiyzK (y) . (660)

Therefore, using the condition Eq. (658), we can obtain from Eq. (660)

g∗(z) =
∫ ∞
−∞

dz′g(z′)
∫ ∞
−∞

dyK (y) eiy(z
′−z)

=
∫ ∞
−∞

dz′g(z′)K̃(z′ − z), (661)

where K̃(q) is the inverse Fourier transform of K(y). Therefore, for such a sym-
metry in the probability amplitude, the state can be recovered from

F 2
(

Ω
κ

)
= 16π2κ

(
sinh πΩ

κ

)
e
πΩ
κ +

(
K
(

Ω
κ

))2
e−

πΩ
κ

NΩ. (662)

Therefore, we see that the symmetry of the prescribed class for one particle sate encodes
the entire information of the in-state in the resulting radiation from the black hole. If
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the initial condition of the collapse demands symmetry of such kinds, the resulting
mixed state has enough information in the spectra to completely specify the state. We
will further consider some other classes of symmetries in the initial data for spherically
symmetric collapse models and their imprints in the non-vacuum distortions.

g.2 real initial distribution

For real distributions, the Fourier transform will satisfy

|F (y)|2 = |F (−y)|2 (663)

Therefore, |K(y)| = 1 and we have the relation∣∣∣∣F (Ω
κ

)∣∣∣∣2 + ∣∣∣∣F (−Ω
κ

)∣∣∣∣2 = 8π2κ tanh πΩ
κ
NΩ. (664)

For a symmetric algebraic operator of y

Ôeven(y) = Ôeven(−y), (665)

the expression
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which on integration over the whole frequency range gives the expectation value of the
operator

∫ ∞
0

d

(
Ω
κ

)
8π2κ tanh πΩ

κ
Oeven

(
Ω
κ

)
NΩ =

∫ ∞
0

d

(
Ω
κ

)Oeven

(
Ω
κ

) ∣∣∣∣F (Ω
κ

)∣∣∣∣2

+ Oeven

(
−Ω
κ

) ∣∣∣∣F (−Ω
κ

)∣∣∣∣2


=
∫ ∞
−∞
Oeven(y)|F (y)|2. (667)

By similar logic, one can argue that expectation of all odd algebraic operators vanish
in this case, i.e., with a symmetric |F (y)|2,the expectation value for an odd observ-
able

〈Ôodd(y)〉 =
∫ ∞
−∞

dyOodd(y)|F (y)|2 = 0. (668)

Thus in this scenario, expectation of all algebraic operators in y will be given in terms
of spectral distortion. Any general operator Ô(y) can be decomposed in terms of its
even and odd parts

Ô(y) = Ôeven(y) + Ôodd(y). (669)
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Therefore, to obtain 〈Ô(y)〉 one only requires 〈Ôeven(y)〉, which can be easily obtained
from Eq. (667). Similarly for the generalized symmetry class

〈Ô(y)〉 =
∫ ∞

0
dy
[
O (y) |F (y)|2 +O (−y) |F (−y)|2

]
=
∫ ∞

0
dy(O (y) + |K(y)|2O (−y)) |F (y)|2

= 16π2κ

∫ ∞
0

dΩ̄
[O (Ω̄) + |K(Ω̄)|2O (−Ω̄)] sinh Ω̄

e
πΩ
κ +

∣∣K (Ω̄)
∣∣2 e−πΩ

κ

NΩ,

(670)

where we have used the expression of |F (y)|2 in the range y ∈ (0,∞) from Eq. (662), in
the third equality. Thus even with the specified symmetry class K(y), all the algebraic
operators on the momentum space become fixed.

g.3 state for step function support

Let us excite some right-moving modes beyond x+i (for simplicity we work with single
particle states), such that the normal ordered operator T̂++(x+) has support only in
the region inside the horizon, i.e.,

〈T̂++(x
+)〉Regularized = h(x+)Θ(x+ − x+i ), (671)

for some well behaved function h(x+) and the step function Θ(x+).

If the single particle state is taken to be in the frame of observers which would have
described the linear dilaton vacuum, then

|Ψ〉 =
∫
ω
f(ω)â†ω|0〉, (672)

where
∫
ω stands for

∫
dω/
√

4πω and the right-moving quantum field is given on J +
L

as

f̂+(y
+) =

∫
ω
(âωuω(y

+) + â†ωu
∗
ω(y

+)), (673)

with mode functions uω(y+). Then the equation Eq. (671) can be re-written as∣∣∣∣∫
ω
f(ω)u′ω(y

+)

∣∣∣∣2 = h1(y
+)Θ(y+ − y+i ), (674)

where ′ denotes a derivative with respect to y+ and y+i marking the location corre-
sponding to x+i . The function h1(y+) absorbs the Jacobian of transformation from x±

basis to y± basis,

T++(x
+) =

∂yµ

∂x+
∂yν

∂x+
Tµν(y

+) =
∂y+

∂x+
∂y+

∂x+
T++(y

+) (675)
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The condition Eq. (674) can be realized by∫
ω
f(ω)u′ω(y

+) = h̃(y+)Θ(y+ − y+i ), (676)

with some other well behaved function h̃(y+). Owing to the conformal flatness of the
two dimensional spacetime and the conformal nature of minimally coupled massless
scalar field, the mode functions can be written as

u′ω(y
+) = −iωuω(y+). (677)

Therefore, we only require to have∫
ω
f(ω)ωuω(x

+) = h̃(x+)Θ(x+ − x+i ) = ζ(x+), (678)

where we have absorbed the factor i in the redefinition of h̃(x+). Taking the inner
product of the Eq. (678) with itself and using the orthonormal properties of the mode
functions, we write ∫

ω
ω2|f(ω)|2 = (ζ(x+), ζ(x+)). (679)

For the states satisfying Eq. (679), the expression Eq. (678) can be inverted for given
ζ(x+), using the completeness of mode functions to obtain a consistent state. Therefore,
the one particle states respecting Eq. (679) will have mode excitations beyond x+i .

g.4 information retrieval for the cghs black hole

Using a particular representation of the Gamma function

Γ[z] = iz
∫ ∞
−∞

dqezqe−ie
q , (680)

we can write down a product formula

Γ[i(ω̄− ω̄′)]Γ[−i(ω̄− ω̄′′)] = e−πω̄e
π
2 (ω̄
′+ω̄′′)

×
∫ ∞
−∞

dq1dq2e
iω̄(q1−q2)ei(ω̄

′q1−ω̄′′q2)e−ie
q1+ieq2 , (681)

which appears in the spectrum operator expression. The correction in the vacuum
thermal radiation as received by asymptotic left moving observer can be expressed
as

2πλ sinh πω̄Nω̄ =
∫ ∞

0

∫ ∞
0

dω̄′

ω̄′
dω̄′′

ω̄′′
Symω̄

[
Γ[i(ω̄− ω̄′)]Γ[−i(ω̄− ω̄′′)]

Γ[−iω̄′]Γ[iω̄′′]

]
×
∣∣y+i ∣∣i(ω̄′−ω̄′′) f(ω̄′)f∗(ω̄′′), (682)
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where Symx[f(x)] = (f(x) + f(−x))/2 with ω̄′ = ω′/λ. Using Eq. (371), the spectral
distortion can be re-written as,

2πλ sinh πω̄Nω̄ =
∫ ∞

0
dω̄′dω̄′′

∫ ∞
−∞

dq1dq2Symω̄[e
−πω̄eiω̄(q1−q2)]

× ei(ω̄′q1−ω̄′′q2)e−ie
q1+ieq2

g(ω′)g∗(ω′′). (683)

Using, g(ω̄), introduce yet another function

χ(q) = e−ie
q
∫ ∞

0
dω̄e−iω̄qg(ω̄), (684)

to express the spectral distortion as

2πλ sinh πω̄Nω̄ =
∫ ∞
−∞

dq1dq2Symω̄[e
−πω̄eiω̄(q1−q2)]χ(q1)χ

∗(q2). (685)

4πλ sinh πω̄Nω̄ =
∫ ∞
−∞

dq1dq2[e
−πω̄eiω̄(q1−q2) + eπω̄e−iω̄(q1−q2)]χ(q1)χ

∗(q2), (686)

which simply gives

4πλ sinh πω̄Nω̄ = eπω̄|Fχ(ω̄)|2 + e−πω̄|Fχ(−ω̄)|2, (687)

with Fχ(ω̄) being the Fourier transform of χ(q) w.r.t. ω̄

Fχ(ω̄) =
∫ ∞
−∞

dqe−iω̄qχ(q), (688)

which gives Eq. (687) as the analogue of the Eq. (654) for the spherical symmetric
collapse. Therefore, we can follow the same steps as outlined in Section 10.3 and Sec-
tion 10.4 to recover informations regarding Fχ(ω̄). Using the inverse transformations
Eq. (688), Eq. (684) and Eq. (371) we can recover the information regarding the field
state f(ω̄) using the moments of Fχ(ω̄).
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