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Instructions

(a) Attempt any four questions.

(b) For most of the questions the algebra will be self-explanatory; when some interpretation/description is
needed, you can keep it brief but clear. There is no need to provide extensive description.

(c) The marks for each question is given against the question. If you find that you cannot answer part (a),
say, of a question but can answer part (b) assuming the result in part (a), you may do so and you will
get credit for part (b).

(e) You may find the following relations useful:

Γµ
αβ =

1

2
gµν (−∂νgαβ + ∂βgνα + ∂αgβν)

∇αV
β = ∂αV

β + Γβ
αµV

µ; ∇αVβ = ∂αVβ − Γρ
αβVρ
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1. Suppose we have a Lagrangian L(q, q̇, t) describing motion of a particle in the (q, t) plane. Derive the
associated equation of motion starting from the action A, which is given by

A =

∫
dtL(q, q̇, t) .

Argue that this equation is invariant if we add a term dF (q, t)/dt to the Lagrangian. What happens if
F depends on q̇ as well? (5 marks)

2. If Aα
µνB

µν = Cα, where Cα is a vector and Bµν is an anti-symmetric tensor (i.e., Bµν = −Bνµ), then
show that (Aα

µν − Aα
νµ) is a tensor. Can you tell anything about the symmetric part of Aµν? What

happens if Bµν is a symmetric tensor? (5 marks)

3. Let us consider the transformation from rectangular Cartesian coordinates (x, y) to polar coordinates
(r, θ), which corresponds to,

x = r cos θ
y = r sin θ

}
Define xµ = (x, y) and x̄µ = (r, θ). Given this, answer the following questions: (a) Determine how
the components of a vector should transform as one goes from (x, y) to (r, θ) coordinates. (b) Define
velocity of a particle as (ẋ, ẏ). Does it transform as a vector? (c) Write down the components of the
metric tensor in both these coordinates. Show that it indeed transforms as a tensor. (5 marks)

4. Suppose you have a one-form (or, covariant vector) Aµ. Show that, ∂Aµ/∂x
ν do not transform as a

tensor, but (∂Aµ/∂x
ν − ∂Aν/∂x

µ) does. (5 marks)

5. Prove that the set of all Lorentz transformations between frames moving with a relative velocity along
x direction forms a group. Will the above statement still hold true if the relative velocity is along an
arbitrary direction? (5 marks)

6. Given the Lorentz transformation between two inertial frames moving along x-direction with relative
velocity V , find out the transformation relation between velocities. (5 marks)

7. Write down the transformation relation between Cartesian (x, y, z) and Cylindrical Polar (ρ, φ, z) co-
ordinate system. Hence determine the components of the metric tensor in both of these coordinate
systems. Using the metric tensor determine the Christoffel symbols Γµ

αβ in both these frames and
compare. (5 marks)

8. The line element on a spherical surface takes the following form ds2 = dθ2 + sin2 θdφ2. Determine
the components of the metric tensor and find out the Christoffel symbols Γµ

αβ . Make the follow-
ing transformation: x = 2 tan(θ/2) cosφ and y = 2 tan(θ/2) sinφ. Show that the line element be-
comes, ds2 = cos4(θ/2)(dx2 + dy2). Can you think of any practical application of this transforma-
tion. (5 marks)

9. Show that the covariant derivative of the metric tensor must vanish. Hence determine the Christoffel
symbol Γµ

αβ in terms of the metric. (5 marks)

10. Derive the Lagrangian for a relativistic point particle by demanding the action to be invariant under
Lorentz transformation. (5 marks)
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