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Instructions

(a) Attempt any seven questions from the first part and any one question from the second part.

(b) For most of the questions the algebra will be self-explanatory; when some interpretation/description
is needed, you can keep it brief but clear. There is no need to provide extensive description.

(c) The marks for each question is given against the question. If you find that you cannot answer
part (a), say, of a question but can answer part (b) assuming the result in part (a), you may do
so and you will get credit for part (b).

(d) You may find the following relations useful:

Γµαβ =
1

2
gµν (−∂νgαβ + ∂βgνα + ∂αgβν)

(∇α∇β −∇β∇α)Aµ ≡ Rµ
ναβA

ν

Rµ
ναβ = ∂αΓµνβ − ∂βΓµνα + ΓµαρΓ

ρ
νβ − ΓµβρΓ

ρ
να

Rµν = δβαR
α
µβν ; R = gµνRµν
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Questions

Part-01

1. (a) Write down the coordinate transformation connecting Cartesian (x, y) coordinate system
to polar (r, θ) coordinate system. Hence determine the associated Christoffel symbols. Do
Christoffel symbols transform as tensors? Which one among the two objects, having components
(x, y) and (dx, dy), transform as vectors? (6 marks)

(b) Consider two inertial frames moving along the x-axis with a constant relative speed v0. Write
down the transformation law connecting the four-dimensional coordinates in the two frames.
Hence find out the transformation law for velocity v = dx/dt. Show that you recover the Galilean
transformation of velocity when |v| � c, where c is the velocity of light. Can you comment on
the Jacobian of the transformation as well as the Christoffel symbols? (6 marks)

2. (a) When a photon of wavelength λ scatters off an electron of mass me at rest, show that the
wavelength of the photon changes to λ′ = λ + (h/mec)(1 − cos θ), using conservation of four-
momentum. Here h is the Planck’s constant and θ is the scattering angle. (6 marks)

(b) Given two four-vectors aµ and bµ prove the followings: (a) Sum of two vectors can be timelike,
spacelike or null, independent of the nature of the individual vectors; (b) Any non-spacelike vector
which is orthogonal to a non-zero null vector, must be a multiple of null vector; (c) Determine
four linearly independent null vectors in Minkowski spacetime. (6 marks)

3. (a) The action for a charged particle with mass m and charge q in an external electromagnetic
field characterized by the vector potential Aµ takes the form,

A =

∫ τf

τi

{−mdτ + qAµdx
µ} .

Vary the above action and hence determine the equation of motion of the charged particle. Is
the equation invariant under gauge transformation, i.e., when Aµ → Aµ + ∂µΦ where Φ is a
scalar? (6 marks)

(b) Suppose the external electromagnetic field in which the charge particle is moving corresponds
to a constant electric field along the x-direction. Determine the associated trajectory and show
that it represents a hyperbola in the (t, x) plane. (6 marks)
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4. (a) Consider a Weyl/Conformal transformation, characterized by ḡµν = Ω2gµν , where Ω is an
arbitrary function of spacetime coordinates. Find out how the Christoffel symbols associated
with ḡµν and gµν are connected? Hence, what can you comment on the invariance of geodesic
equation under the above transformation? (4 marks)

(b) Use the fact that covariant derivative of metric tensor vanishes, to determine the Christoffel
symbol in terms of metric and its derivatives. (4 marks)

(c) Show that, given a scalar field φ, one can arrive at the following relation

gµν∇µ∇νφ =
1√
−g

∂µ
(√
−ggµν∂νφ

)
.

Hence or otherwise, determine the Laplacian operator acting on a scalar function f in spherical
polar coordinate system. (4 marks)

5. (a) If ξµ1 and ξµ2 are two Killing vectors associated with some spacetime, determined by the metric
gαβ, then show that Aξµ1 + Bξµ2 is also a Killing vector associated with this spacetime provided
A and B are constants. (4 marks)

(b) Determine the Killing vectors associated with various symmetries of the Minkowski space-
time. (4 marks)

(c) Show that ξµ = (1, 0, 0, 0) is a Killing vector field associated with the Schwarzschild space-
time. (4 marks)

6. (a) Prove the Bianchi identity associated with the Riemann curvature tensor, which reads,
∇µRαβνρ + ∇ρRαβµν + ∇νRαβρµ = 0. Hence or, otherwise show that covariant derivative of
Einstein tensor identically vanishes. (6 marks)

(b) Let uµ(x) be the four-velocity of an observer and let hαβ = δαβ + uαuβ be the projection
tensor orthogonal to uµ. Given this, let us construct a projected curvature tensor Rαβµν by the
construction Rαβµν = hραh

σ
βh

γ
µh

δ
νRρσγδ. Hence Construct the scalar curvature R corresponding

to Rαβµν and show that it equals to 2Gµνu
µuν . (6 marks)

7. (a) Suppose, we live in a D dimensional spacetime. Can you determine how many independent
components the Riemann curvature tensor would have, given its symmetries? What would be
the corresponding estimates for Ricci and Weyl tensor? (5 marks)

(b) Compute the commutator of covariant derivative acting on a vector field and show that it is
proportional to the Riemann curvature tensor. (4 marks)

(c) Can you point out the reason why we look for the combination RµναβR
µναβ to understand

the singularity structure of a spacetime? (3 marks)
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8. (a) Transform the Schwarzschild solution, starting from the (t, r, θ, φ) coordinate to Eddington-
Finkelstein coordinates (u, r, θ, φ) as well as (v, r, θ, φ), where v = t + r∗ and u = t − r∗ with
r∗ being the tortoise coordinate. Then introduce the Kruskal coordinates (U, V ) such that,
U = − exp(−u/4M) and V = exp(v/4M) and obtain the Schwarzschild solution in Kruskal
coordinates. (6 marks)

(b) Starting from the Kruskal coordinates explain the procedure to draw Penrose diagram and
write down the necessary coordinate transformations. Explain the meaning of various points: i0,
i± and J ± and hence draw the Penrose diagram. (6 marks)

9. (a) The line element

ds2 = −
(

2x

a

)
dt2 +

( a
2x

)
dx2 + dy2 + dz2

with a being a positive constant represents the flat spacetime in a different set of coordinates,
when we consider the region x > 0. Find the coordinate transformation which will reduce this
line element to the standard Minkowski form. (6 marks)

(b) A metric of the form ds2 = −dt2 + (t/t0)4/3|dx|2 can describe an expanding universe.
Show that free Maxwell’s equations in this spacetime admit solutions with time dependence
exp(−iωt2/30 t1/3) where ω is a constant. Use the fact that Maxwell’s equations are invariant
under Weyl/Conformal transformation. (6 marks)

10. (a) Consider a particle moving in a radial direction with θ = constant and φ = constant in
an expanding universe characterized by the scale factor a(t). Thus use the zeroth component
of the geodesic equation as well as the on-shell relation pµp

µ = −m2 to argue that |p|2 ∝
1/a2. (6 marks)

(b) Our universe is filled with non-relativistic matter, radiation and cosmological constant. Thus
show that the evolution of the scale factor takes the following form,

ȧ2

a2
= H2

0

[
ΩR

(a0

a

)4

+ ΩNR

(a0

a

)3

+ ΩΛ

]
where a0 and H0 corresponds to the scale factor and the Hubble parameter at the present epoch.
Further Ωi = ρi,0/ρ0 where ρi,0 is the energy density of the ith component and ρ0 is the total
energy density of our universe at the current epoch. (6 marks)
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Part-02

1. (a) Argue that the structure of the metric associated with spherically symmetric solutions must
take the following form,

ds2 = −f(r)dt2 +
dr2

g(r)
+ r2dΩ2 ,

where f(r) and g(r) are arbitrary functions of the radial coordinate. (4 marks)

(b) For f = g the Einstein’s equations reduce to,

1

r2
(1− f)− f ′

r
= ε(r); ∇2f = −2µ(r) .

Hence argue that the components of the matter energy-momentum tensor must have the following
forms: T tt = T rr = −{ε(r)/8πG} and T θθ = T φφ = −{µ(r)/8πG}, with ε(r) and µ(r) being
arbitrary functions of the radial coordinate. (4 marks)

(c) Hence given any choices for ε(r), integrate the above equations and show that the solution
becomes,

f(r) = 1− a

r
− 1

r

∫ r

a

dr r2ε(r)

where a is a constant of integration, such that for r = a, f(r) = 0. Can you recover Schwarzschild
solution from the above? What happens when the matter energy momentum tensor originates
from the presence of cosmological constant? (4 marks)

(c) Finally, use the conservation of matter energy momentum tensor to show that the unknown
function µ(r) can be fixed solely by ε(r) as, µ(r) = ε(r) + (r/2)ε′(r). (4 marks)

2. (a) Determine the differential equation governing the motion of a massive as well as massless
particle in the equatorial plane of Schwarzschild spacetime. Hence show that r = 3M corresponds
to the photon circular orbit. (6 marks)

(b) Given the orbit equation for a massive particle, solve it in an iterative manner and determine
the perihelion precession angle. (6 marks)

(c) Introduce factors of c appropriately and compute the numerical value of the perihelion pre-
cession angle per century for motion of a star S2 (Mass = 15M�) around the supermassive
black hole at the center of Milky Way (Mass = 4.3 × 106M�). The distance between them is
17 light hours and orbital time period of 16 years. Newtons’s gravitational constant has a value
G = 6.67× 10−11m3kg−1s−2. (4 marks)
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